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Professor Andrzej Zajtz a scolar and educator

on the 70th birthday anniversary

Differential geometry was formed almost simultaneously with mathematical
analysis. Its brisk development came with the success of the General Relativ-
ity Theory, which made extensive use of tensor calculus. The first Pole to
do research on differential geometry at the beginning of the 20th century was
Kazimierz Zorawski from the Jagiellonian University. Antoni Hoborski, another
Cracovian mathematician, took it as his main sphere of interest and dreamed of
the “Polish School” of differential geometry. Unfortunately, the Second World
War and his sudden death in a concentration camp put an end to realization
of his dreams. Effective steps aiming at fulfilling Hoborski’s dream were un-
dertaken by a student of his — Stanistaw Golab. His interests revolved around
the theory of geometric objects, which soon spread even beyond the Cracovian
university centre. Professor Andrzej Zajtz proved himself a worthy successor
of Professor’s Golab’s work in Krakéw.

Andrzej Zajtz was born on December 9, 1934, in Radom. In 1955 he gradu-
ated from the Jagiellonian University, where he had studied mathematics. Even
during his studies he worked as an assistant in the Institute of Mathematics of
the AGH University of Science and Technology. In 1957 he took the position
of an assistant in the Department of Geometry of the Jagiellonian University,
whose head at time was Professor Gotab. In 1961 he obtained a doctor’s degree
in the fields of mathematics and physics and in 1966 a habilitation in mathe-
matics. He worked as an associate professor in the Institute of Mathematics of
the Jagiellonian University until 1980 when he was honoured a professor’s title.
He was the head of the Geometry Department in the Institute of Mathematics
of the Jagiellonian University for twenty years until 1990 when he moved to the
Pedagogical University of Krakéw. In 1994 Professor Zajtz became the head
of the Department of Geometry and Differential Equations in the Institute of
Mathematics of the Pedagogical University.

He frequently lectured at universities abroad. Between 1972 and 1975 he
lectured at Ahmadu Bello University in Zaria, Nigeria, and from 1982 to 1983
at the Universidad Central de Venezuela in Caracas. He spent two years (1987-
1989) as a professor at the Université de Tlemcen in Algeria and later (1990-
1992) at the University of Zimbabwe in Harare. During his stay there, Professor
Zajtz took an active part in the scientific and didactic work of these universities.
Among his other duties, he acted as a consultant of various lecture programmes,



especially in the field of geometry. He inspired and consulted scientific work of
younger colleagues. Among other results of his activity one may mention four
PhD theses supervised by him. This cooperation is being continued till now.

His scientific activity concentrated at first on differential geometry under
weak differentiability conditions, and then on the theory of geometric objects,
which was the main stream of geometrical research in the Cracovian mathe-
matical centre. Geometric objects integrate the definitions of such significant
concepts as tensors and connections. Their classification and study of their
features had a great impact not only on the differential geometry but also on
theoretical and practical applications in physics. Professor Zajtz classified im-
portant families of geometric objects and examined their properties in specific
cases (see for instance [2]-[5], [8], [9])-

The theory of geometric objects is closely related to the theory of func-
tional equations. It is also in this field that Professor Zajtz made significant
discoveries [1] — [4]. His interests embraced differential geometry at its highest
contemporary level. At the end of the 1970’s the theory of geometric objects
gained a new global description in the form of natural bundles and the natural
prolongation functors. The academic textbook “Foundations of differential ge-
ometry of natural bundles” (1984), in cooperation with M. Paluszny, compiled
A. Zajtz’s lectures in Caracas. It included the latest outcomes in the natural
bundles theory as well as generalizations of several important theorems.

A. Zajtz determined the sharp estimation of the order of natural bundles
[6]. This fundamental result completed the long history of the order problem
for differential geometric objects (in a new formalism — of natural functors),
considered, in particular, by Penzov and Golab (1950’s), up to the results of
Palais-Terng and Epstein-Thurston (late 1970’s). His estimation formula has
found a direct application in the gauge-theory in theoretical physics. Further,
he determined the sharp estimation of the order of natural functors on some ba-
sic local categories of manifolds (for instance manifolds with locally integrable
volume form, symplectic manifolds and contact manifolds).

The natural differential operators theory has been developing together with
the theory of natural functors. A. Zajtz investigated the problem of the row
completion of natural operators and obtained some new general results [8].
Starting from a more general context, he contributed to the representation
theory of certain groups of diffeomorphisms [7]-[9], [11]-[13]. He applied his
own effective methods to the study of the equivalence and the order of cer-
tain types of representations. He also obtained positive results concerning the
possibility of embedding diffeomorphisms in a smooth flow [14]. In parallel
to these activities, but still within the general framework of his research, he
proved some nonlinear Peetre-like theorems on local operators (such operators
are very common in differential geometry) [10] — in his results, as opposed to
previously formulated ones, references to the Whitney extension theorem are
avoided.
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The research outcomes of Professor Zajtz were presented in over 60 articles,
both in Poland and abroad. He actively participated in many scientific confer-
ences, where he delivered talks and was in charge of sessions or a member of
scientific committees. In a short period of 1997-2001 his new original results
were presented at ten conferences he attended.

Professor Zajtz was a supervisor of numerous MSc and thirteen PhD theses.
Hitherto two of his former PhD students qualified as titular professors.

Scientific development of his numerous students participanting in his semi-
nars has always been Professor Zajtz’s particular concern. He encourages them
to study advanced problems and to search for and draw their own conclusions.
He is willing to discuss new trends and latest discoveries in differential ge-
ometry. There was only one person at the Department of Geometry holding
doctor’s degree at the time when Professor Zajtz became the head of that De-
partment but in just twenty-year’s time (1990) this number increased by seven
— all but one worked under his supervision.

During the 50 years of his work he has taught the majority of main math-
ematical subjects. Moreover, he lectured on mathematics at other university
institutes. It is worth mentioning that his lectures on analysis were keenly
appreciated by the students of physics. Between 1976-1979 he was the Deputy
Director of the Institute of Mathematics of the Jagiellonian University. At that
time he was also the head of the Cracovian Branch of the Polish Mathematical
Society. Twice he became a member of the Senate Board for the coopera-
tion with the secondary educational system. From 1983 to 1990 he tutored
secondary school “university classes” (with an originally designed advanced
course of mathematics). In spite of his diverse duties he has never rejected
requests to take part in the Mathematical Work Sessions for the Primary and
Secondary Schools as a juror and chairman.

Prof. Zajtz was awarded the three most important medals: The Knight’s
Cross of Poland’s Restoration (Krzyz Kawalerski Orderu Odrodzenia Polski),
The Gold Medal of Merit (Ztoty Krzyz Zastugi) and the National Education
Committee Medal (Medal Komisji Edukacji Narodowej) for his didactic, scien-
tific and organizational work.

It is said that the proof of the man is in his actions. Professor Zajtz has
proved to be an excellent mathematician with broad interests. He is known as a
man of mark, demanding and just. What he appreciates among his students is
independent thinking and resolution to pursue the scientific truth. He is able
to encourage young people to investigate puzzling questions of mathematics
and stimulate their interest in new spheres of geometry.

It is only fair to add that Professor Andrzej Zajtz’s profound influence on
the Cracovian geometry research centre enabled it to establish itself as one of
the most significant among such centres in Poland.

Zdzistaw Pogoda
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Ludwik Byszewski
Strong maximum principles for implicit parabolic

functional-differential problems together
with initial inequalities

Dedicated to Professor Andrzej Zajtz
on the occasion of his 70th birthday

Abstract. The aim of the paper is to give strong maximum principles for im-
plicit non-linear parabolic functional-differential problems together with
initial inequalities in relatively arbitrary (n+ 1)-dimensional time - space
sets more general than cylindrical domain.

1. Introduction

In this paper we consider implicit diagonal systems of non-linear parabolic
functional-differential inequalities of the form

Fi(t,z,u(t,z), ul(t, z), ul (t,x),ul, (t, ), u)
> Fi(t,x,v(t,x),vi(t, ), vi(t, o), v, (t, x),v) (1.1)
(i=1,...,m)
for (t,x) = (¢t,z1,...,2,) € D, where D C (to,to + T] x R™ is one of three
relatively arbitrary sets more general than the cylindrical domain (¢g, to + 77 %
Do € R™*L. The symbol w (= u or v) denotes the mapping

w: D> (t,x) — w(t,r) = (w(t,z),...,w™(t,x)) € R™,

where D is an arbitrary set contained in (—oo, tg 4+ 7] x R” such that D C D;

F' (i =1,...,m) are functionals of w; w’ (t,z) = grad,w'(t,x) (i =1,...,m)
and wl, (¢t,z) (i = 1,...,m) denote the matrices of second order derivatives
with respect to x of w'(t,z) (i = 1,...,m). We give a lemma and a theorem

on strong maximum principles for problems together with inequalities of types
(1.1) and with initial inequalities.

AMS (2000) Subject Classification: 35R45, 35K20, 35K60, 35B50.
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The results obtained are a generalization of some results given by R. Redhef-
fer and W. Walter [4], by J. Szarski [5] and [6], by P. Besala [1], by W. Walter
[8], by N. Yoshida [9], by the author [2] and [3], and base on those results.
To prove the results of this paper we use the theorem on a strong maximum
principle from [2].

2. Preliminaries

The notation and definitions given in this section are valid throughout this
paper. Some of them are similar to those applied by J. Szarski [7], [6], by
R. Redheffer and W. Walter [4], by P. Besala [1], by N. Yoshida [9] and by the
author [3].

We use the following notation:

R = (—o0, ), N={1,2,...}, z=(z1,...,2,) (n €N).
For any vectors z = (21,...,2™) e R™, z = (z},...,2™) € R™ we write
2<% if<E(i=1,...,m).
Let tg be a real finite number and let 0 < T < 0o. A set
D c {(t,x): t>tg, z € R"}
(bounded or unbounded) is called a set of type (P) if:

(a) The projection of the interior of D on the t-axis is the interval (¢g,t0+T).

(b) For every (f,%) € D there is a positive r such that
{(t,x) PP (i d) <, t< i} c D.
i=1

We define the following sets:
Sy, = int{x € R™ : (to,x) € D} and oy, = int[D N ({tg} x R™)].

Let D be a set contained in (—oco,to + 7] x R™ such that D ¢ D. We
introduce the following sets:

OpD := b\D and I':=090,D\ oy,.

For an arbitrary fixed point (Z,%) € D we denote by S~ (t,7) the set of
points (¢,z) € D that can be joined to (¢,%) by a polygonal line contained in
D along which the t-coordinate is weakly increasing from (¢, z) to (¢, ).
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Let Z,,(D) denote the space of mappings
w: D3 (t,x) — w(t,z) = (w(t,z),..., w"(t,x)) € R™

continuous in D. ) .
In the set of mappings bounded from above in D and belonging to Z,,(D)
we define the functional

[w]y = nax sup{0,w'(t,z) : (f,2) € D, t <t}, where t < to+T.
i=1,...,m
By M, xn(R) we denote the space of real square symmetric matrices r =
[Tjk]nxn- ~
A mapping w € Z,,(D) is called regular in D if

wz, wfc = gradzwi, w;x = [w;jxk]nxn (i=1,...,m)

are continuous in D.
Let the mappings

Fi:DXR™XRXR" X Mywn X Zn(D) 3 (t,2,2,p,q,7,w) —
Fi(t,z,z,p,q,m,w) €R
(i=1,...,m)

be given and let for an arbitrary regular in D function w € Z,,(D)

Fit,x,w] := Fi(t,x,w(t, x), wi(t, z),wt (¢, x), we,(t,x),w), (t,x) € D
(t=1,...,m).

Each two regular in D mappings u,v € Z,,(D) are said to be solutions of
the system

Filt,x,u] > Filt,z,0]  (i=1,...,m) (2.1)
in D, if they satisfy (2.1) for all (¢,z) € D.
For a given regular mapping w in D and for an arbitrary fixed i €{1,...,m},

the mapping F? is called uniformly parabolic with respect to w in a subset
E C D if there is a constant x > 0 (depending on E) such that for any two
matrices 7 = [Fj], 7 = [Fjx] € Mpxn(R) and for all (¢,x) € E we have
F <P = Fi(t,r,w(t,z),wi(t,z),w (t,x),7 w)
— Fi(t,z,w(t, ), wi(t, o), wt (¢, z),7,w)

n (2.2)
> kY (P —7ij),
j=1

where 7 < 7 means that Z?k:l(fjk —7ik)A\j Ak < 0 for every (A1,...,A,) € R™.
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If (2.2) is satisfied for 7 = w’ (¢, z), # = wi (t,z) +7, r > 0 and kK = 0,
then F' is called parabolic with respect to w in E.
An unbounded set D of type (P) is called a set of type (Pr) if

r'Noy, # 0. (2.3)

A bounded set D of type (P) is called a set of type (Pp).

It is easy to see that each set D of type (Pp) satisfies condition (2.3).
Moreover, it is obvious that if Dy is a bounded subset [Dg is an unbounded
proper subset] of R™, then D = (tg,to + T x Dy is a set of type (Pg) [(Pr),
respectively].

3. Lemma
As a consequence of Theorem 3.1 from [2] we obtain the following:

LEMMA 3.1
Assume that:

1° D is a set of type (P).

2° The mappings F* (i = 1,...,m) are weakly increasing with respect to
2o 2 ™ (i = 1,...,m). Moreover, there is a positive
constant L > 0 such that

F'(t,x, z,p,q,r,w) — F'(t,2,%,p,,7, )

n
a( max |~ 40| 3 g -

k=1,....m y
j=1
n
e Y ITjk—fjk]Hw—u?]t)
Ji.k=1

forall (t,7) € D, z,Z€ R™, pe R, ¢, €R", 7, EMan(R) w, W €
Zm(D), where sup( yep(w(t, z) —w(t,z)) < oo (i = L,m).

3° There are constants C; > 0 (i = 1,2) such that
Fi(taxazapaQ7r7w) - Fi(taxazaﬁ7Q7r7w) < Cl(ﬁfp) (Z =1,.. 'am)

forall (t,z) € D, z€R™, p>p, g €ER", r € Mypun(R), w € Zm(D)

and
Fi(t7x7z7p,q,r,w) - Fi(t,m,z,p',q,r,w) < 02(p~_p) (Z = 17 SRR 7m)
forall (t,z) € D, z€ R™, p<p, ¢ €R™, r € Mypyn(R), w € Zn (D).
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4° The mapping u € Zm(D) is regular in D, and SUp(4 gyep U(t, ¥) < 0.
5° u(t,x) < K for (t,z) € 9,D, where K = (K',...,K™) is a constant
mapping.
6° The mappings u and K are solutions of the system
Filt,z,u] > F'[t,z, K] (i=1,...,m)
m D.

7° The mappings F* (i = 1,...,m) are parabolic with respect to u in D and
uniformly parabolic with respect to K in any compact subset of D.
Then
u(t,z) < K for (t,z) € D.
Moreover, if there is a point (t,%) € D such that u(t,z) = K then

u(t,z) = K for (t,z) € S™(£, 7).

4. Strong maximum principles together with initial inequalities in sets of types
(Pr) and (Pp)

Now, we shall give the following theorem on strong maximum principles
together with initial inequalities in sets of types (Pr) and (Pg):

THEOREM 4.1
Assume that:

(i) D is a set of type (Pr) or (Pg) and assumptions 2° and 3° of Lemma 3.1
are satisfied.

(ii) The mapping u € Zy, (D) is regular in D and the mazimum of u on T is
attained. Moreover,

K := t,x). 4.1
(nax u(t,z) (4.1)

(ii) The inequality
u(to,z) < K for xz € Sy, (4.2)

is satisfied.
(iv) The mazimum of u in D is attained. Moreover,

M = max_u(t,x). (4.3)
(t,z)eD



14 Ludwik Byszewski

(v) The mappings w and M are solutions of the system
Filt,z,u] > F't,o, M]  (i=1,...,m)
in D.

(vi) The mappings F* (i = 1,...,m) are parabolic with respect to u in D and
uniformly parabolic with respect to M in any compact subset of D.

Then
max_u(t,z) = max u(t,z). (4.4)
(t,x)eD (t,z)er
Moreover, if there is a point (t,&) € D such that u(t,&) = max .y p u(t, z)
then

u(t,z) = (trr}c;)ié(r u(t, ) for (t,x) € S™(t, %).

Proof. We shall prove Theorem 4.1 for a set of type (Pr) only since the
proof for a set of type (Pp) is analogous.
We shall argue by contradiction. Suppose

M # K. (4.5)
From (4.1) and (4.3), we have
K < M. (4.6)
Consequently
K < M. (4.7)
Observe, from assumption (iv), that
there is (t*,2*) € D such that u(t*,z*) = M := max_u(t,z). (4.8)
(t,z)eD

By (4.8), by assumption (ii) and by (4.7), we have
(t*,2*) € D\T = DUoqy,. (4.9)
Suppose that
(t*,z*) e D. (4.10)

From assumptions (ii) and (v), and from (4.8), we get

U € Zm(D) and ul, ul, ul, (i=1,...,m) are continuous in D,
Filt,z,u] > Fi[t,x, M] for (t,2) € D (i=1,...,m),
u(t,z) < M for (t,z) € D,

u(t*,z*) = M.

