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On the stability of the generalized cosine
functional equations

Abstract. The aim of this paper is to study the stability problem of the
generalized cosine functional equations for complex and vector valued
functions.

1. Introduction

One of the trigonometric functional equations studied extensively is the
equation
fle+y)+ flz—y) =2f(2)f(y), forz,yeC (©)
(Wilson [8], Kannappan [6], Daci¢ [3]) known as the cosine or d’Alembert’s
functional equation where f : G — C, G, a group (not necessarily Abelian) and
C, the set of complex numbers. It is known (see [6]) that if f satisfies (C) and
the condition

fle+y+2)=flz+2z+y), forzy,zed, (K)
then there is a homomorphism m : G — C* (C* = C\{0})
m(z +y) =m(z)m(y), forz,y €, (1)
such that f has the form

flz) = %(m(w) +m(—2z)), forze€G. (2)

Ever since Ulam [7] in 1940 raised the stability problem of the Cauchy
equation f(z +y) = f(z) + f(y), many authors (see Hyers [5], Ger [4], etc.)
treated the stability problem for many other functional equations. Baker [2]
proved the result:

Let € > 0 be a given number and let G(+) be an Abelian group. Let
f : G — C be such that

7@ +y) +f@-y) -2f(2)fW)I <&, forz,yed.
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Then either |f(z)] < 3(1+ 1+ 2¢) for all z € G or f is a solution of the
cosine equation (C).

Badora [1] presented a new, short proof of Baker’s result.

The aim of this paper is to investigate the stability problem of the functional
equations

flz+y)+flz—y)=29(x)f(y), =y€C (3)

flz+y)+ flz—y)=2f(2)g9(y), =y€eC (4)

in the next two sections modelled after [1], where G is a group.

and

2. Stability of (3) and (4) for complex functions

In this section we will consider the stability of (3) and (4) and their variants.
First we will take up (3) and prove the following theorem.

THEOREM 1
Lete >0 and f,g9 : G — C satisfy the inequality

|fz+y) + fle—y) - 29(x)f(y)| < e 3)

with f satisfying the (K) condition, where G(+) is a group. Then either f and
g are bounded or g satisfies (C) and f and g satisfy (3) and (4). Further, in
the latter case there exists a homomorphism m : G — C* satisfying (1) such
that

b 1
f(&) = 5(m(z) +m(-2)) and g(z) = 5(m(z) +m(-2z)), (5)
for x € G, where b is a constant.
Proof. We will consider only the nontrivial f (that is, f #0). Put y =0
n (3) to get
€
f(z) = 9(2)f0)| <5, forzeG. (6)

If g is bounded, then using (6), we have
|f(@)| = £ (=) — g(2)£(0) + g(x) f(0)]
< 5 +19@)7O),

which shows that f is also bounded. On the other hand if f is bounded, choose
yo such that f(yo) # 0 and then use (3),

f@+yo)+ fl@—yo) f$+yo + flz—yo) €
27 (w0) 27 (90) 96®)] < 7))

to get that g is also bounded on G.

lg(z)| -




On the stability of the generalized cosine functional equations 51

It follows easily now that if f (or g) is unbounded, then so is g (or f). Let
f and g be unbounded. Then there are sequences {z,} and {y,} in G such
that g(zn) 7 0, [g(zs)] = 00 as n = oo and f(yn) # 0, lim |f(yn)| = oo.

First we will show that g indeed satisfies (C).
From (3)" with y = y,, we obtain
f@+yn) + f@—yn) €
—9(@)| < 57
2f(un) DI 31

that is,
lig L& Yn) + f(@ —yn) _

im
n 2f(yn)
Using (3)’ again and (K) we have

[fx+ (y+uyn) + fl@z—(y+yn) —29(x)f(y + yn)
+fle+@—y))+ fle—(—yn) —29()f(y —yn)| < 2¢

so that
fle+y)+y) +f(B+y)—wn) | flz—y)+y)+f(z—9y) —yn)
2f(yn) 2f(yn)
Fy+uyn)+ fly—yn) 3
20T ) Sl PYES

which with the use of (7) implies that

l9(z +y) + 9(z —y) — 29(2)9(y)| <O,
that is g is a solution of (C).
As before applying (3)' twice and the (K) condition, first we have

limf(xn+y)+f($n_y)
n 29(zn)

and then

|7 (@0 +2) +y) + f((2n + 2) —y) — 29(zn + 2)f (¥)
+f(@n —2) +9) + f((&n — 2) —y) = 29(zn —2)f(Y)| < 2¢

so that
f(xn+(x+y))+f(xn—(x+y)) + f(xn+(x—y))+f(xn—(x—y))
2g(zn) 2g9(zn)
_ .g(xn+x)+g(xn—x) €
? 2@ WS el

