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On new differential equations of the first order

in the space M (1,4) x R(w) with non-frivial
symmelries

Abstrad. Some new differential equations of the first order in the space
M(1,4) x R(u), which are invariant under splitting subgroups of the
generalized Poincaré group P(1,4) are presented.

The differential equations with non-trivial symmetry groups play an im-
portant role in theoretical and mathematical physics, gas dynamics etc. (see,
for example, [1-5]).

The group-analysis methods (see, for example, [ 1-8]) allows us to construct
new differential equations with non-trivial symmetry groups.

In many cases these equations can be written in the following form:

F(qu J2y---’ Jt) = 0) (1)

where F is an arbitrary smooth function of its arguments, {J1, Jz, ..., Ji} are
functional bases of differential invariants of the corresponding symmetry groups.
The present paper is devoted to the construction of the first-order differen-
tial equations in the space M(1,4) x R(u), which are invariant under splitting
subgroups of the generalized Poincaré group P(1,4).
In order to present some of the new results obtained we have to consider
the Lie algebra of the group P(1,4).

1. The Lie algebra of the group P(1,4) and its non-conjugate subalgebras

The Lie algebra of the group P(1,4) is given by the 15 basis elements
My, = -Myy, (p,v=0,1,2,3,4) and P, (u=0,1,2,3,4), which satisfy the
commutation relations

[P;nPI’/] =0, [M:“,,P‘;] = gpupll; _guoP"n
[M;'w)M;w] = g#PMl’fa + gVﬂM;Jp - ngM;'w - gI-WMI'/p’
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where goo = —g11 = —g22 = ~g33 = —g4a = 1, g4 = 0, if p # v. Here, and in
what follows, M ;“, =iMy,.

We consider the following representation of the Lie algebra of the group P(1,4)

_0 p__2 __0 __0
0=z =gz P2=~3p B=—p
Pi=-z2-, M, =-(s.P,-=.F).

Below we will use the following basis elements:
G=My, L =M, Ly=-Mj, L3=M;,
Po =My, — My, Ca=M+ Mgy, (a=1,2,3),
Xo=3(Fi~F), Xe=F, (k=123), Xo=y5(F+F).

In order to study the subgroup structure of the group P(1,4) we used the
method proposed in [8]. Splitting subgroups of the group P(1,4) have been
described in [9, 10]. From the results obtained (see also [11]) it follows that
the Lie algebra of the group P(1,4) contains as subalgebras the Lie algebra of
t~he Poincaré group P(1,3) and the Lie algebra of the extended Galilei group
G(1.3).

2. The first-order differential equations in the space M (1,4) x R(u)

The group P(1,4) acts on M(1,4) x R(u) (i.e. on the cartesian product
of the five-dimensional Minkowski space (of the independent variables =g, ;,
T32,T3,74) and the number axis of the dependent variable u). The group P(1,4)
usually acts on M(1,4) as a group generated by translations and rotations of
this space, and it trivially acts on R(u) in this specific case.

Let X = Eg:o gi(z);;‘?; be one of the basic infinitesimal operators. It
generates the action
ge(z, u(z)) = (g, u(z)) = (¥, u(g—e¥)),

where g, = exptX € P(1,4), z € M(1,4), y = g:z. From this, one obtains
the first prolongation of X in the form

4 4
0¢; 0 du .
1 i —J - — 2 T — -_—
XM = x _ ‘E:o (-- azi'u]) B’ uj = 3z, i=0,1,2,3,4.

Now, a function J(z,u() is a first-order differential invariant if

XM J(z,uM) = 0.
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Here u(! = (u, ug, u1, tiz, u3, u4) is an element of the first prolongation R(u)").

The first-order differential equations in the space M (1, 4) x R(u), which are
invariant under splitting subgroups of the group P(1.4) have been constructed.
These equations can be written in the form (1), where {J;, J2, ..., J¢} are func-
tional bases of the first-order differential invariants of the splitting subgroups
of the group P(1,4).

