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Generalized Erlang problem for queueing systems

with accumulation

Abstrad. We consider a non-classical M/G/n/0 type queueing system with
random volume demands. Each demand requires m servers for its sim-
ultaneous service with probability gm, Y .., 9m = 1. Service time of
the demand depends on the demand volume and m. The total volume
of demands presenting in the system is restricted by memory volume V.
For such system the stationary distribution of demands number and loss
probability are determined.

Consider M/G[n/0 type queueing system. Let a be a parameter of de-
mands entrance flow. Suppose that m servers are required for arbitrary demand
service with probability gm (3., ¢gm = 1) independently of other demands.
In this case all m servers function simultaneously with the same service time
€m, being a non-negative random variable. The demand required m servers for
it’s service we shall name m-demand or the demand of mn-type. Assume, that
each m-demand (m = 1,...,n) is characterized by some volume (,, which is
a non-negative random variable not dependent on volumes of other demands.
Suppose, that service time, type of the demand and its volume are dependent.
The distribution of m-demand volume and its service time may be define by the
next joint distribution functions: Fi(z,t) = P{(m < z,&m < t}, m =1, ..,n.
Then L,,(z) = Fiu(x,00) and B,.(t) = Fu(oo,t) be the distribution function
of m-demand volume and service time accordingly. If there is no required num-
ber of free servers at the moment of demand entrance, the demand will be lost
without any influence to future system behaviour.

Denote as 7(t) the number of demands presenting in the system at time
moment t. Let o(t) be the total sum of such demands volumes. The o(t) process
is named total volume. Suppose, that o(t) is restricted by V' > 0 constant value,
which is named memory volume. So, if there is sufficient number of servers for
the demand service at arriving moment 7, this demand at least will be lost if
its volume z is such that o(r — 0) + z > V. If contrary o(7 — 0) + z < V, the
demand’s service begins and we have n(7) = (r — 0} + 1, () = o(7 — 0) + z.
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For this queueing system we define the stationary distribution of demands
number and the loss probability.

Suppose that all demands presenting in the system under consideration are
numbered in random order [1]. Denote as v;(t) the number of servers which
are serving the j-th demand at the time moment ¢. Denote as £ (t) the length
of time interval from the time moment ¢ to finishing moment of j-th demand
service. The system under consideration may be represented by the next (not
markovian) random process

(70,0, 11@),E @), - v €3 B » (1)
which may be characterized by functions having the next probability sense:

Gk(t’ 1,T1,y1,---afk:yk)d1dyl "'dyk
=P {ﬂ(t) = k7 O'(t) € d.’l), Vi(t) =T 6:(t) € dyi: i= 1»---vk} ’ (2)
k=1,.,n, 1 +...+7 <7

\ %
Pk(ta Tl)yla"'arkiyk) = / Gk(trmirl)ylr")rktyk) d.’l?, (3)
0

k=1,..,n; 4+ ...+7 <N

Pk(t) T, "'vrk) = / "'/ Pk(tr 1,41, ---,Tk,yk) dyl "-dyk; (4)
(1]

1]

Fo(t) = P {n(t) = 0}; (5)
P =P{t)=k}= D  PRtr,..n), k=1..,n  (6)

r1+...+ren

In the case of p = a(q:1 811 + --- + gnfn1) < 00 the next limits exist:

gk(-'b', T13Y1s s Tk, yk) = tl_i’IBon(t’xsrlsylz ey Tky !/k),

o (7
k=1,.,n;m+..+rx <n
Pe(r1, Y1, s Tey Yk) = lm Pty 71,915 0Tk Y)
(8)

\’4
=/ k{2, T1, Y1, oo Tk, i) A3
(1]

pk(rlf-":rk) = tl_if& Pk(t’ T1, "-’Tk)

\"d 14
= / / Pe(r1, Y1, - Th, Yk) Ayr ... Ay, (9)
1] 0

k=1,...,n; 1+ ... +7, <0
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po = lim Fo(t); (10)
Px = ‘l_i.rgoPk(t) = Z pk(rls-":rk)) k= ll""n' (ll)
f+...+ran

For simplicity we assume that the density fn(z,t) of ((n,€m) random
vector exists, m = 1,...,n. All results of the paper are relevant without this
assumption. It may be easy shown by the additional variables method, that the
stationary functions (7) - (9) satisfy the next equations.

m=1

0=—app ) _ qmLm(V)+ Y _ pr(m,0); (12)
m=1

_Op(m,y) _ / v
oy~ amPo | fm(z,y) dz

n—m
-a ) gigi(z,m,y)L;(V ~ z)dz (13)
=1
n—m
+ E [p2(j7m10vy) +P2(m~y,j.0)], m=1..,n-1
=1