(4.11)
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The assumption that D is a set of type (P), assumptions 2° and 3° (see assump-
tion (i)), formulas (4.10) and (4.11), and assumption (vi) imply, by Lemma 3.1,
the equation

u(t,z) =M for (t,z) € S™(t",z"). (4.12)

On the other hand, from the definition of a set of type (Pr), there is a polygonal
line v C S~ (t*,2*) such that

FNT #0. (4.13)

Since u € C(D,R™), we have a contradiction of formulas (4.12) and (4.13)
with formulas (4.1) and (4.7). Therefore, (t*,2*) ¢ D and, consequently, from
(4.9), (t*,2*) € oy,. But this leads, by (4.7), to a contradiction of (4.2) with
(4.8). The proof of (4.4) is complete.

The second part of Theorem 4.1 is a consequence of equality (4.4) and of
Lemma 3.1. Therefore, the proof of Theorem 4.1 is complete.

REMARK 4.1

If D is a set of type (Pg) and if D = D then the first part of assumption (ii) of
Theorem 4.1 relative to the maximum of « and the first part of assumption (iv)
of this theorem are trivially satisfied since u,v € C(D,R™) and T is bounded
and closed set in this case.

REMARK 4.2

If the mappings F* (i = 1,...,m) do not depend on the functional argument
w then Lemma 3.1 and Theorem 4.1 reduce to the lemma and the theorem,
respectively, on parabolic differential inequalities including terms

Fi(t,z,u(t, ), ul(t, z),ul (t, ), u’ (L, z)) (i=1,...,m)

and in this case we can put D = D.
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Functorial prolongations of some functional

bundles

To Andrzej Zajtz, on the occasion of his 70th birthday

Abstract. We discuss two kinds of functorial prolongations of the functional
bundle of all smooth maps between the fibers over the same base point of
two fibered manifolds over the same base. We study the prolongation of
vector fields in both cases and we prove that the bracket is preserved. Our
proof is based on several new results concerning the finite dimensional
Weil bundles.

Introduction

Let F; and E5 be two classical fiber bundles over the same base M. The
differential geometric investigation of the functional bundle F(E;, Fy) — M
of all smooth maps from a fiber of E; into the fiber of Es over the same
base point was iniciated by the paper by A. Jadczyk and M. Modugno on
the Schrédinger connection, [6], [7]. The simpliest cases of the tangent bundle
TF(E1,E2) — TM and of the r-th jet prolongation J"F(E;, Ey) — M
are discussed in [1]. In the present paper we first clarify that the essential
assumption for these constructions is that T is a product preserving bundle
functor on the classical category M f of all smooth manifolds and all smooth
maps and J” is a fiber product preserving bundle functor on the category
FM,, of all fibered manifolds with m-dimensional bases and of all fibered
manifold morphisms covering local diffeomorphisms. Every product preserving
bundle functor F on M f is a Weil functor F' = T4, where A is a Weil algebra,
[12]. The general construction of TAF(E;, E;) — TAM was presented by the
third author in [9], [10], see also Section 2 of the present paper. We underline
that this construction is based on the covariant approach to Weil bundles and
their natural transformations, [8], [12]. On the other hand, in [13] it was
deduced that every fiber product preserving bundle functor G on FM,, is of
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the form G = (A, H,t), where A is a Weil algebra, H is a group homomorphism
H: G}, — Aut A of the r-th jet group G}, in dimension m into the group of
all algebra automorphisms of A and t: D], — A is an equivariant algebra
homomorphism, where D], = JJ(R™,R) is the Weil algebra corresponding to
the functor of (m,r)-velocities. In Section 6 of the present paper we construct
GF(Ey, E;) — M in a way that generalizes the case of J"F(E;, Ey) — M.

Our main geometric problem is the prolongation of vector fields on
F(E1, E2) with respect to F' and G. Since we cannot use the flow in the
functional case, we start from the fact that the classical flow prolongation
with respect to T4 of a vector field M — TM coincides with the com-
position of its T4-prolongation T4AM — TATM with the exchange map
/@f\‘/[: TATM — TTAM. We apply this idea to a vector field X on F(E1, E»)
and we say the composition 74X = ”é(El,EQ) o TAX to be the field prolon-
gation of X. The bracket of vector fields on F(FE1, Es) is defined in terms
of the strong difference, [1], [12]. Proposition 3.2 in Section 3 reads that 74
preserves the bracket of vector fields even in the functional case. To deduce it,
we develop, in Sections 4 and 5, a purely algebraic proof of the fact that 74
preserves bracket in the manifold case. For this purpose we need certain new
lemmas concerning the classical Weil bundles, which are collected in Sections 4
and 5. In particular, we present a complete description of the strong difference
in terms of Weil algebras. In Section 7 we study the prolongation of vector
fields to GF(E1, Es) and we prove that the bracket is preserved even in this
case. Finally we remark that an interesting kind of exchange morphism, which
was introduced recently for the manifold case in [11], can be extended to the
functional bundles as well.

In Section 1 we present a simplified version of the theory of smooth spaces
in the sense of A. Frolicher, [4], which we call F-smooth spaces, and of F-
smooth bundles. Special attention is paid to the functorial character of the
construction of F(E7, Es) and to the concept of finite order morphism.

If we deal with finite dimensional manifolds and maps between them, we
always assume they are of class C°°, i.e. smooth in the classical sense. Unless
otherwise specified, we use the terminology and notation from the monograph
[12].

1. F'-smooth bundles

We shall use the following simplified version, [2], of the theory of smooth
spaces by A. Frolicher, [4].

DEFINITION 1.1
An F-smooth space is a set .S along with a set C's of maps ¢: R — S, which
are called F-smooth curves, satisfying the following two conditions:
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(i) each constant curve R — S belongs to Cg,
(ii) if ¢ € Cg and v € C°(R,R), then coy € Cg.

If (S’,Cs/) is another F-smooth space, a map f: S — S’ is said to be F-
smooth, if f o c is an F-smooth curve on S’ for every F-smooth curve ¢ on

S.

So we obtain the category S of F-smooth spaces. Every subset S C S is
also an F-smooth space, if we define C5 C Cg to be the subset of the curves
with values in S. In particular every smooth manifold M turns out to be
an F-smooth space by assuming as F-smooth curves just the smooth curves.
Moreover, a map between smooth manifolds is F-smooth, if and only if it is
smooth.

We find it useful to define the concept of F-smooth bundle in a more general

form than in [2].

DEFINITION 1.2
An F-smooth bundle is a triple of an F-smooth space S, a smooth manifold
M and a surjective F-smooth map p: S — M. If p’: S — M’ is another
F-smooth bundle, then a morphism of S into S’ is a pair of an F-smooth map
f: S8 — 8" and a smooth map f: M — M’ satisfying fop=p'o f.

Thus we obtain the category SB of F-smooth bundles. Every subset S C S
satisfying p(S) = M is also an F-smooth bundle.

An important class of F-smooth bundles are the bundles of smooth maps
between the fibers over the same base point of two classical fibered manifolds
p1: 1 — M and py: E; — M. We write

F(Ey, Ey) = | ) C™(Era, Eax)
xeM

and denote by p: F(E1, E2) — M the canonical projection. A curve ¢c: R —
F(FE1, Es) is called F-smooth, if ¢ :== poc: R — M is a smooth map and the
induced map

¢ic'Ey — By, e(ty)=c(t)(y),  pi(y) =c(t)

is also smooth, [1].

Write FM! c FM for the subcategory of locally trivial fibered manifolds
whose morphisms are diffeomorphisms on the fibers. Let FM! x g FM denote
the category whose objects are pairs (Eq, F2) with By — M in FM! and
Ey; — M in F M and morphisms are pairs (f1, f2) with f1: F; — FEsin FM!
and fo: Ey — E4 in F M over the same base map i: M — N, where N is the

common base of F5 and E4. If we define F(f1, fo): F(E1, E2) — F(E3, Ey)
by
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F(fi. f)(h) = fa(@) o ho fr(f(x),  heC¥ (B, By),  (L1)
then F is a functor on FM! x3 FM with values in the category SB.

DEFINITION 1.3
Every F-smooth subbundle S C F(E1, E2) will be called a functional F-smooth
bundle.

If 8" C F(FEs, E4) is another functional F-smooth bundle and (fi, f2) has
the property F(f1, f2)(S) C S’, then the restricted and corestricted map will
be interpreted as an SB-morphism S — S’.

Consider a smooth map ¢q: F3 — Ej.

DEFINITION 1.4
An SB-morphism D: F(Ey, Ey) — F(Es, Ey) is said to be of the order r, if
for every ¢,1: E1, — Fa, and v € Es, p1(q(v)) = x,

Ja)® = Jgy¥ implies  D(p)(v) = D(¢)(v). (1.2)
Consider the fibered manifold

FI(Ev,By) = | J J'(Bra, Bax) — Ei . (1.3)
rzeM

By (1.2), D induces the so called associated map
D: .}—JT(EhEQ) XE; E3 — E4 .

In the same way as in [1] one proves that D is a smooth map.

We express the coordinate form of D in the case q: F3 — F4 is an FM-
morphism that is a surjective submersion on each fiber of E3. Let x% or u®
be some local coordinates on M or N and y? or z° or (y”,v") or w® be some
additional fiber coordinates on E; or E5 or E3 or Ey, respectively. Then 22 are
the induced coordinates on FJ"(E1, E3), where 0 < |a| < r is a multiindex,
the range of which is the fiber dimension of 1, and the coordinate expression
of D is

u® :fa(xi>7 w* :fc(xivyp7zzvvb)7 (1.4)
where f® and f¢ are smooth functions.

The concept of r-th order morphism can be modified to a functional F-
smooth bundle S C F(E1, E2) analogously to [12], Section 18.
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2. The tangent-like case

Let A be a Weil algebra of the width k. Under the covariant approach, [8],
[12], the elements of a Weil bundle T4 M are the A-velocities j4g of smooth
maps g: R¥ — M. For asmooth map f: M — N, we define T4 f: TAM —
TAN by

TAf(j%g) = j*(f o 9). (2.1)

If B is another Weil algebra of the width [, then every algebra homomorphism
p: A — B can be generated by a B-velocity jBh of a map h: Rt — RF. The
natural transformation ups: T AM — TBM induced by p has the form of a
reparametrization

un (i) = j%(goh). (2:2)
Consider F(Ey, Ey). We have T4p;: TAE; — TAM and we write
TLE; = (T%p) Y(X), XeT*M,i=1,2.
Let g1,92: R¥ — F(E, E3) be two F-smooth maps satisfying j4(po g1) =
j4(po g2) € TAM. Then we construct the associated maps Tg'g;: T4 E1 —
T Es,
TG4 (W) = j%gi(w)(f(w),  ueR",

where f: RF — FE; satisfies pogi =piof, i=12 1If Ti g =T5g2, we
say that ¢g; and g¢go determine the same A-velocity j4g; = j%¢2. The set
TA]:(El,Eg) of all such A-velocities is a subspace in F(TAEl,TAEg) —
TAM, so a functional F-smooth bundle. In the product case E; = M x Q;,
i = 1,2, the third author deduced in [9]

TAM x Q1, M x Q) = TAM x C*(Q1,TQ). (2.3)

In [9] it was also clarified that the idea of reparametrization (2.2) can be
applied to j4g € TAF(Ey, E3) as well. So every algebra homomorphism p =
jBh: A — B induces an F-smooth map

HF (e B TAF(By, By) — TBF(B, By),  jAg+—— jB(goh). (2.4)

Consider a functional F-smooth bundle S C F(E;, E). Then TAS C
TAF(E,, Ey) means the subset of all j4g, g: RF — S.

DEFINITION 2.1
An SB-morphism D: S — F(Es, E,) is called A-differentiable, if the rule

TAD(j%g) = j*(Dog)

defines an F-smooth map TAS — TAF(Es, E;). We say D is strongly
differentiable, if it is A-differentiable for every Weil algebra A.
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If D is strongly differentiable, then T4 D is also strongly differentiable. In-
deed, analogously to the finite dimensional case one verifies easily T2 (T4 D) =
TB®AD. In particular, every finite order morphism is strongly differentiable,
for its associated map is smooth. Further, each morphism F(f1, f2) is strongly
differentiable and we have

TAF(f1, f2) (74 g(w) = 5 (f2(p(g())) © g(u) o £ (f(p(g(w))))) -

Thus, T4F is a functor on the category FM! x 3 FM with values in SB.

Analogously to the finite dimensional case, [3], we define an A-field on
F(E1, Ey) as a strongly differentiable section F(Ey, Ey) — TAF(Ey, Ey).
In the case A = D of the algebra of dual numbers, we obtain a vector field
X: .7:(E1,E2> — TF(El,EQ)

3. Prolongation of vector fields

In the manifold case, the exchange algebra homomorphism k4: A®@D —
D® A defines a natural transformation x4, : TATM — TTAM. For a classical
vector field X : M — T M, its flow prolongation 74X : TAM — TTAM co-
incides with x4, o T4X, [12]. For a vector field X : F(E1, E2) — TF(E1, Es),
we also can construct TAX: TAF(E;, Ey) — TATF(E, E;) and apply
/ffﬂ_(EhEQ) : TATF(Ey, Ey) — TTAF(Ey, E3). In this way we obtain a vector
field on TAF(Ey, Ey).

DEFINITION 3.1
The vector field 74X := né( By Es) © TAX will be called the field prolongation
of X.

We recall that the bracket of two vector fields X, Y on F(F1, E2) was
defined by using the strong difference, [1],

[X,Y] = (TY 0 X) = (TX o Y). (3.1)

(For classical vector fields X,Y: M — TM, (3.1) coincides with the classical
bracket, [1].) We are going to deduce

ProrosiTION 3.2
For every vector fields X, Y on F(E1, Es),

TAX,Y]) = [TAX, T*Y]. (3.2)

The proof will be based on the algebraic results of the next two sections.
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4. The algebraic form of the strong difference
Write pl,: TM — M for the bundle projection. We recall that two ele-
ments X,Y € TT, M satisfying
pruX =TpY,  praY =Tpy X (4.1)
determine the strong difference
X+YeTl,M, (4.2)

[12]. Denote by SM the domain of definition of the strong difference, i.e.,
SM C TTM xp TTM is the subset of all pairs (X,Y") satisfying (4.1), and
by oprr: SM — TM the map (4.2). For every smooth map f: M — N, one
verifies easily that (TT f, TT f) transforms SM into SN. So we obtain a map

Sf: SM — SN

and S is a bundle functor on M f. Moreover, the strong difference map is a
natural transformation

oyv: SM — TM. (4.3)

5

The fact SR™ = xR™ implies that S preserves products. Write S for
the corresponding Weil algebra. In general, the sum of two Weil algebras
A=R x Ny and B=R x Np is defined by

A+ B=Rx Ny x Np

with the induced multiplication that satisfies ab = 0 for all a € N4, b € Np.
Clearly, we have

TAM xp TEM = TAYB M.

Write D = {ag + aie}, €2 = 0. Then TT corresponds to D ® D, which
is linearly generated by 1, e1, ea, ejea. Let {1, Fy, Fs, E1Es} be the linear
generators of another copy of D ® D. So S is a subalgebra of D@ D+ D ® D
and (4.1) implies directly that the elements of S are of the form

X =ap+ai(er + E2) + az(ea + E1) + azeres + ayF1 Ea,

ag,...,a4 € R. By the definition of the strong difference, [12], the algebra
homomorphism o: S — D corresponding to (4.2) is

o(X) =ap+ (ag — aq)e. (4.4)

Write pAA/[: TAM — M for the bundle projection. Since SM C TTM Xy
TTM is defined by (4.1), TASM C TATTM xpay TATM is the set of all
pairs (X,Y) satisfying
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TApE X =TATpL Y,  T4pL,Y = T4Tpl,X. (4.5)
On the other hand, STAM C TTTAM x4 TTTAM is characterized by
PrrapX =TppayY, prrapY = Tppap X (4.6)

We have T40y: TASM — TATM, k4, TATTM — TTATM and
THAA/[: TTATM — TTTAM. For technical reasons, we postpone the proof of
the following assertion to Section 5.

