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Generalized Hosszu functional equations
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Abstract. Pexiderizations of the Hosszi functional equation

fley) + fx+y—2zy) = f(z) + f(y)

are considered on a variety of domains.

1. Introduction

The functional equation

fly)+f@+y—ay) = 7))+ fy) (H)

was first considered by M. Hossz.
The general solution for real functions was given by Blanusa [1] and Daré-
czy [3]. They proved the following

THEOREM B-D
The function f : R — R satisfies the functional equation (H) for all z,y € R
if and only if
flz)=A(@)+C, ze€R, (1)

where A is an additive function on R? and C € R is an arbitrary constant.

Equation (H) was also studied on other structures (see [2], [5], [6], [7], [9],
[10], [14], [15], [16]).
In [12] and [13] we studied the functional equation

flzy) +9(z +y —2zy) = f(z) + f(y) (GH1)

and we proved the following theorems.
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THEOREM L1
If the functions f,g: R — R satisfy the functional equation (GH1) for all
z,y € R then
flz) =g(z) = A(z) +C, z€R,
where A : R — R is an additive function on R®> and C € R is an arbitrary
constant.
THEOREM L2
The functions f : Rg = R (Rg =R\ {0}) and g: R — R satisfy the equa-
tion (GH1) for all z,y € Ry if and only if
f(z) = Ai(z) + Ax(log|z]) + O, = € Ry, (2)
g(z) = A1(z) +C, z€R, ()

where A1, As : R —» R are additive functions on R? and C is a real constant.
In this paper we shall deal with the following problems.

PrROBLEM A

Let f,g:(0,1) = R be real functions which satisfy the functional equation
(GH1) for all z,y € (0,1). What is the general solution of (GH1) on the interval
(0,1)?

ProBLEM B
Let f,h: Ry (or Ry =R\ {1}) = R and g : R — R be real functions satis-
fying the functional equation

flzy) + g(z +y —zy) = h(z) + h(y) (GH2)
for all z,y € Ry or z,y € Ry respectively. Find the general solution of (GH2).
ProBLEM C

Let f,g,h: (0,1) — R be real functions satisfying (GH2) for all z,y € (0, 1).
Find the general measurable solution of (GH2).

2. Problem A

Here we shall use the following result by Z. Dar6czy and L. Losonczi (see
[4))-

THEOREM D-L
If f is additive on an open connected domain of R*, then f has one and
only one quasi-extension.

THEOREM 1
The functions f,g:(0,1) = R satisfy the generalized Hosszi equation
(GHY) for aoll z,y € (0,1) if and only if



Generalized Hossz( functional equations 61

f(.’l,') = Al (.’IJ) + A2 (log 1") + Ca T € (07 1)7 (4)
g(x) = Al (.’IJ) + Ca T € (07 1)7 (5)
where Ay and As are additive functions on R? and C is an arbitrary real con-

stant.

Proof. First we follow the idea used in [14] for the proof of Lemma 2.
The function

F(z,y) = f(z) + f(y) — f(=zy)
satisfies the equation
F(zy,z) + F(z,y) = F(z,yz) + F(y,2) (6)
for all z,y,z € (0,1). On the other hand we have
F(z,y) = 9(z +y — zy).
Putting this into (6), we obtain the equation
gy +z—zyz) +9z+y—zy) =g@+yz—zyz) + 9y +z2-yz) (7)

for all z,y,z € (0,1).
By the substitution

1
xy+z—xyz:t+§
1
THy-—sy=s+g (8)
+ =z z2 = 1
Y Yz = 2
we obtain from (7) the functional equation
b+ ) tg(s+i)=g(t+s+ts)+a(s
I\Ta)TINPT) T T )T,
on the domain (¢, s) defined by (8), i.e. on
1 1 1 1
D= - - 1.0
{(t,s)| 2<t<0, 2+2t_1<s<2+t}
Thus the function
1 1
ai(-5h) ok £0=0(e+3)-0(3) ©)

is additive on the open connected domain D. So, by Theorem D-L, A* has one
and only one quasi-extension A; with A*(z) = A;(z) forall z € (—1,1). Now,
using (9), we have

g(z) = A (x—%) +g(%), z e (0,1).
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This implies (5) with an arbitrary real constant C = g (%) — 41 (3).
Substituting (5) in (GH1), we get that the function ¢ defined by

e(z) = flz) - Ai(z) - C, z€(0,1) (10)
satisfies the functional equation
e(zy) = o) + o), =z,y€(0,1).
On setting
r=et y=e* (t,5>0), B(t) =), (11)
this is transformed into
B(t+s) = B(t) + B(s), t,s>0.

So, using again Theorem D-L, B has one and only one quasi-extension A with
B(t) = A(t) for all ¢ € Ry. This, together with (11) implies

90(1'.) = A (log 1")7 T e (07 1)7 (12)
where A5 = —A is an additive function on R2.

Finally, from (10) and (12), (4) follows for the function f.
It is easy to see that (4) and (5) indeed satisly (GH1).