From (8) and g satisfying (C), it follows that



52 Palaniappan Kannappan and Gwang Hui Kim

|7z +y)+ flz—y) - 29(2)f(»)| <O,

that is, f and g are solutions of (3).
Choose yo such that f(yo) # 0. Then (3) gives

so that g also satisfies the condition (K). Since g satisfies (K), from [6] we see
that there exists a homomorphism m : G — C* satisfying the second part of

(5)

Finally, applying (3)’, (7) and (K), we get

|f((zn +y) +2) + f((2n + ) — x) — 29(2zn +y) f(2) + (20 — y) + 2)
+ f((Zn —y) — ) — 29(zn —y) f(z)| < 2

and that
f($n+(x+y))+f($n_($+y)) + f($n+(x_y))+f(xn_ ("I"_y))
29(zn) 2g(zn)
_ 9@nty)+g(@n—y) £
2/@) 29(2n) S fgl@m)]

resulting to (4). From (3) and (4), it is easy to see that f(x) = bg(z), for some
constant b.
This proves the theorem.

We now consider a slight variation of (3)".

COROLLARY 2
Lete > 0. Let f,, : G = C (where G is a group ) be a sequence of functions
converging uniformly to f on G. Suppose f,g, fn, : G — C be such that

|[flz+y)+ flz—y)—-29(x)fuy)| <&, forz,yed, (3)"

with f satisfying (K). Then either f is bounded or g satisfies (C) and f and g
satisfy (3) and (4).

Proof. Since {f,} is uniformly convergent to f, taking the limit with re-
spect to n in (3)”, we obtain (3)’. The result now follows from Theorem 1.

Now we take up the stability of (4). We prove the following theorems

THEOREM 3
Lete 2 0 and G be a group. Suppose f,g: G — C satisfy the inequality

|f(@+y) + fle—y) - 2f(2)g(v)| <&, forz,yel 4)
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with [ even (that is, f(—z) = f(z)) and f satisfies (K). Then either f and
g are bounded or f and g are unbounded and g satisfies (C) and f and g are
solutions of (4) and (3).

Proof. We consider only nontrivial f, that is, f # 0, When f is bounded,
choose xg such that f(zo) # 0 and use (4)' to get

_|f(@o+y) + flzo — )| f@o+y)+ flmo—y)
lg(w)] 21 @o)| < 2f (@) 9(v)

I
S i @)’

which shows that g is also bounded.

Suppose f is unbounded. Choose z = 0 in (4) to have |f(y) + f(-y) —
2f(0)g(y)| < &, that is, | f(y) — £(0)g(y)| < § (this is the only place we use that
f is even). Since f is unbounded, f(0) # 0. Hence g is also unbounded.

Let f and so g be unbounded. Then there exist sequences {z,} and {y,}

in G such that f(zn) # 0, |f(zn)| = 00, g(yn) # 0, |g(yn)| = co.
Applying twice the inequality (4) and using (K) for f twice, first we get

f($n+y)+f($n_y) €
2 (@) ~9W)| < 7]

that is,
lim f($n+y)+f($n_y)
n 2f(xn)
and then we obtain
|f((zn +2) +y) + f((zn + 2) —y) — 2f(zn + 2)9(y) + f((2n — 2) + ¥)
+ f((#n — 2) —y) — 2f(zn — 2)9(y)| < 26,

=g(y), foryeg, 9)

that is,
f(xn+(x+y))+f(xn—(x+y) + f($n+($_y))+f(mn_(x_y))
2f(zn) 2f(zn)
f($n+$)+f(mn_x) €
AW T S e S
which by (9) leads to |g(z + y) + g(z — y) — 2¢9(y)g(z)| < 0, so that g satisfies
(C).

Again applying the inequality (4)' twice and using (K) condition for f
twice, first we have
fletyn) +flx—y
@)+ 1= _ o
29(yn)

£

< Aglyn)] (10)

and then we get
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If(z+ n+y)+f@—(Yn+9y) —2f(@)gyn +y) + f& + (Yn — v))
+f@—(yn—y) —2f(2)9(yn —y)| < 2¢

that is,
fllz+y)+yn) + f(z+Y) —yn) + fllz—y)+yn) + f(z—y) —yn)
29(yn) 29(yn)
_ 9(yn +y) +9(yn —y) £
2 g uw) < o]

which by (10) and (C) yields

|7 (@ +y) + f(@ —y) - 2f(2)9(y)| <O,

so that f and g are solutions of (4).
Consider the inequality

[f((yn +2) +y) + flyn + 2) —y) — 29(yn + 2) f(y) + f(yn — 2) +y)
+ f((yn — 2) —y) — 29(yn — ) f(y)| < 2e.

As before using (K), (10), evenness of f and (C) and the division by 2g(y,)
yields

ety +yn) + f(@+y) —yn) | F((@=y) +yn) + F((& =) ~yn)
2g(yn) 2g(yn)
_ 2f(y)g(yn +2) +9(yn — )

29(yn)

—0 asn—

so that f and g are solutions of (3).
This completes the proof of this theorem.