ProprosITION 4.1
The map Tk, o kiny: TATTM — TTTAM induces a diffeomorphism
K3 TASM — STAM and the following diagram commutes

A
KZM

TASM STAM
TA0m IrAnM
RA
TATM Y— TTAM (4.7)

Now we first show how (4.7) implies that the flow prolongation 74 of clas-
sical vector fields X,Y: M — TM preserves the bracket. We have (TY o
X, TXoY): M — SM and

[X,)Y]=0opmo(TYoX,TXoY). (4.8)
Then TA(TY o X, TX oY): TAM — TASM. Adding K3, we obtain
Ty 0 kippy o TATY o TAX = Tty o TTAY o ki o TAX
=TTAY o TAX
and the same for TX oY. So in (4.7) we clockwise obtain [74X,74Y]. Coun-
terclockwise, we first get T4[X,Y] and then 74[X,Y].
Consider now the case of F(E1, Es). According to the general fact that the

homomorphisms of Weil algebras extend to the functional case, (4.7) yields a
commutative diagram

A
K}_(ELEQ)

TASF(Ey, E») STAF(Ey, Ey)

A o
RF(E1, Bg) TAF(E;,Es)

A
RF(E1,Bg)

TATF(Ey, Es) TTAF(E:, Es) (4.9)
For two vector fields X,Y on F(E1, Es), we first construct
(TY o X, TX o Y) : f(El, EQ) — S]:(El, EQ).

Then we deduce (3.2) in the same way as in the manifold case. This proves
Proposition 3.2.
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5. Some Weilian lemmas

The elements of A = T4R are of the form j4g, g: R¥ — R. For a vector
space V, the map V x A — T4V, (v, j4g) — j4(gv) is bilinear and defines
an identification T4V = V ® A. If W is another vector space and f: V — W
is a linear map, then T4 f: TAV — TAW is of the form

TAf=fRidyg: VR A— W A, (5.1)

[12]. Further, let u: A — B be an algebra homomorphism. Then the induced
natural transformation py : T4V — T8V is of the form

py =idy@u: VoA — YV eB. (5.2)

This follows from the fact that V is isomorphic to R™ and we have a product
preserving functor.

In particular, if C' is another Weil algebra, then (5.1) implies that the na-
tural transformation 7% s : T¢TAM — TCTB M corresponds to the algebra
homomorphism

ide®u: C® A— C® B. (5.3)

Further, the maps ppcy: TATM — TBTCM form a natural transforma-
tion TATY — TBTC that corresponds to the algebra homomorphism

p@ide: A® C — B®C. (5.4)

The trivial bundle functor on M f transforming every manifold M into
idys: M — M and every smooth map f into (f, f) corresponds to the tri-
vial Weil algebra R. The natural transformation pﬁ: TAM — M is deter-
mined by the canonical “real part projection” pg: A = Rx Ny — R. So
TBp‘;\l/[: TBTAM — TBM corresponds to the canonical map

idp ®pa: B® A— B@R = B. (5.5)

Write k4P: A ® B — B ® A for the exchange map. This defines the

exchange natural transformation n’]@’B: TATBEM — TBTAM. By (5.4),
m?’CBM: TATBTCM — TBTATCM corresponds to the exchange A ® B ®
C — B®A®C. By (5.3), TBxi: TBTATCM — TBTCTAM corre-
sponds to the exchange B A® C — B (C® A.

LEMMA 5.1

The following diagram commutes

A,C A,B
TEB 2% o kg
M 7 M

TATBTC M TBTCTAM
TAP?CM p?CTA]W
AC
TATC M = TCTAM (5.6)
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Proof. At the algebra level, we have a commutative diagram

ARB®RC —— BRA®C BoC®A

A®C C®A

Now we are in position to prove Proposition 4.1. Comparing our general
case with the situation in Section 4, we see K4P = k4 and p% =pi,. So if we
put B =D = C into (5.6), we obtain

pTTAM o T“M o “?M = “M o TApTM (5.7)

Every X,Y € TASM satisfy (4.5). The naturality of x4 on pt,: TM — M
yields

ko o TATPY, = TTApY, o w4y, (5.8)
and the standard relation pl., , ok = T4p%, implies
Tpha,, o Tray = TTApT, . (5.9)

Hence we have

s (T4prar (X)) = i (TATpi(Y))
= (TT*pis 0 kar)(Y)
= (TPTAM ° T“M ° H%M)(Y)'

(pgTAM o T”ﬁ o ﬁéM)(X)

Thus, (Tr4; o k4, )(X) and (T4, o k4,,)(Y) satisfy (4.6), so that K3, maps
5
TASM into STAM. In the case M = R™, we have SR™ = xR™ and T4R™ =
5 5
A™_ 50 that TASR™ = xA™ and STAR™ = x A™. In this situation, Kﬁ‘m is

the identity of >5<Am. Moreover, by (4.4) ogm is determined by the difference of
the fourth and fifth components. Taking into account that the vector addition
in A is the T4-prolongation of the addition of reals, we deduce that the diagram
(4.7) commutes.

6. The jet-like case

Every fiber product preserving bundle functor G on FM,, is of the form
G = (A, H,t) where A is a Weil algebra, H: G, — Aut A is a group homo-
morphism and ¢: DI, — A is an equivariant algebra homomorphism, [13]. For
every manifold NV, the natural transformations corresponding to Aut A deter-

mine an action Hy of G, on TAN. So we can construct the associated bundle
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P"M[TAN, Hy], where P"M C T, M is the r-th order frame bundle of M. For
a fibered manifold 7: E — M, we define GE as a subset of P"M[T4E, Hg|
characterized by

GE = {{u, Z}, tyu=T*n(Z)}, we P"M, ZecTAE. (6.1)

For an FM,,-morphism f: E — E over a local diffeomorphism fi M —
M, we have the induced principal bundle morphism P" fi: PPM — P'M

and an G, -equivariant map 7" Af. T AE — TAE. So we can construct
PTfITAf]: PPM[TAE] — P"M[TAE] and we define

Gf = P f[T*f]|GE. (6.2)

In the product case E = R™ x @, we have GE = R™ x T4Q, [13].

This construction extends directly to F(E1, E3). By (2.4), each element of
Aut A determines an F-smooth isomorphism TAF(Ey, Ey) — TAF(Ey, Ey).
So we have an action Hz(g, p,) of G, on TAF(Ey, E;) and we can construct
the F-smooth associated bundle

P"M[TAF(E1, Es), Hr (g, 1,))- (6.3)
Then we define GF(E1, E5) as the subset of (6.3) characterized by

Gf(ElaEQ) = {{U7Z}7 tyu = TAp(Z)},

4
w€ P"M, Z € TAF(Ey, Es). (64)

Write FML = FMI N FM,,. For (fi,f2) € FML xg FM,, with the
common base map f, we define

GF(f1, f2) = PTf[TAF(f1, f2)||GF(E, Ey). (6.5)

Hence GF is a functor on fon x5 FM,, with values in SB.
In the product case F4 = R™ X (Q1, F2 = R™ X (2, we have

GF(E1, Ey) =R™ x C®(Q1, T4Q5). (6.6)
This shows that for J" = (D7,,,idg: ,idp - ) we obtain J"F(E1, E2) constructed
by means of the fiber r-jets in [1].
7. Vector fields in the jet-like case

In the manifold case, [11], if we have a principal bundle P(M,C) with
structure group C and a left C-space S, a right-invariant vector field ¢ on
P and a left-invariant vector field ¢ on S, the product vector field (p,) on
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P x S is projectable to a vector field {, ¢} on the associated bundle P[S]. In
particular, if 5 is a projectable vector field on E — M over a vector field &
on M, then the flow prolongation P7¢ is right-invariant on P"M and 7“7 is
left-invariant on T4E. In [11] we deduced that the flow prolongation Gn of 1
coincides with the restriction of {P"¢, 740} to GE € P"M[TAE).

In the functional case, consider a vector field X : F(Ey, Ey) — TF(E1, Es)
over & M — TM. Then (2.4) implies that the field prolongation 74X
is Hr(g, p,)-invariant. Hence we have the vector field {P7¢, TAX} on
P"M[TAF(Ey, E)] and we define the field prolongation GX of X by

GX = {P¢, TAX}|GF(E, Es). (7.1)

This is a vector field GF(E1, E;) — TGF(E1, Es) over €. For two vector
fields X; on F(FE1, Es) over &;, i = 1,2, we have by the basic properties of the
strong difference

[GX1,GX5] = {[P"61, P"&), [T X1, T X}
Hence Proposition 3.2 yields

PROPOSITION 7.1
We have

[GX1,GX5] = G[X1, Xs].
At the end we remark that the third author, [11], constructed a map
pS: JTM xagry GTE — TGE
with the property that for every projectable vector field n on E over £ on M
Gn = uf o (7€ xar Gn).,

where j"¢: M — J"TM is the r-th jet prolongation of the section £: M —
TM and Gn : GE — GTE is the induced morphism. Analyzing this con-
struction, one realizes that each step can be extended to our functional case.
In other words, one can introduce in the same way an F-smooth morphism

M?—'(El,EQ): J'TM xgrm GF(Ei1, E2) — TGF(Eq, E»)
with the property
gX = /u‘g(El,Ez) ° (j"€ xm GX)

for every vector field X on F(E1, Es) with underlying vector field £ on M.
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On some functional equations related

to Steffensen’s inequality

Dedicated to Professor Andrzej Zajtz on his seventieth birthday

Abstract. We consider the problem, proposed by the second author (cf. [1])
of solving functional equations stemming from the Steffensen integral
inequality (S), which is applicable in actuarial problems, cf. [4]. Impos-
ing some regularity conditions we find solutions of two equations in two
variables, one with two and another with three unknown functions.

1. Introduction

J.F. Steffensen proved in his paper [4] from 1918 entitled On certain in-
equalities between mean values and their applications to actuarial problems the
following

PROPOSITION
If f:[a,b] — R is a decreasing function and g:|a,b] — [0,1] is an integrable
function, then

a+tc

b b b
_bicf(t)dté/a f(t)g(t)dtﬁ/a f(t)dt, c::/a g(t)ydt.  (S)

[Cf. also J. Dieudonné [2], p. 50, and, for this and for several related inequali-
ties, D.S. Mitrinovi¢ [3], Section 2.16, pp. 105-116.]

The second author proposed in [1] to look for f and g such that the medial
term in inequalities (S) is the arithmetic mean of the two others. Let x and y
vary in [a, b] and let us write the relevant functional equation with the unknown
functions f and g:

AMS (2000) Subject Classification: 39B22, 26D15.
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z+7(z.y) Yy Y
t)dt + t)dt =2 H)g(t) dt,
[ swes [T gwa=2 [ i

, (E)
V(@,y) = / g(t)dt,
x
where (z,y) € [a, b]%.
In this paper we deal with equation (E) for differentiable f and continuous g.
We also consider a functional equation related to (E), with three, sufficiently

regular, unknown functions: f, g and h, the latter replacing those limits of
integration in (E) which contain y(z,y), cf. [1].

2. Equation with two unknown functions

Let us first note that if f in (E) is a constant function then the equation is
satisfied by an arbitrary (integrable) function g. In the theorem that follows
we determine functions f, corresponding to a wide variety of functions g, such
that (f, g) be the solution to (E). It turns out that in most cases f is a constant
function.

THEOREM 1
Assume that g:[a,b] — [0,1] is a continuous function and either:

(i) g(z) = K for x € [a,b], and K ¢ {0,1, %
or
(i) 0 < g(z) < 1, = € (a,b) and either g(a) = 0, g(b) =1 or g(a) = 1,
g(b) = 0.
Then the function f:[a,b] — R, differentiable in [a,b], satisfies equation (E)
if and only if it is of the form:

in case (i)
f@) =ax+p,  x€lab],
in case (ii)
fz) = A, x € [a, b,

where o, B, A are arbitrary real numbers.

Proof.  Assume (i). Since now y(z,y) = K(y — x), equation (E) becomes:

/:+K(y—w>f(t) dH/y f(t) dtZK/:f(t) dt,

y—K(y—z)

(1)
(2,y) € [a,b]?.

We take the derivatives, with respect to = of both sides of (1):
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fle+K(y—)1-K) - f(z) - fly— Ky —2))K = 2K ().
as f is continuous in [a,b]. We differentiate again, but with respect to y, and
divide the formula obtained by K(1 — K):

fla+Ky—2)-fy-Ky-=2)=0, (z,y)€ [a,b]*
The transformation
T:R* - R?*  (2,9)— (X,Y):=(1-K)z+ Ky, Kz + (1 - K)y)

maps bijectively [a,b]? onto itself. Indeed, K # % implies injectivity of T
and K € (0,1) says that both X and Y are convex combinations of x and y.
Therefore we have the relation

Fi&)y=1(s),  (s,t) € [a,0],

Consequently, the function f’ is constant and f is affine, on [a, b], as claimed.

It is the matter of a straightforward calculation to verify that the functions
given by f(x) = ax+ 3, g(z) = K, x € [a, ], satisfy equation (1) for every real
«a and f.

Assume (ii). We differentiate equation (E) twice, first with respect to =z,

then Wlth respect to y. Since y(z,y) f Y g(t)dt and g is continuous, g; =

—g(z), 2 52 = g(y). We get, consecutlvely,
fla+y(@y)d —g(x) - f(@) = fly —v(@,y)(—g(x) = =2f(x)g(x),

fl@+(z,y) (A = g(@)g(y) — £y —v(z,9))g(@)1 - g(y)) =0.  (E)
Both equalities hold for (z,y) € [a, b]%.
Let now g(a) =0 and g(b) = 1. We put = a in (E'):

fllat+v(ay)gly) =0, ye(ab.
Since the function u: (a,b] — R, u(y) = a + v(a,y), is strictly increasing in
(a,b) ( "(y) = g(y) > 0), it maps (a,b] onto (u(a),u(b)] = (a,a + ¢| (where
cff g(t)dt, cf. (S)). Thus
ft)=0 (2)
for t € (a,a + ¢]. Now we put y = b in (E):

fl@+(z,b)(1 —g(z) =0, = €ab).

The function v: [a,b) — R, v(z) = z + v(x,b), is a strictly increasing bijection
(v'(x) =1—g(x) > 0) of [a,b) onto [a+ ¢, b), whence (2) holds for ¢t € (a+¢, b].
Finally, (2) is valid in (a,b), f is a constant function, f(z) = A in (a,b). By
the continuity, f is constant in [a, b], as claimed.

Similarly, g(a) = 1 implies (2) in (a,b — ¢], whereas g(b) = 0 yields (2) in
[b— ¢, b). It follows that f’(¢) vanishes in (a,b) also in the other case listed in
(ii), whence f is a constant function on [a, b].
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To complete the proof let us remind that if f in (E) is a constant function
then the equation is satisfied for every integrable function g.

REMARK 1
If in case (i) we have K € {0, 1, %}, then equation (E) is an identity and f may
be an arbitrary function.

REMARK 2

If the inequalities of (ii) hold but g(a) = g(b) = 0, or g(a) = g(b) = 1. then
f'(t) =01n (a,a + ] U [b—¢,b). In the case where both intervals are disjoint,
we get only the information that the restrictions of f to each of the intervals
is a constant function.

REMARK 3

For [a,b] replaced by R and g(z) = K, = € R, |K| > 1, the formula f(z) =
az + B, © € R also presents all differentiable in R solution of (E). Indeed,
we may repeat the proof of (i) of Theorem 1, because the transformation T
exploited there maps bijectively the plane onto itself.

3. Equation with three unknown functions

We pass to examining the equation related to (E) in which the limits of
integration x 4+ y(x,y), resp. y — v(x,y), are replaced by h(zy + = + y), resp.
h(zy — x — y), where h is also an unknown function. Moreover, a “correcting
term” has been added. The equation to be solved, with the unknown functions
f, g, h, reads

h(zy+z+y) h(y?—2y)
/ e f(t)dt+/y f(t)dt+/ ’ yf(t)dt

h(zy—x—y) h(y%+2y) (H)

:2/wﬂwawﬁ,

First of all, assuming the necessary regularity of the functions involved,
on differentiating both sides of equation (H) with respect to = we obtain the
equation

(y + DI (zy + 2z +y) f(h(zy + = +y))
—(y— D)W (wy — 2 —y)f(h(zy —z —y)) (H)
— f(@)[1 - 2g(a)).

The subsequent lemma establishes the equivalence of equations (H) and (H).
LEMMA 1

The functions: h, f,g:R — R; h differentiable on R; f and g continuous on R,
satisfy equation (H) on R? if and only if they satisfy equation (H') on R?.
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Proof. Clearly (H) = (H'). To get the converse implication let us rewrite
equation (H') as follows (cf. (4)):

—(+ W (sy+s+y)f(h(sy+s+y)
+ =1 (sy —s—y)f(h(sy —s—y)) + f(s) (3)
=2f(s)g(s).

and integrate with respect to s their sides, LHS and RHS, over the interval
[z,y]. After executing the substitutions: ¢ = h(sy + s + y) in the first integral
of the LHS of (3) and ¢ = h(sy — s — y) in the second one we obtain

h(zy+z+y) h(zy—z—y) y
/h f(t)dt+/ f(t) dt+/x f(t)dt.

(y?+2y) h(y?—2y)

After adding and subtracting integrals with suitable limits of integration we
find that this sum of integrals equals to the LHS of (H). The integral over [z, y]
of the RHS of (3) and RHS of (H) are the same expressions. Hence (H') = (H).