-
—%:'y) = aq,.po/o falz,y)dz; (14)

k

_ Ope(r1,y1, - yx)
2 dy;

Jj=1

a k v
= EZQ-,—/ gx—1(z,r1,m,... Wi Yi- 1T+, Vi1, - - 2Tk Yk)
j=l z=0

V-2
x/u=0 ffj(u)yj)dudz (15)

n—ry—.~ry \ 74
-a Z qﬁl/ gk(z'rl)yl)"-yrk)yk)Lm(V - I)dI
m=1 o
k+1 n—ry—. 1y
+ E Z Pk+1 (rl WY1, Ti-1,¥j—1,M, Ov Tit 1 Yitls - Tk, yk))
=1 m=1

k=2,..,n-1; " +..+7r <m;
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k
_ Z apk(r17y11 ey Ty yk)
i=1 Oys
a< v
= EZ‘]r,- / 9-1(Z,T1, Y15 - Tim 1, Yim 1 Tt 1, Yt 1o oo Tk Uk) - (16)
j=1 z=0
V—z
xf fri(u,y;)dudz, k=2,..,n—-1; 1+ ..+ 1% =7
u=0
n
_ Z ap'n(17 Y1, 17 yﬂ)
=1 9;
a s v
= “qu / gﬂ*l(zi lryla"'vlvyj~lvl!yj+17"'y1)yﬂ) (17)
n j=1 z=0
V-z
X / fi(u,y;) dudz.
u=0

For the system under consideration the boundary and normalization con-
ditions may be represented in the next form:

y 41 (mv 0) = G'QmpoLm(V)p m= lv -y (18)

kpk(rl yYly s Tj—1,¥5-1,1, 0! Ti+15Yj+12 -3 Tk» yk)

|4
= aqm/ Gk (.’l‘,rl Wi - T 51,U5- 1T Y e -« 5Tk ryk)Lm(V —I) dl?, (19)
(1]

k=2 .,nj=1L.En+.+mn<n

p+Y ¥ [ [ meunanmdna=1 @)

k=1r14..4rp<n

If we introduce the notation Hpy(z) = P{(m < z,&m > y}, then
dHpmy(z) = fj;y dF,,(z,u) and by means of direct substitution, taking into
account (18) — (20) expressions, we can easy show, that the solution of (12) -

(17) equations is

K
a
9k(z, 11, Y1, -y Ty Yk)dT = POF H gr, d(Hpy, * ... ¥ Hpyy, (7)),
st
k= l,.,ny i+ ...+ <1,

(21)
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where H, ,, *...* H, ,, (z) is the Stieltjes convolution of Hy,y, (z),....Hr, y,(z)
functions. From (8) relations we obtain

pk(rlayl’ ark’yk) pO k! H QI‘, riy ¥ - ¥ H"k!/k (V))

. (22)
k=1..nnm+..+mp.<n
Denote as
T {o o]
R, (z) = / / ydF,(u,y),m=1,..,n.
u=0 Jy=0
Then it is follows from (9), that
a* a
pk(rl,...,'rk) = pOHR,-l * ,..% R,-k (V)le_ll qr,., (23)
k=1,.,n rm+..+7. < n.
And from (11) formula we have
a* k
Pk =Pogy Z R, *...*Rrk(V)quj, k=1,..,n.
4.4+ <n i=1
From the last formula we finally obtain
a*
Pe=poyy D, Fnx.xRy(V) qu,, =Lun,  (29)
n+..4resn
where
n g -1
a
Po= |14+ o5 ). Ry *Ru(V)Hq,, (25)
k=1 " ri+.. +resn

The stationary loss probability pp,s of m-demand, m = 1, ...,n, is determ-
ined taking into account the symmetry of pi(ri,...,7x) functions about re-
arrangements of arguments pairs (;,;), 7 = 1, ..., k, from the next equilibrium
conditions:

a‘Im(l - pma)
n—m+1

Z J Z / / Pg(fl,yx, 3 Tj—1,Y5-1,M, O)Xd.!l dy) 1y

=1 nt..4rian-m

m=1,...,n



278 Oteg Tikhonenko

From the last relation taking into account (22) and (25) formulas we have

n-m ; 3
s=1— poz Z Lm*R,.l*...*R,j(V)qu,.
]—0 r;+...+r,~$n—m =1

The total loss probability evidently is equal

n
pPs = Z dmPms
m=1
n—m i j
=1- pqumZ = Z Lm*Rn*...*R,.,.(V)qu,.
m=1 j=0 J: ri+..+rij<n+m =1
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