Note that the evenness of f is used to prove that g is unbounded when f
is and nowhere else.

COROLLARY 4
Lete > 0. Let f,, : G = C (where G is a group ) be a sequence of functions
converging uniformly to f on G. Suppose f, fr,9: G — C be such that

@ +y) + fle—y) - 2fu(x)gy)| <&, forz,yeGneN, (4"

where f is even and it satisfies (K). Then either f is bounded or g satisfies (C)
and f and g are solutions of (4) and (3).

Proof. Since {f,} is uniformly convergent to f, taking the limit with re-
spect to n in (4)”, we get (4)’. The result now follows from Theorem 3.
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3. Stability of (3) and (4) for vector valued functions

In [1] Badora gave a counter-example to illustrate the failure of the super-
stability of the cosine functional equation (C) in the case of the vector valued
mappings. Here consider the following example. Let f and g be unbounded
solution of (3) (or (4)) where f,g: G — C. Define f1,91 : G = M2(C) (2 x 2
matrices over C) by

hi(@) = (f(x) 0), 01 (z) = (y(m) 0)

0 0 e
for € G where ¢; # 0, coa # 1. Then
Ifi(z+y) + filz —y) —2f1(y)g1(*)|]| = constant >0

(or ||filx+y)+ filzx —y) — 2f1(z)g1(y)|| = constant > 0) for z,y € G. This
f1 and gy are neither bounded nor satisfy (C).

Therefore there is a need to consider the vector valued functions separately.
We prove the following two theorems in this section. Let G be a group and A
be a complex normed algebra with identity.

THEOREM 5
Suppose f,g: G — A satisfy the inequality
17z +y)+Fz—y)-29@) W <, 3)"
for z,y € G with f satisfying (K) and
17 (z) - f(=2)ll<n, forzed, (11)

or some &, 0. Suppose there is a 29 € G such that g(z0)™' exists and
J n = g

[|f(2)g(20)|| 4s bounded for x € G. Then there is an m : G — A such that

Im(z +3) - m@m@)| < ai, forz,y€C (12)
and
f(w)—%(m(w)+m(—w))H<az, forz € G (13)

for some constants a; and as.

Proof. Let M := sup,cq ||f(2)g9(20)||. Then using (3)" and (11), we get
by using (K)

1 (@)g(=20)ll < [If(=2)g(20)l| + || f (2)g(=20) — f(=2)g(20)

(
M + 511 (20 — %) + (20 + x) — 29(20) f(—2)
0)f
) -

IN N

= (f(=20 +2) + f(—20 — ) — 29(—20) f(2))
= (f(z0 +z) = f(=20 — ) + f(20 — x) — f(—20 + 2))||
<M+e+n.
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Define a function A : G — A by the formula

h(z) = %(f(x) + f(=z)), forzed.

Then h is even, that is, h(—z) = h(z),
Ih@) - f@I < 3 forz € G, |Ih@)g(z0)ll < M.
Define a function m : G — A by
m(z) = h(z) +i9(z0), forz e G.
Utilizing (14), we get (using first commutativity in A)

Im(z +y) — m(z)m(y)l| = [[h(z +y) +i9(20) — h(z)h(y)
+i(h() + h(y))g(z0) + g(20)°|
< [[h(z + y)ll + lIa(@)h )]l
0

(14)

+[1(h(=) + h(y))g(20)ll + llg(z0)ll + llg(20)II*

<z +y) - flz+y)ll +IF =+ )l

+ [|h(2)h(y)g(20)* - 9(20) *[| + [IP(x)g (20)l
+ b @)g(z0)ll + llg(20)ll + llg(z0)lI*

+ Mlg(z0)lI " + M?|lg(z0)lI 7
+2M + ||g(20)ll + llg(=0)II?

:(],1

. Finally by (14), we have

‘Hf (&) + h(z)

(say) which is (12

)
f@) -5

(m(z) +m(-

1

—5(h(z) + h(-2)) — ig(20)

2
n _
< T+ llgteo)ll = a
(say), which is (13). This proves the theorem.
Lastly we prove the following theorem.

THEOREM 6
Let f,g: G — A satisfy the inequality

If(z+y)+ flz—y)-2f(z)gW)ll <&, =,y €G,
with f satisfying (K) and
If(z) = f(=z)ll<m, forzed,

(4) m
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for some nonnegative ¢ and n. Suppose there exists a 29 € G such that g(z) ™"
exists and ||f(x)g(20)|| is bounded over G. Then there exists a mapping m :
G — A such that

lm(z +y) —m(@)m@)ll < a1, forz,yeG
and .
@)= 5000) + m(-)| <, foraea,

for some constants a; and as.

The proof runs parallel to that of Theorem 5.
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