In the sequel J will stand for an interval contained either in (—oo, —1) or
in (=1,1), or in (1,+00). We are in position to prove the following

THEOREM 2

If the function h: R — J is three times differentiable on R; the function f:J —
R is twice differentiable on J; and g: J — R is continuous in J, then equation
(H) when postulated for (z,y) € J?, is equivalent to the system of the equalities
(both valid for x € J)

{ (z+ Dh(2)f(h(z)) = oz + 5;
(

22— 1)f(2)(1 - 29(x)) = 2(aa? — B), ©

where o and 3 are arbitrary real numbers, but o + 5% > 0.

Proof.  According to the Lemma it is enough to solve equation (H'). We
denote, for short, by A and B the factors of the first product of functions
occurring on the LHS of (H'):

A(z,y) ==+ Db (zy+z+y);  Bla,y) = f(hlzy + 2 +y)).
Then the factors of the other product in LHS of (3) are equal
(=D (zy —w—y) = — A=z, —y);  [(h(zy —z—y)) = B(—2,—y).

Applying to A and B Maclaurin’s formula (with the Peano reminder) in a
neighbourhood of y = 0 yields:
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Al ) = W) +ylH (@) + (o + DI ()
3P0+ DR (@) + o+ 1207 (@)
+o(y?),

B(z,y) = f(h(z)) + y[(z + DA/ (@) (h(z))]

+ %yZ[(w + 120" (@) f' (@) + (2 + 1)* (W (2))* £ (h(2))]

+o(y?),

where the Landau symbol o refers to y — 0.

Now we calculate the LHS(H') = A(z,y)B(z,y) + A(—z, —y)B(—z, —y),
insert the formula obtained to (H') and compare the free terms and the coeffi-
cients of y and 2 of the resulting equation. This yields the following equalities:

W (@) f(h(x)) + b (=z) f(h(=x)) = f(2)[1 - 2g(z)], (4)
F(z) = F(-x), (5)
where
F(x) = [(z + A/ () f(h(z))] (6)
and
(x+1)F'(z) = (x — 1)F'(—x). (7)

From (5) we have F'(x) = —F’(—z). Eliminating F’(—z) from this equation
and from (7) we get F'(z) = 0, x € J, whence F(z) = o for z € J. Integrating
(6) we get the first equation of system (C). Inserting the resulting formula to
(4) we arrive at the other equation of (C).

On the other hand, given some functions f, g, h satisfying (C) and regular
as required in the theorem one checks by a direct calculation that they satisfy
equation (H') and, by Lemma, also equation (H). This completes the proof of
the theorem.

REMARK 4

The three unknown functions f, g, h, are linked by two conditions (C) only.
Thus given arbitrarily one of the functions one may determine the others. For
instance, if one of the functions h or f is the identity, we get the following
triplets of solutions to (H):

axr+ 0

z4+1"

B (6 —a)x

) = ez + )

h(z) = x, reJa=0or —L2¢

[

flx) =
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f(z) =z,
1 az? — 3
9(x) = 2 z(1—a?)
[h(2))? = 202 +2(8 — a)log |z + 1| + C, |z| > 1,

provided that the constants are so chosen that h(z) € J. Among solutions of
(H) when g is the identity there are those corresponding to o = 8 # 0 in (C):

2cr
f@) =15
g9(x) =z,
1
h(z) =C e ™ + 2’ |z| > 1,

since in this case h is a solution of the equation 2h/(x) + 2h(x) = 1.

Acknowledgement

The authors want to express their thanks to the referees, whose remarks
helped substantially to improve the paper.

References

[1] 1. Corovei, Functional-integral equations stemming from Steffensen’s inequality
[5. Problems and Remark (presented by B. Choczewski)], in: Report of Meeting,
9th International Conference on Functional Equations and Inequalities, Zlockie,
September 7-13, 2003; Ann. Acad. Paedag. Cracoviensis, Studia Math., to ap-
pear.

[2] J. Dieudonné, Calcul infinitésimal, Hermann, Paris, 1968.
[3] D.S. Mitrinovié, Analiticke nejednakosti, Gradevinska Knjiga, Beograd, 1970.

[4] J.F. Steffensen, On certain inequalities between mean values and their applica-
tions to actuarial problems, Skandinavisk Aktuarietidskrift, 1918, 82-97.

AGH University of Science and Technology
Faculty of Applied Mathematics

Al. Mickiewicza 30, Krakéw, Poland
E-mail: smchocze@cyf-kr.edu.pl

Technical University

Institute of Mathematics
Cluj-Napoca, Romania

E-mail: Ilie.Corovei@math.utcluj.ro

AGH University of Science and Technology
Faculty of Managing
Al. Mickiewicza 30, Krakéw, Poland






Annales Academiae Paedagogicae Cracoviensis
Folia 23 Studia Mathematica IV (2004)

Ryszard Deszcz
Curvature properties of some submanifolds

in space forms

Dedicated to Professor Dr. Andrzej Zajtz on his seventieth birthday

Abstract. Curvature properties of pseudosymmetry type of some subma-
nifolds of codimension greater then 1 immersed isometrically in semi-
Riemannian spaces of constant curvature are given.

1. Introduction

Theorem 3.1 of [20] states that if at every point z of a hypersurface M
immersed isometrically in a semi-Riemannian space of constant curvature
N™tY(c), n > 3, its second fundamental tensor H has the form

H=av®uv+ fwew, v,weTiM, a,f €R, (1)

then on M we have

K
R-R=——— ,R), 2
Q) 2)
which means that M is a pseudosymmetric hypersurface. In particular, if the
ambient space is a non-flat manifold then M is non-semisymmetric. Evidently,
if the ambient space is a semi-Euclidean space E"™! then (1) reduces to

R-R=0, (3)

which means that M is a semisymmetric hypersurface. In this paper we prove,
that under some additional assumptions, the mentioned above results remain
also true when the codimension of a submanifold M in a semi-Riemannian
space of constant curvature is greater than 1.
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2. Conditions of pseudosymmetry type

In this section we give a review on manifolds of pseudosymmetry type. We
refer to [2], [17] and [33] for a survey of results related to this subject.

Let (M,g), n = dim M > 3, be a connected semi-Riemannian manifold of
class C*°. We define on M the endomorphisms R(X,Y) and X A4 Y by

R(X,Y)Z = [Vx,Vy]Z — Vixv)Z,
(X AAY)Z = A(Y, 2)X — A(X, 2)Y,

respectively, where A is a symmetric (0,2)-tensor, V is the Levi-Civita con-
nection of (M, g) and X,Y,Z € E(M), Z(M) being the Lie algebra of vector
fields on M. Furthermore, we define the Riemann-Christoffel curvature tensor
R and the (0, 4)-tensor G of (M, g) by

R(X17X27X37X4> = g(R(X17X2)X37X4>7
G(Xla X27X33 X4) = g((Xl /\g XZ)XSa X4)7

respectively. We denote by S and  the Ricci tensor and the scalar curvature
of (M, g), respectively. For a (0, k)-tensor field T on M, k > 1 and a symmetric
(0,2)-tensor A we define the (0, k + 2)-tensors R- T and Q(A,T) by

(R-T)(X1..... X X,Y) = (R(X.Y) - T)(X1..... Xy)
= -T(R(X,Y)X1, Xa,..., Xy)
— = T( Xy, X1, R(X, YY) X)),

Qg, T)( X1, .., Xis X, Y)=((X ANaY) - T)(Xy,..., Xx)
= T((X AAY)X1, Xa, ..., X3)
— ...—T(Xl,...,Xk_l,(X NA Y)Xk)

A semi-Riemannian manifold (M, g), n > 3, is said to be a pseudosymmetric
manifold ([17, Section 3.1], [33]) if at every point of M the tensors R - R and
Q(g, R) are linearly dependent. Thus the manifold (M, g) is pseudosymmetric
if and only if

R-R=LrQ(g,R) (4)
onUg = {x € M| R - s G # 0 at x}, where Lp is some function

on Ug. It is clear that every semisymmetric manifold (R - R = 0, [32]) is
pseudosymmetric. The condition (4) arose during the study on totally umbilical
submanifolds of semisymmetric manifolds as well as when considering geodesic
mappings of semisymmetric manifolds ([17, Sections 10 and 13], [33]). There
exist pseudosymmetric manifolds which are non-semisymmetric. For instance,
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in [18] (see Example 3.1 and Theorem 4.1) it was shown that the warped
product SP xp S"7P, p > 2, n — p > 1, of the standard spheres S? and S™P,
with some function F', is pseudosymmetric.

A semi-Riemannian manifold (M, g), n > 3, is said to be a Ricci-pseudosym-
metric manifold ([17, Section 3.4]) if at every point of M the tensors
R - S and Q(g,S) are linearly dependent. Thus the manifold (M, g) is Ricci-
pseudosymmetric if and only if

R-S=LsQ(g,5) ()

onUs ={xr € M| S—%g+#0ata}, where Lg is some function on Us. It
is clear that if (4) is satisfied at a point z of a manifold (M, g) then also (5)
holds at x. The converse statement is not true. E.g. every warped product
Mi xp My, dim M; =1, dim Ms = n—1 > 3, of a manifold (M1, g) and a non-
pseudosymmetric Einstein manifold (M, §) is a non-pseudosymmetric, Ricci-
pseudosymmetric manifold. It is also known that the Cartan hypersurfaces
of dimensions 6, 12 or 24 are non-pseudosymmetric Ricci-pseudosymmetric
manifolds ([24]).
For any X,Y € Z(M) we define the endomorphism C(X,Y) by

1
CXY) = RIX,Y) - — (XAgSY—&-SXAgY—%XAgY).

The Ricci operator S and the Weyl conformal curvature tensor C of (M, g) are
defined by

g(SX,Y)=8(X,Y),
C(X1, X2, X35, X4) = g(C(X1, X2) X3, X4),
respectively. Now we define the (0, 6)-tensor C - C' by
(C- C) (X1, X2, X3, X23 X,Y) = (C(X,Y) - O)(X1, Xo, X3, X4)

= 7C(C(X7 Y)Xh XQ& X37 X4)
= O(Xy, X2, X3, C(X,Y) XY,
A semi-Riemannian manifold (M, g), n > 4, is said to be a manifold with
pseudosymmetric Weyl tensor ([17, Section 12.6]) if at every point of M the

tensors C' - C and Q(g, C) are linearly dependent. Thus the manifold (M, g) is
a manifold with pseudosymmetric Weyl tensor if and only if

C-C=LcQg,0) (6)

on Uo = {x € M| C # 0at a}, where L¢ is some function on Ugx. It is
known that (6) is fulfilled at every point of the warped product My Xp Ma,
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dim M; = dim M, = 2 ([15], Theorem 2). An example of a 4-dimensional
Riemannian manifold satisfying (6), which is not a warped product, was found
in [25].

A semi-Riemannian manifold (M, g), n > 4, is said to be a Weyl-pseudosym-
metric manifold if then at every point of M the tensors R - C and Q(g,C)
are linearly dependent. Thus the manifold (M, g) is a Weyl-pseudosymmetric
manifold if and only if

R-C=LQ(y,C) (7)

on Ug, where L is some function on Ug . Every pseudosymmetric manifold is
Weyl-pseudosymmetric. The converse statement is not true ([13]). Evidently,
any Weyl-semisymmetric manifold (R - C' = 0) is Weyl-pseudosymmetric. We
refer to [1] for a review of results on Weyl-pseudosymmetric manifolds.

It is easy to see that at every point of a pseudosymmetric Einstein manifold
the tensors R-R—Q(S, R) and Q(g, C) are linearly dependent. We also mention
that any 3-dimensional semi-Riemannian manifold fulfils ([14], Theorem 3.1)

R-R=Q(S,R). (8)

Moreover, every hypersurface M immersed isometrically in an (n+1)-dimensio-
nal semi-Euclidean space E" ™! with signature (n+1— s, s), n > 3, satisfies (8)
([21], Corollary 3.1). A review of results on manifolds satisfying (8) is given in
Section 5 of [17].

Semi-Riemannian manifolds fulfilling the above presented conditions or
other conditions of this kind are called manifolds of pseudosymmetry type
([17], [33]). Recently, a review of results on pseudosymmetry type manifolds
was given in [2].

Further, for a symmetric (0, 2)-tensor fileds A and B on M we define their
Kulkarni-Nomizu product A A B by

(AN B)(X1,Xo, X3,Xy) = A(X1, X4)B(Xo, X3) + A(X2, X3)B(X1, X4)
—A(X4,X3)B(Xo, X4) — A(X2, X4)B(X1, X3).

Further, for a symmetric (0, 2)-tensor field A on M we define the endomorphism
A of Z(M) and the (0,2)-tensors A% and A® by

9AX,Y) = A(X,Y),
A? (X,Y) = A(AXY), (9>
A?’(X, Y)= 142(.,4)(7 Y),

respectively. We end this section with the following statement.
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LeMMA 2.1 ([20])
Let at a point x of a semi-Riemannian manifold (M,g), n > 3, be given a
(0,2)-tensor A having the form

A=av®v+ fw w, v,weTrM, o, €R. (10)
Then the following relations are fulfilled at x
QA2 AN A) =0, (11)
AP =tr(A)A2+ XA, A =aB((g(V.W))? = g(V.V)g(W, W),  (12)
where the vectors V,W € T, M are related to the covectors v, w by v(X) =

g(V, X) and w(X) = g(W, X), respectively, and X € T,,M.

3. Quasi-umbilical hypersurfaces

Let M be a connected submanifold immersed isometrically in a semi-Rie-
mannian manifold (N, §), 3<n=dimM <n+k=dim N, k > 1. We denote
by g the metric tensor induced on M from the metric tensor g. We denote by
V and V the Levi-Civita connections correspondig to the metric tensors § and
g, respectively. The Gauss formula of M in N is given by

VxY =VxY +h(X,Y), (13)

where h is the second fundamental form of M in N and X, Y are vector fields
tangent to M. Further, for any vector field £ normal to M and for any vector
field X tangent to M we have the Weingarten formula of M in N

Vxé=—AcX + Dx¢, (14)

where D denotes the normal connection induced in the normal bundle N (M)
of M in N and A, defined by A(¢,X) = A:X, is the Weingarten map (the
shape operator) of M in N. We have

9(AX,Y) = g(h(X,Y),8). (15)

A submanifold M in a semi-Riemannian manifold (N, §) is said to be quasi-
umbilical with respect to the normal direction £ at a point z € M (cf. [21],
[22]) if at z its second fundamental tensor H satisfies the equality

He =g g+ PBeve ®ve, ve €Ty M, ag,fBe € R. (16)

If ag =0 (resp., Be = 0 or ag = f¢ = 0) holds at = then it is called cylindrical
(resp., umbilical or geodesic) w.r.t. & at p. If (16) is fulfilled at every point of
M then M is called a quasi-umbilical hypersurface w.r.t. £&. Let now M be a
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submanifold immersed isometrically in a Riemannian manifold (N, ) and let &
be a local unit normal vector field on M in N. In this case we can prove that
the above notion of quasi-umbilicity equivalent to the following definitions ([5],
[8], [9]): The submanifold M immersed isometrically in a Riemannian manifold
(N, g) is said to be quasi-umbilical w.r.t. £ at a point x € M when it has a
principal curvature with multiplicity > n—1, i.e. when the principal curvatures
of M at z w.r.t. £ are given by pe, Ae,..., Ae, where A¢ occurs (n — 1)-times.
In particular, when pe = A¢ (vesp., pie = A¢ = 0), then M is umbilical (resp.,
geodesic) at x w.r.t. £ If we have e, 0,...,0, where 0 occurs (n — 1)-times
then M is cylindrical at x w.r.t. &.

The following statement gives a curvature characterization of quasi-umbili-
cal hypersurfaces in Euclidean spaces.

THEOREM 3.1 ([3])
A hypersurface M immersed isometrically in a Euclidean space E"™', n > 4,
is quasi-umbilical if and only if it is conformally flat.

By the invariance of the multiplicity of principal curvatures of submanifolds
under conformal changes of the metric of the ambient space we obtain the
following result.

THEOREM 3.2 ([31])
A hypersurface M, n > 4, immersed isometrically in a Riemannian conformally
flat manifold is quasi-umbilical if and only if it is conformally flat.

The assertion of Theorem 3.2 is not true when n = 3. Namely, there
exist conformally flat hypersurfaces in E*, which are not quasi-umbilical, i.e.
hypersurfaces with three distinct principal curvatures ([26]). A generalization
of Theorem 3.2, for the case when the ambient space is a semi-Riemannian
manifold, was given in [21].

THEOREM 3.3 ([21], Theorem 4.1)
A hypersurface M, n > 4, immersed isometrically in a semi-Riemannian con-
formally flat manifold is quasi-umbilical if and only if it is conformally flat.