Below, for some splitting subgroups of the group P(1,4) we write the basis
elements of its Lie algebras and corresponding arguments J, Ja, ..., J; of the
function F.

1. (X0+X4),
W=z, Ja=1z2, Js=1zx3, Js=z4, Js=u, Js=up,
J7=u1, J3=U2, Jg-——u;;, J10=u4, u,,_aal‘— m= 0 1, 2 3, 4;

2. (X4),
h=z, Ja=2z3, Jz3=1z3, Ji=zo+z4, Js=u, Jg=uy,
Jr=w, Jg=uz, Joy=u3, Jio=1uy;
3. (P, X4),
h=zo+T4, Jo=x, J3=1x2, Js=u,
Js = (zo + T4)us + (uo —ug)z3, Je=wy, Jr=uz, Jg=uo—uy,
Jo = vl —u —ul;
4 (G, X1),
Ji=z3 Jp=z3, J3=(22-z)V? Ji=u,
Js = (zo+ za)(uo +us), Jo=u, Jr=uy, Ja=wu3, Jo=u}-ul;
5' (Lll L'l) L3)7
Ji=x29, Jo=14, J3= ((C? +$§ +I§)l/2, Jy=u,
Js =xyuy +Tous +23uy, Jg=ug, Jr=uy, Jg= ‘U.% + ‘U.% + ug;
6. (Pl' P2' X‘)v
J1 =g + x4, Jz =z3, Jy=u, Jyg= ‘ul(.’l:o +.'£4) +I|(‘U.0 —u4),
Js = ua(To + Za) + Ta(up —uq), Je=wu3, J7r=wup—uy,
Js = ud —u? —ul —ud;
7. (G, L3, A, Pz),

J1 = 73, =@ -a-23-2)?, L=u Ji= aﬁf—ﬁi
2
Js = (z, + —0+_u44""') + (Iz + —°+—u:uz) y Je=us,

— 2 2 2 .
J7—uo—'~1—'“2—uz'

8- (L3, Pl, P2) X4)l

Jy=13, Ja=z0+z4, J3=u,

2 2
To U2 —
J“_(zoq! uo—u4) +(Io+:t4+u()—-‘u4) v Js=ug,
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Jo =up—uq, Jr=ud—ul-uj—uj;
9. (G, P3o L3» X31 ‘¥4)'

T
h=@+)?, h=u, J=nwm-zw, J=32EHH,

Js = u? +ul, Je=ug—“§—“33
10. (G, P, P, X1, Xa),

_ +x _ T+ —
Ji=zx3, Jo=u, Jz3= ﬁg_—u} Ji=x2 + HUZ, Js = ug,
2_.2_ .2 .2

Je = u§ — uf — u3 — ug;
11. (L3, P], P2, P37 4¥31 X4)’
J] = z9 + 74, J2=ur

2 2
b= (% tutn) + (5% t5%n) » Ji=to-u,

To + T4 Up — Ug To + T4 Ug — U4
Js = uf —uj —uf —uf —uf;
12. (L3 +cG, B, P, X, Xo, X4, C>0),

Itz — — 2 2.
h=z3 J=uy Jz——g_—u} Ja=u3, Js=ud—uf—uj-u;

13. (G1 Lla L2) L3’ le ‘\2) X3)l
=(z2-22)'V?, Ja=u, J3=(z0+z4)(uo+us), Ji=ui-1ui,
Js = u? +u +u?;
14. (Ga Pl) P2’ P3i Xl! XZv X‘I)

gtz +z
h=u, Jp=3l4, J3_13+ag—_—u‘}u3,
2

o= o o
15. (L3+bG Plv P21 P3’ Xla X2a X3, X‘h b>0)

= +z — u2:
S =, Jz—t—,g_—uj Ja = uf —ui —uj —ui —uj;

16. (Pl, P2$ P3, XOv le X27 ‘¥3) X4))

— — — 5,2 2 2 2 2
Jl-'u, Jg—Uo—'llq, Js—uo—ul—uz—u3—u4.
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