3. ProblemB

THEOREM 2
The functions f,g,h : R — R satisfy the functional equation (GH2) for all
z,y € R if and only if

fl@)=A(z)+Co, z€R, (13)
g(z) = A(z) +Cs, z€R, (14)
h(z) = A(z) +C1, z€R, (15)

2

where A is an additive function on R* and C; € R (i = 1,2,3) are arbitrary

constants with 2C1 = Cy + Cs.

Proof. Putting into (GH2) y =0 or y = 1, one gets

9(z) = h(z) + h(0) — f(0), z€R (16)
and
f(z) = h(z) + (1) —g(1), z€R (17)
respectively. Substituting these into (GH2) we have
h(zy) + h(z +y —zy) = h(z) + h(y), z,y€R.

This is the Hosszd functional equation. So, by Theorem B-D h is of the form
(15). Taking (16), (17) and (15) into consideration also, we have proved (13)
and (14).
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One can easily to see that (13), (14) and (15) satisfy (GH2) if 2Cy = Cy+Cs5.

THEOREM 3
The functions f,h: Ry — R and g : R — R satisfy the functional equation
(GH2) for all z,y € Ry if and only if

f(z) = Ai(z) + A2(log|z|) + C3, =z € Ry, (18)
g(z) = A1(z) + Cs, =z €R, (19)
h(z) = A1(z) + As(log|z|) + C1, =z € Ry, (20)

where A1, Ay are additive functions on R? and C; € R (i = 1,2, 3) are arbitrary
constants with 2C1 = Cy + Cs.

Proof. Setting y =1 in (GH2) we obtain the identity
f(@) =h(z)+h(1) —g(1), z€Ro (21)
and putting this into (GH2) we get
h(zy) + g(z +y — zy) + h(1) — g(1) = h(z) + h(y),

where z,y € Ro. This is an instance of the generalized Hosszi equation (GH1).
Thus, by Theorem L1, h and g are of the forms (20) and (19) respectively,
where Cy = C; + g(1) — k(1) is arbitrary constant. Finally, by (19), (20) and
(21), we get (18) for f.

An easy calculation shows that the functions (18), (19) and (20) satisly
(GH2) if 2C; = Cy + Cs.

THEOREM 4
The functions f : R — R and g, h : Ry — R satisfy the functional equation
(GH2) for all z,y € Ry if and only if

fl@z)=A1(z)+Cs;, z€R, (22)
g(z) = Ai(z) + A2(log |1 —z|) + C3, =z €Ry, (23)
h(z) = A1(z) + A2(log|l —z|) + C1, =z € Ry, (24)

where Ay and As are additive functions on R? and C; € R (t =1,2,3) are
arbitrary constants with 2Cy, = Cy + Cj.

Proof. Letting y =0 in (GH2), we obtain
9(z) = h(z) + h(0) - f(0), zeRi. (25)
Using (25) in (GH2), we get
f(zy) + h(z +y —zy) + h(0) — f(0) = h(z) + h(y), z,y€R.
Replacing here z, y by 1 — 2, 1 — y respectively, we have
fl=(z+y—2y)) + h(0) - £(0) + h(1 —ay) = h(1 —z) + h(1 —y)
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for all z,y € Ry, which implies that the functions f* and h* defined by
f*(@)=f1-2)+hr0) - f0), zeR,

(26)
hE)=h(l—2), z€Ry
satisfy the functional equation
[f@+y—=y)+h*(zy) =h" (@) +h*(y), =,y €Ro.
This is (GH1). Now, using Theorem L2, we have
h*(z) = Aj(z) + A2(log|z|) + C7, = € Ro, (27)
ff(z)=Al(z)+C;, zekR (28)

From (26), (27) and (28), we obtain (22) and (24) with 4, = —Af, C; =
Ai(1) + Cf and Cs = A¥(1) + C§ + f(0) — h(0). Finally (24) and (25) imply
(23).

The functions (22), (23) and (24) indeed satisfy (GH2).

L. Problem C

We need the following result of A. Jarai ([11] Theorem 2.7.2).

THEOREM J

Let T be a locally compact metric space, let Zy be a metric space, and let Z;
(1 =1,2,...,n) be separable metric spaces. Suppose that D is an open subset
of TxRF and X; CR* fori=1,2,...,n. Let fo : T = Zo, fi : Xi = Zi,
gi:D— X;, H: DX Zy XZyX...XZy — Zy be functions. Suppose, that the
following conditions hold:

(1) For every (t,y) € D
fot) = Ht,y, f1(91(2,9)),- -, fn(gn(t,)))-

(2) f; is Lebesgue measurable over X; for i=1,2,...,n.
(3) H is continuous on compact sets.

(4) Fori=1,2,...,n, g; is continvous, and for every fized t € T the map-
ping y — g;(t,y) is differentiable with the derivative D3g;(t,y) and with
the Jacobian Jog;(t,y); moreover, the mapping (t,y) — Dag;(t,y) is con-
tinuwous on D and for every t € T there exists a (t,y) € D so that

Jagi(t,y) #0 fori=1,2,... n.

Then fo is continuous on T .
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LEMMA 1

If the measurable functions f,g,h: (0,1) = R satisfy the functional equa-
tion (GH2) for all z,y € (0,1) then the functions f,g,h:(0,1) = R are con-
tinuous.