A submanifold M immersed isometrically in a semi-Riemannian manifold
(N, g) is said to be 2-quasi-umbilical w.r.t. £ at a point « € M (cf. [22], [23]) if
at x the second fundamental tensor H¢ of M satisfies the equality

He = g + Peve @ ue + vewe Qwe,  ve,we € Ty M, ag, Be,ve € R, (17)
where Ug, Ve € TpM, g(Ue, Ve) = 0, ue(X) = g(Ue, X), ve(X) = g(Ve, X)

for any vector X € T, M. If (17) is fulfilled at every point of M then it is
called a 2-quasi-umbilical submanifold w.r.t. £. It is clear that if the ambient
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space (NN, g) is a Riemannian manifold then the above definition of a 2-quasi-
umbilical submanifold M w.r.t. £ at a point x is equivalent to the following
definition (cf. [6]): The submanifold M, n > 4, immersed isometrically in a
Riemannian manifold (N, g) is said to be 2-quasi-umbilical w.r.t. £ at a point
x € M when it has a principal curvature w.r.t. £ with multiplicity > n — 2, i.e.
when the principal curvatures of M at x w.r.t. { are given by pe, ve, A¢, ...,
Ae, where A¢ occurs (n — 2)-times. Hypersurfaces with pseudosymmetric Weyl
tensor immersed isometrically in Euclidean spaces were considered in [12]. The
main result of [12] is the following

THEOREM 3.4 ([12], Theorem 1)

A hypersurface M immersed isometrically in a Buclidean space E"™ n >4, is
a manifold with pseudosymmetric Weyl tensor if and only if at every point of
the set Uc C M, M has at most three distinct principal curvatures. Moreover,
if x is a point of Uc, at which M has exactly three distinct principal curvatures,
then their multiplicities are the following: 1,1,n—2, i.e., M is 2-quasi-umbilical
at x.

Examples of hypersurfaces in E"™, n > 4, with pseudosymmetric Weyl

tensor are also given in [12]. A review of results on hypersurfaces satisfying (6)
is given in [23].

4. Quasiumbilical submanifolds of codimension two

Let M be a submanifold immersed isometrically in a semi-Riemannian ma-
nifold N, n =dim M > k = codim M. Let &, ...,& be mutually orthogonal
units normal local vector fields on M and let g(§,,&y) = ey, ey = £1, z,y,2 =
1,...,k. From (15) we get

WX, Y) =Y Hy(X,Y)&. (18)

The scalar valued form H),, is called the second fundamental tensor with respect

to the normal section §,. We denote by R and R the Riemann-Christoffel
curvature tensors of M and N, respectively. The Gauss equation of M in N
has the following form

R(X1,...,X4) = g(hM(X1, X4), h(X2, X3))
= g(h(X1, X3), h(X2, X4)) (19)
+R(X1,...,X4),
where X7,..., X, are vector fields tangent to M.

The submanifold M in a semi-Riemannian manifold N, n = dim M >
k = codim M, is said to be quasi-umbilical if at every point x € M there
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exist mutually orthogonal units normal vector fields &1, ...,&, defined on a
neighbourhood U of x such that on U we have

Hy = ayg + Byly ® Uy, (20)

where oy and 3, are some functions and u, is some 1-forms on U, respectively,
x =1,...,k, and the vector fields U, related with @, by u,(X) = g(Uy, X),
X e T, U, satisfy

g(Uy,U,) =0, y#z, and 9(Uy, Uy) =&y, &, ==l (21)

Quasi-umbilical submanifolds were studied among others in: [6]-[9], [27]-
[30] and [34].

From now we will assume that the ambient space (N, g) is a semi-Rieman-
nian space of constant curvature N?*%(c) with signature (n +k — s, s), n > 4.
The Gauss equation (22) of M in N™*¥(c) reads

R(X1,...,X4) = g(h(X1, X4), h(X2, X3)) — g(h(X1, X3), h(X2, X4))

K alx X (22)
+(’I’L+I€—1)(7’l+k> ( 1y:--) 4)3

where % denotes the scalar curvature of the ambient space. Further, if M is
quasi-umbilical with respect to &1, ..., &, then (22) turns into

R()(l7 [N 7)(4) = (g AN u)(Xl, e 7)(4) + ’I7C;()(17 ce 7)(4)7 (23)

where

k
_ k 5 2
Tt k-1n+k +Z€y%

and (24)
k

Z vy Buy (Y)uy(2).

Using (23) we can present the Ricci tensor S of (M, g) in the form

S(X1,X4) = pg(X1, X4) + (n —2) u(X1, Xyq),

)
p = (n—1n+tryu. (25)

We note that form (23), by an application of (25), it follows that the Weyl
curvature tensor C' of (M, g) vanishes identically on M (cf. [5]). From (25) we
get easily

SWUy.Z) = (p+ (n—2)eyeyayBy)g(Uy,Y), y=1,... k. (26)
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We denote by S the Ricci operator of S. Now (26) turns into
SU, =7,Uy, Ty=p+n—2)1y, 7y =ey€yayfy, y=1,..., k. (27)

We have the following generalizations of Theorem 3.1 for the case when
codimension of a submanifold is > 1.

REMARK 4.1
(i) Let M be a n-dimensional submanifold in E"** n > 4.

(a) ([7]) The submanifold M, with a flat normal connection and such
that 1 < k < n — 3, is quasi-umbilical if and only if it is conformally
flat.

(b) ([28]) The submanifold M, such that 1 < k < inf(4,n — 3), is quasi-
umbilical if and only if it is conformally flat.

(ii) An example of a non quasi-umbilical conformally flat submanifold of codi-
mension 2 in a Euclidean space E® is given in [34] (Chapter 5, p. 100).

Let M, n = dim M > 3, be quasi-umbilical submanifold, with respect to
the normal sections &;,...,&;, in a Riemannian space of constant curvature
Ntk (e), k > 2. From (27) we have SU, = (p+ (n — 2)a, 3,)Uy, y = 1,..., k.
Further, we note that if V' is a vector such that g(U,, V) = 0, then from (27)
we have SV = pV. Thus we see that p, p+(n—2) a1 b1, ..., p+(n—2) ag B,
are eigenvalues of the Ricci operator S of M. In [11] (Theorem 1.3) it was
shown that a conformally flat Riemannian manifold (M, g) is pseudosymmetric
if and only if at every point of M its Ricci operator S has at most two distinct
eigenvalues. Thus we have

THEOREM 4.1

Let M, n > 3, be quasi-umbilical submanifold, with respect to the normal sec-
tions &1,...,&p , in a Riemannian space of constant curvature N"tE(e), k> 2.
Then M is pseudosymmetric if and only if at every point of M the Ricci
operator S of M has at most two distinct eigenvalues py, p2, i.e., the set
{p, p+ (n—2)arf1,...,p+ (n—2)apBr} has at most two distinct numbers.

From the last theorem it follows

COROLLARY 4.1

Let M, n > 3, be a quasi-umbilical submanifold, with respect to the normal
sections &1, &2, in a Riemannian space of constant curvature N"*2(c). Then
M is pseudosymmetric if and only if at every point x € M we have: M is
umbilical or cylindrical with respect to &1 or & at x or M is non-umbilical and
non-cylindrical quasi-umbilical with respect to &1 or & at x and a1 02 = azfs .
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Let M be a hypersurface in a semi-Riemannian space of constant curvature
NIFY(c), n > 3, and let & be the normal sections of M in N**1(c). Now the
Gauss equation (22) reads

K €
- _G=HAH 2
R n(n+1)G g A (28)

where H is the second fundamental tensor of M in N**!(c). From (28) we get
immediately

(n—Di 2
S—mg—a(tr(H)H—H). (29)

Further, applying Lemma 2.1 of [21] into (28) we obtain

(*- ) (" )

+
1w i (30)
(n— R
( nmrn (n—l—l)G)’
whence by making use of (28) and (29) we obtain
R——"_G).r=—Lowunrm) (31)
n(n+1) 2 ’ '

Using Lemma 2.1 and (31) we can prove

THEOREM 4.2 ([20], Theorem 3.1)

Let M be a hypersurface immersed isometrically in a semi-Riemannian space
of constant curvature N'*1(c), n > 3. If at every point x € M its second
fundamental tensor H has the form

H=av®uv+ fww, v,weTriM, a,0 €R, (32)

then the following relation is satisfied on M

R-R= mQ(Q,R)~ (33)

In particular, from this it follows that if at every point of a hypersurface M in a
Riemannian space of constant curvature N"*1(c), n > 4, M has three distinct
principal curvatures A, p,0,...,0, where 0 occurs (n — 2)-times, then M is a
pseudosymmetric manifold.

We give now an extension of the last theorem on the case of the codimension
greater then 1. Let M, n > 3, be a submanifold in a Riemannian space of
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constant curvature N"**(¢c), k > 1, and let &y, .., &, be the normal sections
of M in N**(c). The Gauss equation (22) of M reads

(n+tk—1)(n+k

Rsijk = ng(Hx skaij - H£s]H£zk) + ) Gh’ijk . (34>

Transvecting this with R%, . and using (34) we get

Rsiijshef = Z ( — Hyip(Hy heHijf — H, thije)
T

+ Hyij(HeneH p — HongHZ )

+ Z ( — ExEy Hxik(Hy henyjf - Hy thxyje>
z#yY
+ Exy Hx zj(Hy heny kf — Hy thxy ke))

(35)
+Z — EzEy yzk(Ha:heHymjf *H:L’thyzje)
T#Y
+ eaty Hyij(Hyne Hyarp — HynpHys kE))
K
R — ginR;
+ k=Dt (9ijRihes — gikRjnes
+ gneRyfijk — gnyReijk )
where
szij = H:L’isgeryjr . (36)
Applying now (35) to the idendity
(R - R)nijkim (37)

= Riije R e — Renji e p + RekniR%0p — Rsjni R p

and using the definition of the tensor Q(A,T), where A is a symmetric (0, 2)-
tensor and T a generalized curvature tensor, we find
R
R-R= (H2,H, N H,
(n+k71)(n+k) ZQ o He A\ He)
— > euey Q(Huy + Hys, Hy A Hy).
T#yY

(38)

THEOREM 4.3

Let M, n =dim M > 3, be a submanifold in a Riemannian space of constant
curvature N"t*(c), k > 2, and let &,, z = 1,...,k, be the normal sections of
M in N™t*(c). If at every point x € M the second fundamental tensors H, of
M satisfy the following relations:

H, :azuz®uz+ﬂzwz®wza Uz, Wy GT;M, aza/BzaERa (39)
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and the subspaces in{Uy, W} and lin{U,, Wy}, for « # y, are mutually or-
thogonal then

BB = oD m @@ (40)

where the vectors Uy, W,, € T, M are related to the covectors u,, w, by u,(X) =
g(Uz, X), wy(X) = gW,, X) and X € Ty M.

Proof. From Lemma 2.1 it follows immediately that Q(H2, H, A H,) = 0.
Further, we have

(Hay + Hya)ij = cwayg(Us, Uy) (Ug ity j + Uz ity ;)
+ Boayg(Wa, Uy) (Wg ity j + g juy i)
+ 2By g(Us, Wy) (Wg ity j + g jUy i)
+ ﬂzﬂyg(wﬂw Wy) (wziwyj + wmiwyj)?

(41)

where u, ; , w, ; are the local components of the covectors u, and w, . By our
assumptions, (41) reduces to Hyy+ Hy, = 0, whence Q(Hyy+ Hyz, H NHy) =
0. Now (38) turns into (40), completing the proof.

From the above theorem it follows immediately the following

THEOREM 4.4

Let M, n=dim M > 3, be a submanifold in a semi-Fuclidean space ]EZHC and
let &,, z = 1,...,k, be the normal sections of M in E;L+k. If at every point
x € M the second fundamental tensors H, of M satisfy (39) and for any x # vy
the subspaces lin{Uy, Wy} and lin {U,, W, } are mutually orthogonal then M is

a semisymmetric manifold.

EXAMPLE 4.1 (cf. [34], Chapter VII, Theorem 1)

First of all we note that the product manifold of k, k > 2, semisymmetric
manifolds is also a semisymmetric manifold. Let now M,, dim M, = n,, be
a hypersurface of rank 2 immersed isometrically in a Euclidean space E",
a=1,...,k. Such hypersurface is a semisymmetric manifold (cf. Theorem 4.2).
By an standard construction, the Cartesian product manifold My X ... x My
of the manifolds M, ..., My is a semisymmetric submanifold in a Euclidean
space E™ 2% guch that (39) is satisfied and for any = # y lin {U,, W, } and
lin {U,, W} are orthogonal.
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Underlying functors on fibered manifolds

To Andrzej Zajtz, on the occasion of his 70th birthday

Abstract. For a product preserving bundle functor on the category of fibe-
red manifolds we describe subordinated functors and we introduce the
concept of the underlying functor. We also show that there is an affine
bundle structure on product preserving functors on fibered manifolds.

Introduction

Let M f be the category of all manifolds and all smooth maps, F M be the
category of fibered manifolds and all fiber preserving maps and F.M,, be the
category of fibered manifolds over m-dimensional bases and fibered manifold
morphisms with local diffeomorphisms as base maps. It is well known that the
product preserving bundle functors on M f coincide with Weil functors and
their natural transformations are in bijection with the algebra homomorphisms,
[6]. In particular, for every product preserving bundle functor F' on M f there
exists a Weil algebra A such that F is a Weil functor of the form F = T4.
Further, W.M. Mikulski [9] has clarified that all product preserving bundle
functors on FM are of the form T#, where pu: A — B is a homomorphism of
WEeil algebras. Finally, I. Kolai and W.M. Mikulski have characterized all fiber
product preserving functors on FM,, in terms of Weil algebras, [7].

Recently it has been also pointed out that one can introduce an affine
bundle structure on product preserving bundles. The first general result from
this field is the paper [4] by I. Koldf, who described the affine structure on
product preserving bundles on M f. In particular, he introduced the underlying
k-th order Weil functor T4* for every r-th order Weil functor T and proved
that TAM — T4r=1M is an affine bundle. Further, in [2] we introduced the
general concept of a subordinated functor and we showed that there is an affine
structure on the fiber product preserving functors on FM,,.

The aim of this paper is to define underlying functors for every product
preserving bundle functor on FM and to describe affine bundle structure on
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such functors. In Section 1 we recall some properties of product preserving
functors on F M and we describe natural transformations between such func-
tors. In Section 2 we study subordinated functors on F M and in Section 3 we
introduce the concept of an underlying functor on FM. Finally, in Section 4
we show that there is an affine bundle structure on product preserving functors
on FM.

All manifolds and maps are assumed to be infinitely differentiable. Unless
otherwise specified, we use the terminology and notation from the book [6].

1. Product preserving bundle functors on fibered manifolds

First we recall the result by W.M. Mikulski, who has characterized all pro-
duct preserving bundle functors defined on the category F M of fibered mani-
folds in terms of Weil algebras, [9]. A product preserving bundle functor F' on
FM determines a homomorphism of Weil algebras p: A — B in the following
way. Denote by i,j: Mf — FM two canonical bundle functors defined by
Z(M> =idy: M — M, Z(f) = (f’f)a J(M) = pty: M — pt, ](f) = (f’idpt>7
where pt denote one element manifold. Then ¢y = (idas, ptyy): 4(M) — (M)
is the identity natural transformation. Applying functor F, we obtain two
product preserving functors F o4, F o j on Mf and a natural transformation
Fot: Foi— Foj. By the theory of product preserving bundle functors [6],
there exist two Weil algebras A and B such that Foi and Foj are Weil functors
of the form Foi=T%, Foj=T7" and we have a Weil algebra homomorphism
@ A — B such that F ot = p.

On the other hand, consider an arbitrary homomorphism of Weil algebras
p: A — B. Then p induces a bundle functor T# on FM in the following way.
First, p determines two bundle functors 74 and T2 on Mf and a natural
transformation (denoted by the same symbol) y: T4 — TEB. If p: Y — M is a
fibered manifold, then TBp: TPY — TEM and we can construct the induced
bundle THY as the pull back THY = p%,TPY with respect to s : TAM —
TBM. In other words,

THY = TAM X785 TPY )
—{(U.V) € TAM x TB(Y); uas(U) = TEp(V)}. @

Given a fibered manifold morphism f:Y — Y over a base map fi M — M,
we have TBf: TBY — TBY and we can construct the induced map

THf=T"f xpe; TPf: T'Y — T"Y.

This defines a product preserving bundle functor 7% on F M. W.M. Mikulski
has deduced that every product preserving bundle functor F on FM is na-
turally equivalent to T* for some Weil algebra homomorphism pu: A — B, [9]
(see also [3] for a simplified proof).
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Consider two algebra homomorphisms py: A — B, v: C — D and two
bundle functors T# and T% on FM. W.M. Mikulski has also proved that
natural transformations T# — T" are in bijection with couples of algebra
homomorphisms f1: A — C, fa: B — D such that

vohi=fop (2)

The algebra homomorphisms f; and fo induce natural transformations (de-
noted by the same symbols) fi: T4 — T¢ and fo: T — TP. Then we can
construct a map

(fines foy): TAM x TBY — TCM x TPY.
We have

PROPOSITION 1
Natural transformations TH — T" are of the form (fia, foy)-

Proof. Consider an element (U, V) € THY € TAM x TPY. Then
(fim(U), fay (V) e T°M x TPY > T"Y.

By (2), var (fime(U)) = forr(ar(U)). Further, the following diagram commutes
f2y

TBY TPY
TBp TDp
TBNM —M . D)y

Thus, we have vas(fiar(U)) = forr(uar(U)) = forr(TEp(V)) = TPp(fay (V)),
which yields (fia(U), fay (V) € TV(Y).

By [6], the order of a bundle functor on FM is determined by three numbers
(¢,s,7) and is based on the concept of (g, s,7)-jet, s > ¢ < r. Consider two

fibered manifold morphisms f,g: Y — Y with base maps f,g: M — M. We
say that f and g determine the same (g, s,r)-jet at y € Y, jI5" f = ji->7g, if

gyt =17gg. Jy(fIYz) =jy(9lYa) and jif =jrg. x=py),

where p: Y — M is a fibered manifold projection. A bundle functor F' on FM
is said to be of the order (g, s, r), if jI*" f = j&*"g implies F'f|F,Y = Fg|F,Y.
In such a case the integer r is called the base order of F', s is called the fiber
order of F' and ¢ is called the total order of F, see [2].

Consider a bundle functor F' = T* determined by u: A — B and denote by
N4 and Np the ideals of all nilpotent elements of A and B, respectively. The
nilpotency implies (N4) C Np. For t > 1 we have N; C Np, which yields
u(Na)NEL C Np. So there exists the smallest integer ¢ such that u(N4)Ng = 0.
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By A. Cabras and 1. Kolai [1], the smallest integer ¢ satisfying u(Na)N§ =0
is called the order of u and is denoted by ord(p). A. Cabras and I. Kol4f have
also deduced that the order (g, s,r) of a bundle functor T# on FM is of the
form

g=ord(n), s=ord(B), r=max(ord(A),ord(n)),

see [1]. Obviously, we have j(N4)N§ C N5 = 0, which implies the condition
sZq=r.

2. Subordinated functors on fibered manifolds

Let A =R x N4 be a Weil algebra of order r, where N4 is the ideal of
all nilpotent elements of A. I. Kolaf has recently introduced the underlying
algebra of order k as the factor algebra Ay = A/Nfﬁ'l. The corresponding
Weil functor T4* is said to be the underlying k-th order functor of T4, [4].
In [2] we have introduced the more general concept of a subordinated functor.
In general, G is called a subordinated functor of a functor F, if there exists a
surjective natural transformation

t: F—G.

In such a case we also say that G is dominated by F. A Weil algebra A is said
to be dominated by A, if the Weil functor T4 is dominated by T4. By [2], A is

dominated by A if and only if we have an algebra epimorphism A — A. This
yields

A=A/l
for some ideal I C A. Clearly, for I = N fﬁl we obtain the particular concept
of the underlying algebra Ay from [4]. In [2] we have also proved

LEMMA 1 B
Every k-th order Weil algebra A, which is dominated by A, is also dominated

by Ay. So there is an epimorphism p: Ax — A.

PROPOSITION 2

Let F =T" and G =T" be two bundle functors on FM determined by algebra
homomorphisms u: A — B and v: C — D. The functor T is dominated by
TH if and only if the following conditions are satisfied:

(i) C = A/I is dominated by A,
(ii) D = B/J is dominated by J,

(iii) the ideals I C A and J C B satisfy u(I) C J.
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Proof. Suppose first that G is dominated by F. Then there are algebra
epimorphisms f1: A — C and fo: B — D such that

vo fi = faopu. 3)
Hence the Weil algebra C' is dominated by A and D is dominated by B, so
that we may write C' = A/I and D = B/J for some ideals I C A and J C B.
Further, we have fa(u(I)) = v(f1(I)) = v(0) = 0 which reads pu(I) C ker(f2) =
J.
On the other hand, consider a bundle functor F =T*, u: A — B and two
ideals I C A, J C B satisfying u(I) C J. Clearly, we can define an algebra
homomorphism

v: A/l - B/J byv(ia+1I)=pla)+J (4)
such that (3) is true. So the functor T is dominated by T*.

Let T4 and T4 be two Weil functors such that T4 is dominated by T#. By
[2], if the order of T is 7, then the order of T is at most r. A similar result
is true also for bundle functors defined on FM.

ProposITION 3

Let TH and T" be two bundle functors on FM, u: A — B and v: C — D.
Denote by (q,s,r) the order of TH and by (q,3,7) the order of T. If T" is
dominated by TH, thenq<q,s<s and7 <.

Proof. By [1], the order (g,s,r) is given by ¢ = ord(u), s = ord(B),
r = max(ord(A),ord(x)). The condition 3 < s follows from the fact that
the Weil algebra D is dominated by B. Denote by N4, Np, N¢ and Np
the ideals of nilpotent elements. From the epimorphisms fi: A — C and
f2: B — D it follows No = f1(N4) and Np = f3(Np). So we have

V(Nc)Np, = v(f1(Na)) f2(NE) = fa(W(Na)) f2(NE) = fo(u(Na)NE)
=0,

which yields § < ¢. Finally, the algebra C' is dominated by A, so that ord(C) <
ord(A), which implies 7 < r.

ExaMPLE 1

Write J9%7(Y,Y) for the space of all (g, s,)-jets of the FM-morphisms of Y’
into Y. Denoting by R¥* = RF x Rf — R* the product fibered manifold, we
can define a bundle functor T;;)"" of fibered velocities of dimension (k, ¢) and
order (g, s,r) by

Tk o J(quor(ka Y)

Clearly, the functor T)';" has a subordinated functor T,g’; ™ for every 7 < ¢,
s<sand T <r. Moreover A. Cabras and I. KolaF have deduced, [1], that



58 Miroslav Doupovec

for every product preserving bundle functor T# on FM of the order (g, s,r)
there exists a velocities functor T, ,3”; " and a surjective natural transformation
T\b)" — T*. Hence every bundle functor T# of the order (g, s, ) is dominated
by a velocities functor T,/;"".

EXAMPLE 2

If A= B and p = ida, then THY = TAM xpap TAY = TAY — Y. Clearly,
the order of T* is (r,r,r), where r = ord(A). Further, if C = D and v = id¢,
then TVY = TYY — Y. If the Weil algebra C' is dominated by A, then the
functor T is dominated by T*.

ExXAMPLE 3

Consider a product preserving functor T, 1: A — B and write A,, = A /NX”rl
for the underlying algebra of order m. Further, for ¢ > k we can define a factor
algebra By, = B/ (W(NA)NE,NE™). If m > k, then we have u(N7™) C

u(NA)NE, so that there is an induced algebra homomorphism (4)
Pietom Am = Bily, i@+ NG = p(a) + (u(Na)Ng, Ng™) .
By [8], the functor T##m is dominated by T*.

EXAMPLE 4

Consider a product preserving functor T#, u: A — B and write [ = NITH,
J = N5 A, = A/I, B, = B/J. If m > ¢, then we have u(I) C J. By
Proposition 2, for m > ¢ there exists an induced algebra homomorphism (4)

Hem: Ap — Bfa H’f,m(a + NXL—H) = [L(CL) + Ng+1

such that the functor T#¢m is dominated by T#. One evaluates directly that
if the order of T* is (g, s,7), then the order of TH¢m is (g, ¢, m).

EXAMPLE 5

Consider a product preserving functor TH, u: A — B. Write I = 0 and let
J C B be an arbitrary ideal. Then A = A/I and the Weil algebra D = B/J
is dominated by B. Clearly, the condition u(I) C J from Proposition 2 is
satisfied for an arbitrary ideal J C B. So we can define an induced algebra
homomorphism (4)

viA—D=B/J byv(a)=pa)+J
By Proposition 2, the functor 7" is dominated by T*.

EXAMPLE 6

Write J = Np in Example 5. Then we have D = B/Np = R and the induced
Weil algebra homomorphism (4) v: A — D = R is of the form v(r,n) =r. So
the subordinated functor T is of the form T"Y = TAM x,; Y. Clearly, the
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order of T" is (0,0, 0rd(A)) and the surjective natural transformation 7" — T"
is of the form

(TAM x5y TPY) = (TAM xn Y), (U, V) = (U, g7 (V)),

where qu TBY — Y is the bundle projection. Moreover, one can verify di-
rectly that the fiber order of an arbitrary functor T* on FM is zero if and
only if T*Y =TAM %, Y.

EXAMPLE 7
Write J = N5 in Example 5. Then we have D = B, = B/N5™'. By
Proposition 2, there is an induced algebra homomorphism (4)

pe: A= By, u(a) = pla) + NgH
such that the functor T#¢ is dominated by T#. Denote by f: B — By the
algebra epimorphism given by f(b) =b+ N ?‘1 and suppose that the order of
T is (g, s,r). We can write
pe(Na)Np = f(u(Na)) (N5 + Ng)* = (u(Na) + N5™)(Np + Np)*
= u(Na)Np.

This yields ord(us) = ord(u) = g. Thus, we have proved: If the order of T* is
(g, s,7), then the order of T#¢ is (q,¢,7).

In what follows we shall write TV < T# if the functor 7" is dominated by
T*#. Consider now the functors T#k.¢.m THem and THe from Examples 3, 4 and
7, respectively.

ProrosiTION 4
Let T+ be a functor on FM of the order (q,s,r), which is determined by an
algebra homomorphism p: A — B. Then we have:

THELm < THE < TH for any £ > k < m,
THetm < Them <L THE L TH forany >k <m, m>{.

Proof. Clearly, all the functors T#k.¢m THem and TH¢ are dominated by
T#. First we prove T##¢m < THt Consider a diagram

A—r B
2
ALBK

| »

Hk,e,m n
Am Bk,[
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where f1 and fo are algebra epimorphisms defined by f1(b) = b+ B?l and
f2(a) = a+ NP Write J = <u(NA)N,’§,Ng+1>. The inclusion N5 C J
defines an epimorphism fs3: By — B/J. Further, we have

piem(f2(a)) = pem(a+ N = pla) +J
and

F3(pe(a)) = fs(pla) + N5 = n(a) + J.
Hence the diagram commutes and we have T#*¢m < Tt Using an analogous
diagram chasing, we prove directly the remaining relations.

3. Underlying functors on fibered manifolds

In [2] we have introduced the concept of an underlying functor on M f and
on F M, which can be modified also for bundle functors on FM. Let F be a
bundle functor on FM.

DEFINITION
A bundle functor FJ is said to be the underlying functor of F' with the fiber
order a, if:

(1) FJ is dominated by F,
(2) The fiber order of F is a,

(3) Every functor F on FM with the fiber order a, which is dominated by
F', is also dominated by FJ .

Roughly speaking, the underlying functor F/ is “the greatest” subordinated
functor among all subordinated functors of F' with the fiber order a. Replacing
the fiber order with the base order (or with the total order), we obtain the
underlying functor F? with the base order a (or the underlying functor F!
with the total order a). Clearly, the concept of a subordinated functor is quite
general. On the other hand, the definition of an underlying functor depends on
the order. As the order of a bundle functor on F M depends on three integers,
we have three types of underlying functors on F M. We prove

PROPOSITION 5

Let F=T", u: A — B be a product preserving functor on FM and let TH* be
the functor from Ezample 7. Then the underlying functor of F with the fiber
order £ is of the form Fef = THe,

Proof. By Example 7, T** is dominated by T* and has the fiber order /.
Consider an arbitrary functor 7%, v: C' = A/I — D = B/J of the fiber order
¢, which is dominated by T*. Obviously, ord(D) = ¢. By Lemma 1 there is an
epimorphism ¢: B, — D, p(b+ Né“) = b+ J. Further, consider a diagram
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A He BZ
f1 ¥

C=A/I —Y—~ D=DB/J

where f1: A — A/I is an epimorphism defined by fi(a) = a+ 1. We can write

v(fi(a)) =v(a+1) = p(a) +J
and
p(ue(a)) = p(pla) + Np) = p(a) + J.
So the diagram commutes and the functor T is dominated by T#¢.

Denote by 7 the class of functors T, v: C — D of the order (k,¢,m),
¢ > k < m, which are dominated by F' = T* and satisfy the condition

ord(C) > ord(D). (5)

For example, the functor T#¢™ from Example 4 is an element of 7. Further,
if the algebra D is dominated by C, then (5) is true.

LEMMA 2
Let T be a functor of the order (k,€,m) from the class T. Then we have
ord(C) =m > ¢£.

Proof. The relation ord(C) > ord(D) = £ > k implies ord(C) = m.

PROPOSITION 6

Let F =T", u: A — B be a product preserving functor on FM and let THem
be the functor from Ezxample 4. On the class T of subordinated functors of F,
the underlying functor with the base order m is of the form FP = THem.

Proof. By Example 4, the functor T#¢m has the order (g,¢,m) and is
dominated by F'. Consider now an arbitrary functor 7% € 7, where v: C — D.
Then we have C = A/I and D = B/J, where ord(D) = ¢. Further, Lemma 2
implies ord(C) = m. By Lemma 1, there are epimorphisms ¢;: A, — C and
po: By — D. We can write

v(pi(a+ N3 = v(a+1) = pla) +J
and
2 (pue.m(a + NTTY) = @o(u(a) + N5™) = p(a) + J.
Thus, the functor T is dominated by T#¢m™.
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Write u: A — B, v: C — D and suppose that the functor 7" is dominated
by T*. Obviously, if p is an epimorphism, then v is an epimorphism too.
This implies, that if p is an epimorphism, then every functor T of the order
(k,¢,m), which is dominated by T*, is an element of the class 7. Thus, we
have

COROLLARY 1
Let F =T", u: A — B be a product preserving functor on FM. If u is an
epimorphism, then the underlying functor of F' with the base order m is of the

form E° = Trem for some £ < m.

L. Affine bundle structure on product preserving functors on 7 M

Let FF = T*" be a functor with the fiber order b, which is determined by a
homomorphism p: A — B. By Proposition 5, the underlying functor with the
fiber order (b — 1) is of the form be—1 = TH-1. We have

PROPOSITION 7
TFY — TH=1Y is an affine bundle, whose associated vector bundle is the pull
back of TY ® N¥% over TH-1Y.

Proof. By [4], TPY — TPr-1Y is an affine bundle, whose associated vector
bundle is the pull back of TY ® N% over T5*-1Y. Consider now the expression
of T*Y in the form (1). For (U,V) € TAM x TBY and v € TY ® N% we can
define the addition by

(U, V)+v:=(UV +v) e TAM x TPY.

We have TPp: TBY — TPM, so that TPp(V +v) € TBEM. As TPM —
TBv=1 M is also an affine bundle, we can write TBp(V + v) = TPp(V) + w for
some w € TM ® N%. Clearly, w is of the form w = (Tp ® idyy )(v). Further,
w=0iffv € VY®NY. Insuch a case we have TBp(V+v) = TBp(V) = up (U).
So for (U, V) € T*Y and v € VY ® N%, the sum (U, V) + v is an element of
THY.

As a particular case we obtain the result by I. Kolai and W.M. Mikulski
from [8], who have proved that T#e"Y — THes=1rY is an affine bundle.
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Abstract. The functional bases of the differential first-order invariants for
all non-splitting subgroups of the generalized Poincaré group P(1,4) are
constructed. Some applications of the results obtained are considered.

Introduction

The developement of the theoretical physics has required various extensions
of the four—dimensional Minkowski space and, correspondingly, various exten-
sions of the Poincaré group P(1,3). The natural extension of this group is the
generalized Poincaré group P(1,4). The group P(1,4) is the group of rota-
tions and translations of the five-dimensional Minkowski space M(1,4). This
group has many applications in theoretical and mathematical physics [1-3].
The group P(1,4) has many subgroups used in theoretical physics [4-8]. Among
these subgroups there are the Poincaré group P(1,3) and the extended Galilei
group G(1,3) (see also [9]). Thus, the results obtained with the help of the
subgroup structure of the group P(1,4) will be useful in relativistic and non-
relativistic physics.

The papers [10-12] are devoted to the construction of the first-order dif-
ferential invariants for the splitting subgroups [4, 5, 7] of the generalized
Poincaré group P(1,4).

The present paper is devoted to the construction of functional bases of the
differential first-order invariants for the non-splitting subgroups [4, 6-8| of the
group P(1,4).

Our paper is organized as follows. In the first section we introduce some
notation and results concerning the Lie algebra of the group P(1,4) which we
use in the following. Sections 2 and 3 present our main results.

AMS (2000) Subject Classification: 57S17.
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1. The Lie algebra of the group P(1,4) and its non-conjugate subalgebras

The Lie algebra of the group P(1,4) is given by the 15 basis elements
M, = =My, (pv = 0,1,2,3,4) and P, (p = 0,1,2,3,4), satisfying the
commutation relations

[Pl Pl] =0,

[M/;wP/] = g;wP guopla

M,

pv

M;,m] = gupMyo + QWMLP - gupM;m - gl—“"Ml//;ﬁ

where gop = —g11 = —g22 = —933 = —gaa = 1, g, = 0, if p # v. Here, and in
what follows, M), = iM,,, .