Proof. First we prove the continuity of f. From (GH2), with ¢ = zy, we
obtain

(4 (4
f(t):h(g)+h(y)—g(1—§—y+t), 0<t<y<). (29)
Let 7 = (0,1), n =3, Zo = Z1 = Zy = Z3 = R, X1,X5,X3 = (0,1),
D ={(t,y) € R? |0 < t < y < 1}. Define the functions g; on D by g:(t,y) = %,
gQ(tay) =Y, .93(t7y) =1- % _y+t and let H(t7y7z17z27z3) =2z1+ 22 — 23. It
follows from (29) that the functions f; (i =0,1,2,3) given by

fo=f, fi=fo=h fi=g

satisfy the functional equation occurring in (1) of Theorem J for all (t,y) € D
and f; (i =0, 1,2, 3) is measurable by the conditions of our lemma. H is clearly
continuous and condition (4) of Theorem J holds too, since calculating Dsg;
one can see that for every t € T = (0,1)

Dogi(t,y) #0 fori=1,2,3if y £t

Thus, by Theorem J, f = fo is continuous on (0, 1).

The continuity of g can be proved by making the substitutions z — 1 — z,
y = 1 —y in (GH2) and repeating the above argument.

Substituting y = % in (GH2) and solving the equation obtained for h we

. m =g (55) +1(52) -1 (3). =e0, 0

whence, by the continuity of f, g it follows that A is continuous as well.

LEMMA 2
If the measurable functions f,g,h : (0,1) = R satisfy the functional equa-
tion (GH2) then they are differentiable infinitely many times on (0,1).

Proof. Write (GH2) in the form (29) and let [a, 3] C (0,1) be arbitrary
and choose the interval [\, y] such that /8 < A < u < 1 (then [a, 8] X [\, u] C
D ={(t,y) | 0 <t <y < 1} holds). Integrating (29) with respect to y on [A, ]
we obtain

(M—A)f(t)ZA/MhG) dy+jh(y)dy—jg(1—§—y+t) dy.
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We use the substitutions g1 (¢,y) =t =wand gs(,y) =1—-t —y+t=wuin
the first and third integral respectlvely It is easy to check that these equations
can uniquely be solved for y if ¢ € [a, 8]. In the case of 5 = wu this is clear.

In the case of 1 — % — y + ¢t = u this uniqueness is ensured by the assumption
VB < A, namely, by this condition, the derivative of the function y — g3(¢,y):

(4
D2g3(t7y) = y_2 -1

is negative on [a, 8] X [A, ] hence our function is strictly decreasing. The solu-
tions

I+t—u++/(1+t—u)?—4t
2

are infinitely many times differentiable functions of ¢ and u. Performing the
substitutions we have for t € [a, §]

¢
yzazvl(t,u) and y= =72 (t,u)

: e
1
f@) = Y /h(U)DQ’Yl (t,u)du — / g(u)Daye(t,u)du+C| ,
1—2 -2+t
where C = f y h(y) dy. The functions h, g are at least continuous. Hence, by

repeated apphcatlon of the theorem concerning the differentiation of parametric
integrals (see e.g. Dieudonné [8]), the sum on the right hand side is differen-
tiable infinitely many times on [a, 8]. Since [a, §] is an arbitrary subinterval
of (0,1), we have that f is differentiable infinitely many times on (0,1). The
differentiability of g can be obtained similarly. Finally, from (30), we can
deduce that h is also differentiable infinitely many times on (0, 1).

LeMMA 3
If the functions f,g,h : (0,1) = R satisfy the functional equation (GH2)
and they are twice differentiable in (0, 1), then there exist constants v,C;,d; € R
(1 =1,2) such that
fl@)=Cilnz+~yz+6, =ze€(0,1), (31)
g(z) = Celn(l—z) + vz + b, =z€(0,1), (32)
6+ (52

() Cllnx+Cgln(1—x)+’)/x+ 2

€ (0,1). (33)

Proof. Differentiating (GH2) with respect to z, then the resulting equation
with respect to y, we have

fay)+ ey (zy) — g' (@ +y—zy) + 1 - 2)(1-y)g"(z +y —2y) =0,
z,y € (0,1).
This can hold if and only if
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tf'O+ O =y=(-1g"(s)+4'(s), ts€(0,1)

for some constant .

and

The general solutions of the differential equations

tf' @)+ f't)=~, te€(0,1)

(S - 1)9”(3) + gl(s) =7, SsE€ (07 1)

have the following forms

f@@) =Cilnt+~4t+6, te(0,1),
g(s) = Coln(l —s) + s+ 02, se€(0,1).

Then, from (30), (31) and (32), we get (33) for h.

Thus we have proved our lemma.

We may sum up the results of Lemmas 1, 2 and 3 in the following theorem.

THEOREM 5

If the measurable functions f,g,h: (0,1) = R satisfy the functional equa-

tion (GH2) for all z,y € (0,1), then there exist constants vy, C;,8; € R (i =1,2)
such that f, g, h have the forms (31), (32) and (33) respectively.
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