In order to study the subgroup structure of the group P(1,4) we used the
method proposed in [13]. Continuous subgroups of the group P(1,4) have
been described in [4-8].

Further we will use the following basis elements:

G= MiOa Ly = M?,)27 Ly = *M?,,la L; = Méh
Pa:Mia_M;m Ca:Mia—&-MC’LO, (a:1,2,3),

1
Xo = E(Pé—Pi), Xk:P,; (k:1,2,3),

1
X4:§(P6+PD-

2. The differential first-order invariants of the non-splitting subgroups of the
group P(1,4)

The group P(1,4) acts on M (1,3) x R(u) (i.e., on the Cartesian product of
the four-dimensional Minkowski space (of the independent variables xg, x1, %2,
x3) and the number axis of the dependent variable u). The group P(1,4) usu-
ally acts on M (1,3) x R(u) as a group generated by translations and rotations
of this space.

Let

X = Z@xu + n(x, u)%

be one of the basis infinitesimal operators. The first prolongation of X has the
form

3 3

ox (B e Ered)2

7=0
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Now, a function J(x,u™®) is a first-order differential invariant if
XO . J(z,u®) = 0.

Here u™™) = (u, ug, u1, uz, u3) is an element of the first prolongation R(u)™).
Let us consider the following representation of the Lie algebra of the group
P(1,4):

/_i /__i /__i /—_i
B=gn H=—5mp B="9n B=-m
Pi=-2 M, = (z.P,~x,P,), T4 = u.

More details about this representation can be found in [14-16].

In the construction of the differential invariants it has turned out that dif-
ferent non-splitting subalgebras of the Lie algebra of the group P(1,4) can have
the same functional basis of the first-order differential invariants. Consequently,
there is no one-to-one correspondence between non-conjugate subalgebras of the
Lie algebra of the group P(1,4) and corresponding differential invariants.

DEFINITION 1

We call two subalgebras L' and L? of the Lie algebra of the group P(1,4)
equivalent if they have the same functional basis of the first-order differential
invariants.

It is possible to prove that the relation of equivalence of subalgebras L'
and L? given by Definition 1 is the set-theoretical equivalence relation. With
respect to this equivalence relation, all non-splitting subalgebras of the Lie
algebra of the group P(1,4) split into classes of equivalent subalgebras. Each
two different classes have different functional bases of the first-order differential
invariants.

DEFINITION 2

We call two functional bases of the first-order differential invariants of the non-
splitting subalgebras of the Lie algebra of the group P(1,4) equivalent if they
belong to the equivalent subalgebras.

One of the results in this section can be formulated as follows.

PRrROPOSITION
The non-splitting subgroups of the group P(1,4) have 264 non-equivalent func-
tional bases of the first-order differential invariants.

Proof. Here, we only give a sketch of the proof. Following the sketch, for
the purpose of proving the Proposition, we have to use:
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— the list of the non-splitting subalgebras of the Lie algebra of the group
P(1,4) [17];

— the general ranks of the matrices which contain coordinates of the one
time prolonged basis elements of the subalgebras of the considered Lie
algebra;

— theorem on number of invariants of the Lie group of the point transfor-
mations (see, for example, [18, 19]);

— Definition 1 and Definition 2.

For all non-splitting subgroups of the group P(1,4) the functional bases of
the first-order differential invariants have been constructed.

Below, for some of the non-splitting subalgebras of the Lie algebra of the
group P(1,4) we give their respective basis elements and corresponding func-
tional basis of differential invariants.

One-dimensional subalgebras

1. <L3—|—6G—|—K3X3, e>0, kg <0>,

1 1
Ji = (x5 —u?)z, Jo = (aF + 73)7,
Js = k3 In(xg + u) — exs, J4:x3+n3arctanﬂ,
x2
T1Ug — TaUp To + u
Jo = itz 2 Jo = u
° T Tyup + ouy’ O P
2 2 2
U uy +u
Jr = 237 ‘]8:122’
ug — 1 usg
ou
u#:@, w=0,1,23;
2 <P3+Xo>,
J1:$17 JQZJ:Q,
2 .
J‘;:(xo+u)272x3, Jy=x0—u+ g(:n0+u)372x3(xo+u),
us U1
J = _ J = —
5 x0+u+u0+1’ 6 .
2
Uy uj3 2
Jr = Jg = + )
7 g + 1’ s (UQ+1>2 ug + 1
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Two-dimensional subalgebras
1. (G, Ls+dXs, d<0),

x
J1 = x3 + darctan —1,

Jy = (.%‘% +IL‘§)%,

x2
2 2\ L 2ol —wup
ngx —u)? J4: To+u) ———
(a3 — )t (@0 + w2,
T1Ug — T2U1 u%
Js = ) Jo = 2 )
T1U1 + ToUsg ug — 1
u% —I—ug
J7 = 2 5
us
2. (Ls— X4, Ps3),
2 2\1
J1:f£0+7.t, J2:(£E1+5U2)2,
T €3 us
Jy = 22 — 22 — u® + (20 + u) arctan =, Jy = + ,
To i) +u Uug -+ 1
T1Ug — ToU1 u% + u%
= 3 JG = 2
T1U1 + To2U2 (up+1)

2
U3z 2

Jo —
T (uo + 1)

Three-dimensional subalgebras

UO+1

1. <G+CLlX1 +CL3X3, Pg, X4, a; < O, as < O>,

Jl = T2,

Js = x3 —azln(zg + u) + us

u1
J5 =

U2

Jo = x1 — a1 In(zg + u),

o+ U Uy
Js=(x
u0+1a 4 (0+u)u0+1a
2 2
_ug—uz— 1
™ R
1

2. <L3*P3+040X03 X33 X47 ap < O>7

J1= (I% +£L’§)%,

U1
J3 = arctan — —

ug  ug+1’

ueru%

Js = =%,
° 7 (up + 1)

u3

T1
Jo = ag arctan — — xg — u,

T2
us
Jy = —ag——
4 =20+ U a0u0+1’

Jo =
6 (uo + 1)2
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Four-dimensional subalgebras

1. <G+CL3X3, LSa PSa X4a az < O>7

2 2\ 1 T1Ug — To2U1
Ji = (27 +23)7, Jog = ———

T1Ul + Tous’
(zo 4 u)?
(uo +1)*”

SCO+7.L
u7
UO+1 3

J3 =23 —azln(zg +u) + Jy = (u? +u)

2 2
ug—uz—1

Js =
u%Jru%

Y

2. <L3, Pl, PQ, P3+X3>,

J1 =x9 +u,
+u
Jo— g2 — g2 _ g2 _2__FoTU o
2 =Ty~ Ty — Ty~ U Totu—173
I3 us
Ja =
3 xo—I—u—lJruo—i—l’

T u 2 T U 2
Ji=(——t——= ) +(——+—]
To+u ug+1 To+u ug+1
J u? +u3 +u +2(ug + 1)

s =

(uo + 1)
Five-dimensional subalgebras

1. (G+axXy, Py, Py, P3, X4, az <0),

o +u
J=x1+ 0 u1 — ag In(zg + u),
(') 1
SCO+7.L
Jo =
2 I2+UO+1U2,
Js = w5 + (g + 1) —
=z To +u ,
3 3 0 vt 1
zo +u)?
J4:(ug,u§,u§,u§,1)w.

(uo + 1)’
2. (L3, P+ Xo, Po — X3, X3, X4),

J1 =x9 +u,
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T

2
I1 u9 (5%
Jo = + +
2 (xo—l—u (2o +u)(ug + 1) u0+1)
< To U1 + u2 >2
ro+u (vo+u)(up+1l) wy+1/)
us
Jp= 8
3 U0+17
u? + u3 2

I = .
YT e+ )2 ug+1
Six-dimensional subalgebras

1. (G—i—an, L3 +dXs, Py, P, P3, X4, a <O, d<0>,

u%—&—u%—&—u%—&-Quo—&—Ql)

J1 = (x +u2<
1 (0 ) (U()+1)2
2 2
To + U To +u
Jo = | : .
? <x1+uo+1u1> +<x2+uo+1U2) ’
us3

:xg—aln(xo+u)+(xo+u)u 1
0

Sﬂl(UO + 1) + Ul(fﬂo + U) 3
—I-darctan(xQ(uO_i_l)+u2(x0+u> ;

J3

(P + X3, Py, Xo, X1, Xo, X4),

2.
Ui us
J = — - Jy =
1 U0+1 3 2 u0+1’
u? + u3 2

Jz = .
ST o+ 1) wp+1

Seven-dimensional subalgebras

<G+CL3X3, LSa Pla P27 X17 XQ& X4a as <0>7

1.
J Inwo+u),  Jo = (w0 +u)—2
= T3 — a3 In(x, u = (& u
1 3 3 0 ) 2 0 u0+1’
ul—u?—ui—1
J3: 0 12 2 :
u3
2. <L3*P3+040X03 P17 PQa X17 X27 X3a X4a (%) <0>a
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us
ug+ 1

u? + ud +u2 + 2(up + 1)

; Jy =
? (uo + 1)

Ji =20+ u—ap

Eight-dimensional subalgebras
1. <G+CL3X3, LSa Pla P27 X07 Xla XZa X47 as <O>7

2 2 .2
us ) ug —ui —us — 1
)

Jy = ;
ug +1 2 u3

J1:IL‘3—|—CI,31H(

2. (Ls—Xo, P, P, P3, X1, Xo, X3, Xu),

u? + ud +u + 2(up + 1)

J =
! (ug + 1)

3. On some applications of the results obtained

The differential invariants of the local Lie groups of the point transforma-
tions play an important role in the group-analysis of differential equations (see,
for example [18-28]). In particule, with the help of these invariants we can
construct differential equations with non-trivial symmetry groups.

In our case the considered equations can be written in the following form
(see, for example [18-20]):

F(J1,Ja, ..., J)) =0,

where F' is an arbitrary smooth function of its arguments, {Jy, Jo, ..., J;} is
a functional basis of the first-order differential invariants of the non-splitting
subgroups of the group P(1,4).

Since the Lie algebra of the group P(1,4) contains, as subalgebras, the Lie
algebra of the Poincaré group P(1, 3) and the Lie algebra of the extended Galilei
group G(1,3) (see also [9]), the results obtained can be used in relativistic and
non-relativistic physics.
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Marian Hotlo$
On conformally symmetric warped products

Dedicated to Professor Dr. Andrzej Zajtz on his seventieth birthday

Abstract. 'We prove the necessary and sufficient conditions for a warped
product manifold to be conformally symmetric. Basing on these results
we give two examples of such warped products.

1. Introduction

Let (M, g) and (M’,g’) be two Riemannian manifolds whose metrics need
not be positive definite and let f > 0 be a smooth function on M. The warped
product ([1], [11]) M = M x; M’ is the product manifold M x M’ furnished
with the metric

g=1"g+ (foma*y,

where 7 and o are the projections of M x M’ onto M and M’, respectively. M
is called the base of M = M x; M’, M’ the fiber, and f the warping function.
An n-dimensional (n > 3) Riemannian manifold is said to be conformally
symmetric ([2]) if its Weyl conformal curvature tensor

Chijk = Rhiji — (945 Shk — GikShj + gnkSij — gn;Sik)

n—2
K
+ CE D) (9nk9ij — GnjGir)

is parallel, i.e. VC' = 0. Such a manifold is said to be essentially conformally
symmetric (shortly, e.c.s.) if it is neither conformally flat (C' = 0) nor locally
symmetric (VR = 0). Properties and examples of e.c.s. manifolds can be
found in [3]-[6] and [12].

In this paper we are concerned with e.c.s. warped products. Some necessary
conditions for a warped product to be conformally symmetric can be found in
[7] and [10].

AMS (2000) Subject Classification: 53B20, 53B30.
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In Section 3 we prove many necessary conditions for a warped product to
be an e.c.s. manifold. In Section 4 we state conditions which are also sufficient.
Basing on these results we give two examples of e.c.s. warped products.

Throughout this paper, by a manifold we mean a connected paracompact
manifold of class C*° or analytic. By abuse of notation concerning Riemannian
manifolds we often write M instead of (M, g).

2. Preliminaries

Let (M, ) be an n-dimensional (n > 3) warped product M x f M’ (dim M =
¢, 1<qg<n, dimM =n—q=s). In a suitable product chart z!,... 2" for
M we have

gijdr'da? = gpda®da® + f - gfwdxo‘dxﬂ,
wherei,j=1,...,n,a,b=1,...,q¢, 0,0 =q+1,...,n, gep and f are functions
of (z¢) only, and g/, 5 are functions of (z*) only.

We denote by I'f,,Raped, Sap and s, the components of the Levi-Civita
connection V, the Riemann-Christoffel curvature tensor R, the Ricci tensor S
and the scalar curvature of (M, g), respectively. Moreover, when Q is a quantity
formed with respect to g, we denote by Q' the similar quantity formed with
respect to g’.

It is easy to show that the following relations hold (cf. [10])

Lo, =10, Ly, = 2f o5 fo, =Ty,

Iy, = —%g“dfdg'gw [, =T5. =0,
where f, = Opf, Op = mb .
In the sequel we will use the following notations
Gabed = Yad9vc — JacGbd »
Tab = =357 (Vofa = 57 falb), tr(T) = g*Tap ,
& Q=f(s—DP —tr(T)), P =1bg™fuf.

By an elementary calculation we can show that the only non-zero compo-
nents of R, S and C are those related to:

Rabed = Rabed » Rages = [TacYps » Roprs = fR apys + [PPG oprs

(2) CL) Sab = Sab - STaba

b) Saﬂ = S,ozﬁ + Qg,aﬂ )
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(3) a) Cabcd

1
= Ravea = ——(9adSbe + goeSad — JacSba — gvdSac)
S
+ m(gadTbc + gvcTad — GacTvd — gvaTac)
R
—— 5 Gabed s
T D —2) T
b) Capys
1
=f (R'aﬁwé - m(g/aéslﬁ'y + 95,5 a5 — 9" S 85 — 9’555'a7)>
2fQ f2R
2 U
P - G
P S T T g G et
C) éaﬁcé
1

= n_9 (fglﬁé(sac + (¢ —2)Tac) + gacslgg

+ (Q - nfﬁ]_) gacg/56> .

(4) R=k+ %/ +s((s —1)P — 2tr(T)).

Moreover,

Similarly, by an elementary but lenghty calculation we can easily show that the
only non-zero components of VR and V.S are those related to:

(5) a) ve]?abcd - ve]%abcda
b) VeRagys = [ViRLpys,
) VeRapys = —feRpgys + f*(0.P) v >

= A _ Jap f? /
d) veRaﬁ'yd—_? aﬂ'ya+7(adp) afye

6) ve[%a['}cﬁ = fveTacg/ﬁé )

- - 1 1
veRabcé = §géé(faTbc - beac> + §deabcdg;5 ;

~
~—

b) vw aﬁzv/w &57

- - 1 1
) VoSab = 5ot 50 (£S5~ 5T~ L),
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d) ViS.p= (0:Q)905 — = (Shs + Qpp)-
From the above formulas we immediately obtain

LEMMA 2.1
Let M be a warped product M x y M’ with vanishing scalar curvature k. Then

M is conformally symmetric if and only if

_ 1 — — — —
eRabcd = m(gadvesbc + gbcvcsad - gacvesbd - deve5a0)7

,\

-’
o

N~—
<

_ 1 = = = [ = =
ERoz['}'yzs = m(gaﬁvesﬁ’y + gﬁ’yvasa5 - ga'yvesﬁ5 - gﬁ5v55a’y)a

=
<

— 1 — _ — — — _
C) veRaﬁ'y6 = m(gaﬁvesﬁ’y +gﬁ’yvesa5 - ga'yveS['M - gﬁévesoz’y)a

— 1 — —
d) veRozﬁ'yd = m(gﬁ"/vesad - ga"/vesﬂd)a

— 1 — _ — _
6) VeRaﬁcé = m(_gacvesﬁé - gﬁévesac)7

1 — —
f) VERabcé = m(gbcvesaé - gacvasb6)7

In the sequel we shall need the following properties of e.c.s. manifolds:

Lemma 2.2 ([5], [6])
Every e.c.s. manifold (M, g) satisfies the relations:

(8) k=0,
(9) VkS*,»j = ngzk ,
(10) SitChmjk + SijChimit + Sit: Chmij = 0.

LemMmA 2.3 ([6]) o B
Let (M,g) be an e.c.s. manifold. Then M admits a unique function F such
that

(11) FChijk = ShiSij — ShjSik.
F is said to be the fundamental function of M. It is clear that F(z) = 0 if

and only if rank S(z) < 1.
Moreover we shall use the following fact
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LEMMA 2.4 ([9], Theorem 1)

Let M be an n-dimensional Riemannian manifold. If B is a generalized cur-
vature tensor satisfying Vo, ViBrijk = ViV Bhijr and P is a vector field such
that wW" Ryijr = Prgij — Pjgir for some vector field w, then

k(B
Py (Blijk - ﬁ(%gzk - gilej)) =0,

where (B) = Byijsg™g".

3. Necessary conditions

LEMMA 3.1
If M =M x; M is an e.c.s. manifold then dim M = ¢ > 1.

Proof. We shall use the following fact due to Kruckovi¢

THEOREM 3.1 ([11], p. 116)
A Riemannian space V' admits a solution k # constant of the equation

(12) V,;Vik = ¢gi;

such that grad k is non-null vector field if and only if V" is a warped product
with one-dimensional base.

Thus supposing that ¢ = 1, we have (12). Differentiating (12) covariantly
and alternating the resulting equation, by Ricci identity, we easily obtain

ke Rij, = Vdgir — Viogi; -

Now, using Lemma 2.4 for M = M, B = C and P = grad ¢, we have Vjcb =0.
Thus vﬁik = c- gij, ¢ = constant. We assert that ¢ = 0. Suppose that ¢ # 0.
Then the manifold M admits a vector field v such that V;v; = g;;. This
equation immediately implies v,«Rzij = 0 and v,.gj’-“ = 0 and next UTVZRZU =
—lej, vﬁlS*;; = -5 Using now the second Bianchi identity, we have
V"V, Rijh = —2R;jn and v"V,.8; = —28;; . Transvection of (9) with v/ leads
to S = 0, a contradiction. Thus the gradient of k is non-null parallel vector
field. But in any e.c.s. manifold every parallel vector field must be isotropic
([5], Theorem 11 and [12]). This completes the proof.

PROPOSITION 3.1
Let M = M xy M’ be an e.c.s. manifold. Then M’ is of constant curvature.
Moreover, if dim M’ = s > 1 then

(13) s(s = 1)((n —2)f20.P — f0.Q + f.Q) = folq — s)K'.
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Proof. We can assume that s > 1. Using (7)c), (5)c) and (6)d), we have
fe((n — Q)Rixm& - (9&55/57 + 9/575(;5 - géwslga - 9’555&7))

(14)
= ((n — 2)f286P — f0.Q + feQ)Gixﬁwé :

Contracting (14) with ¢’%7, we obtain
(15) fe(@Shs — K'90s) = (n — 2)f286P — [0.Q + feQ)s(s — 1).
Further contraction with ¢’* leads to (13). Substituting (13) into (15), we

get Sl = %/gfw which together with (13) turns (14) into R’ = S(:—LUG’. This

completes the proof.

LEMMA 3.2 -
Let M = M x5 M’ be an e.c.s. manifold. Then Capcqa # 0 at every point x of

M.

Proof. Suppose that there exists point € M at which Cypeq = 0. Using
(3)a), we have (¢ > 1 in virtue of Lemma 3.1)

(n—2)Rabed = Jad(Sve—5Tve) +ge(Sad—5Tad) = Gac (Sva—5Tod) — gbd (Sac—5Tac)-
Contracting this equation with ¢b¢, we get

(16) $(Sad + (¢ —2)Taq) = — s - tr(T)

and, after contraction with g%,

(17) (g — s)k =2s(q— )tr(T).

Now substituting 5’55 = %/ 9/66’ which is an obvious consequence of Proposi-
tion 3.1, and (16) into (3)c) and using (17), we have Cyges = 0. Finally, in the
same way, using (3)a) and

(18) wf + K+ sf((s — 1)P — 2tr(T)) = 0

which follows from (4) and (8), we easily obtain Cygs = 0. Thus C' = 0 at ,
a contradiction. This completes the proof.

LEMMA 3.3
Let M = M x M’ be an e.c.s. manifold. Thenk =0, k' =0,tr(T) =0, Q=0
and if s > 1 also P = 0.

Proof. Using (10), (2) and (3), we have
Saﬂéabcd = Oa Sabéaﬁ'y6 = 0.
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Thus, in virtue of Lemma 3.2, we get

(19) C_'ag,yg =0,

(20) Sap =0

which, in view of (2)b) and Proposition 3.1, is equivalent to
/

K
(21) ~+Q=0.

If s = 1, then k' = 0 and Q = 0. Using now (1), we get ¢tr(T) = 0. Applying
now (18), we have x = 0.

Consider now the case s > 1. Substituting (21) into (18), we obtain
(22) k=s-tr(T).

Using (19), (21) and Proposition 3.1, we have

HI

s(s—1)
which implies fP = constant and further fP, = —f.P. Substituting the last
equality and (21) into (13) we get (s — 1)k’ = 0. Thus &' = 0, P =0 (by (23)),
Q =0 (by (21)), tr(T) =0 (by (1)) and k = 0 (by (22)). This completes the
proof.

(23)

+ /P =0

PROPOSITION 3.2
In every e.c.s. warped product M x y M’ the tensor S+ (¢ —2)T is parallel and
the tensor T is a Codazzi tensor.

Proof. The first assertion is an immediate consequence of (7)e), (5)e),
(6)a), (6)d) and
(24) veggg =0
which simply follows from @ = 0 and ' = 0. Using (9) and (24), we have
V:Ses = 0. Thus (7)f), in view of (5)f) takes the form

(25) deabcd = beac - faTbc .

But this equation, via Ricci identity, is equivalent to V. T, = VpTae. This
completes the proof.

LEMMA 3.4
Let M = M x§ M’ be an e.c.s. manifold. Then ¢ =dim M > 2.
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Proof.  Suppose that ¢ = 2. From x = 0 and Proposition 3.2 we obtain
S = 0, which yields, in view of Lemma 3.3 and Proposition 3.1, Cygcs = 0.
Now the formula (3)a) reduces to

Ci212 = —g11To2 — gooT11 -

But tr(T) = 0, so Cya12 = 0. Taking (19) into account we see that C = 0, a
contradiction.

LEMMA 3.5
Let M = M x5 M’ be an e.c.s. manifold. If S+ (¢ —2)T =0 then g > 3.

Proof. In virtue of (19), (3)c) and Lemma 3.3, we have Copys = 0 = Cages
and it sufficies to show that if ¢ = 3 then C’gbcd = 0. But substituting assumed
equation into (3)a), in view of (8), we get Cuped = Caped = 0 (g = 3).

PROPOSITION 3.3 (cf. [7])
If M =M x; M is an e.c.s. manifold then M is conformally symmetric.

Proof. Using Proposition 3.2 and (6)a), we have V.Sq, = 2:22 V ¢Sap which
together with (5)a) turns (7)a) into

1
VeRade = (]7—2(gadVeSbc + gbCVeSad - gacvezsbd - gdeeSaC)'

But this equation, in virtue of x = 0, is equivalent to our assertion.

L. Main resulfs

We are now in a position to prove main results of this paper.

PROPOSITION 4.1
Let M = M xy M’ be an e.c.s. manifold. If S+ (¢ —2)T # 0 then M is

Ricci-recurrent conformally symmetric manifold and M is not Ricci-recurrent.

Proof. Using (11), in virtue of (20), we have

(26) F. Cagcg =0
which in view of our assumption gives F' = 0, i.e., rank S < 1. On the other
hand, (10) implies
gabécﬁdé = gacébﬁdé
which can be written in the form
(Sab - STab)(Scd + (q - 2)Tc ) = (Sac - STac)(de + (q - Q)de)

This means that rank of tensors S — sT and S + (¢ — 2)T is equal to 1 and
since S + (¢ — 2)T is parallel so



On conformally symmetric warped products 83

S+(@—-2T=ec-v®v, le] =1
for some parallel vector field v. Consequently S = ¢v ® v, ¢ being a function
and M is Ricci-recurrent.

The second part of our assertion follows, in a purely algebraic manner from
(2), (6) and the above equalities.

THEOREM 4.1
Let M be a warped product M x§ M'. Then the following conditions are equi-
valent:

(i) M is Ricci-recurrent e.c.s. manifold,

(ii) M’ is flat, M is Ricci-recurrent e.c.s. manifold, S + (¢ —2)T = 0 and
grad f is null when dim M’ > 1.

Proof. If M is Ricci-recurrent e.c.s. manifold then Proposition 4.1 leads
to S+ (¢ —2)T = 0. Thus S, = ZT_gSab and because S,s = 0 so S and S
are simultaneously recurrent and non-parallel. M cannot be conformally flat
since Caped = Capea # 0. Therefore M is Ricci-recurrent e.c.s. manifold and
Proposition 3.1 and Lemma 3.3 imply R’ =0 and P =0 if s > 1.

Now assume (ii). Since T' = fqi—QS, so kK = 0 implies tr(T) = 0 and
Q = 0. S as well as T are Codazzi tensors. Thus we have (25) which implies
fSep = fTep and feSep—sfTep, = 0. Therefore the only non-zero components
of VS and VR are those related to vcgab, ﬁRabcd, ﬁRaM and VeRgpes -
Using above facts we can easily see that all conditions (7) are satisfied. Thus M
is conformally symmetric. As in the first part of this proof, we obtain Cypeq # 0
and V.S, # 0 which imply that M is e.c.s. manifold. This completes the proof.

THEOREM 4.2

Let M be a warped product M x¢M'. Then M is an e.c.s. manifold with F # 0
if and only if M’ is flat, M is e.c.s. manifold with F #0, S+ (¢—2)T =0
and grad f is null when dim M’ > 1.

Proof. If M is e.c.s. manifold with F' # 0 then (26) implies Cppes = 0
which leads to S + (¢ — 2)T = 0. To prove remaining parts of this theorem, we
use the same procedure as in the proof of Theorem 4.1.

Now we give two examples of e.c.s. warped products. The first warped
product is Ricci-recurrent, the second one is not Ricci-recurrent. We shall use
the following

THEOREM 4.3 ([12])

Let M denote the Fuclidean g-space (q > 4) endowed with the metric g given
by

(27) Japdz®da® = ®(dz)? + ky,dodxt + 2dzt da?,
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O = (Aky, + ay,)ztat,

where a,b=1,....q and \,uy=2,...,q—1 and A is a non-constant function
of x* only, [kx,] and [a,] are non-zero symmetric matrices such that [kx,] is
non-singular and k*ay, = 0, [k™] being the reciprocal of [kx,]. Then M is
an e.c.s. Ricci-recurrent Riemannian manifold.

ExaMPLE 4.1
Let M be the Euclidean ¢-space endowed with the metric g given by (27) with
_ 2
A= e
The only Christoffel symbols not identically zero are
1. 1 1
= —51& 0,®, T = 52, ri{ = 50+
S11 = (¢ — 2)A and all other components of S are identically zero. Taking
f = f(a') we can easily show that the equation S + (¢ — 2)T = 0 is equivalent
2
to f" — % = 2Af, where f' = 91 f. One can easily verify that the function
f(al) = (21)* satisfies this equation and grad f is null (¢g*! = 0). Thus taking
above described M and f, and a flat manifold M ', via Theorem 4.1, we obtain
Ricci-recurrent e.c.s. manifold M = M x ¢ M.

REMARK 4.1

The example satisfying assumptions of Theorem 4.1 can be found in [8]. How-
ever the authors of that paper were interested in conformally recurrent or bire-
current manifolds, but k = 3 in (4.4) of [8] leads to a conformally symmetric
warped product.

EXAMPLE 4.2
Let M be as above with A = ﬁ — ¢, ¢ = constant. In this metric the null

parallel vector field is of the form v; = §}. Taking f(z') = (2)*, we get
S+(q—2)T =clg—2)v@0.

By an elementary calculation we can show that if M’ is flat then M = M x M
is e.c.s. manifold which is not Ricci-recurrent.
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Dedicated to Andrzej Zajtz, with admiration, on his 70th birthday

Abstract. We study locally conformal symplectic structures and their ge-
neralizations from the point of view of transitive Lie algebroids. To
consider l.c.s. structures and their generalizations we use Lie algebroids
with trivial adjoint Lie algebra bundle M x R and M x g. We observe
that important l.c.s’s notions can be translated on the Lie algebroid’s
language. We generalize l.c.s. structures to g-l.c.s. structures in which
we can consider an arbitrary finite dimensional Lie algebra g instead of
the commutative Lie algebra R.

1. Lcs. structures from the point of view of Lie algebroids

We study locally conformal symplectic structures and their generalizations
from the point of view of transitive Lie algebroids. We recall that an l.c.s.
structure on a manifold M is a pair (w, Q) of differentiable forms on M such
that

(1) wis a real closed 1-form on M,
(2) Q is a real non-degenerated 2-form fulfilling the property
dQY=—-wAQ.

From the non-degeneracy of € it follows that M has even dimension.
By a transitive Lie algebroid on a manifold M ([16]) we mean a system
(A, [-,-],#4) consisting of a vector bundle A over M and mappings

[,-]: Sec A x Sec A — Sec A, H#a: A— TM,

such that
AMS (2000) Subject Classification: 53D35, 57R17, 70G45, 58 H99.
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(a) (SecA,[-,-]) is a real Lie algebra,
(b) #a, called an anchor, is an epimorphism of vector bundles,

(c) Sec#4: Sec A — X(M), & — F#4 o0&, is a homomorphism of Lie
algebras,

(d) [ﬁ,fn]]:f [[fﬂ?]]JF(#AOf)(f)n, f7ﬂ€seCA7f€QO(M):COO(M)

The axiom (c) follows from the remaining ones, see [9], [1].

It follows that g := ker # 4 is a LAB (Lie algebra bundle), called the adjoint
of A. The Lie algebra g, is called the structure Lie algebra at x. The exact
sequence

O—»g—uélﬁTM—»O

is called the Atiyah sequence of A, while any splitting \: TM — A,
#a0X=1drp, is a connection in A. The following geometric objects give rise
to transitive Lie algebroids:

— Lie groupoids,

— principal fibre bundles,

— vector bundles,

— transversely complete foliations,
— nonclosed Lie subgroups.

Let us remark that differential groupoids (non-transitive, in general), Pois-
son and Jacobi manifolds as well as any infinitesimal action of a Lie algebra on
a manifold produce nontransitive Lie algebroids. The image of the anchor is
always an integrable singular (or regular) foliation ([17], [6]) and the restriction
of the Lie algebroid to any leaf of this foliation is a transitive Lie algebroid.

To consider l.c.s. structures and their generalizations we use Lie algebroids
with trivial adjoint Lie algebra bundle g = M X g.

From the general theorem concerning the form of any transitive Lie alge-
broids (Mackenzie [15], Kubarski [11]) we have:

Each transitive Lie algebroid on M with a trivial adjoint bundle
9= M xR is isomorphic to

A=TM xR
with #.4 = pry: TM xR — TM as the anchor and the bracket [-, -]
in Sec A is defined via some flat covariant derivative V in M x R

and a 2-form Q € Q2(M) fulfilling the Bianchi identity YV = 0 in
the following way

[(X, 1), (Y. 9)] = (X,Y], Vxg - Vy f = Q(X,Y)).
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We recall that a covariant derivative V in a vector bundle ¢ determines a
standard operator dy: Q*(M;&) — Q*(M;¢) and dy6 is sometimes denoted
by V0. If V is flat then (dy)? = 0 and it determines the cohomology space
Hy(M;€) in the obvious way.

Each flat covariant derivative in g = M X R is of the form

Vxf=0xf+wlX)-f

where w is a closed differentiable 1-form on M. Then the differential operator
dvy is denoted rather by d,, ([7], [8]). We have

du(0) = df +w A0

and write H,, (M) := Hgy, (M).

The condition VQ = 0 is then equivalent to d2 = —w A .

Hence any transitive Lie algebroid with the trivial adjoint bundle g = M xR
is determined by the following data:

a closed 1-form w and a 2-form Q such that d2 = —w A Q. (%)
The Lie algebroid obtained in this way will be denoted by
(TM x R,w, Q).

LEMMA 1.1

A connection A\: TM — TM x R in the Lie algebroid A= (TM x R,w, ) is
of the form A(X) = (X,n(X)) for a 1-form n € QY(M). The curvature form
OMX,Y) = [AX,\Y] — A\[X, Y] of the connection X is equal to

QP =d,(n) - Q=dn+wAn—Q. (1.1)

According to (), the pair (w, 2) determining the above Lie algebroid is pre-
cisely a locally conformal symplectic structure (l.c.s. structure, for short) on the
manifold M provided that the 2-form €2 is non-degenerate. Therefore our tran-
sitive Lie algebroids TM x R determined by (w, ) are natural generalizations
of the locally conformal symplectic structures. For an l.c.s. structure (w,{2),
following (%), the form (2 represents the cohomology class [] € H2(M) which
is called the Lichnerowicz class of the l.c.s. structure (w, ) ([3]). If the 1-form
w is exact the l.c.s. structure is called globally conformal symplectic structure.
The property that an l.c.s. structure is global can be equivalently expressed
in the language of Lie algebroids ([10], [14]). For this purpose we recall that
a transitive Lie algebroid (A, [-, ], #.4) is called invariantly oriented ([13]) if
there is specified a non-singular cross-section € of the bundle \" g, g := ker # 4
and n = rankg, which is invariant with respect to the adjoint representation
of Ain A\"g, equivalently, if g is orientable and the modular class of the Lie
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algebroid is zero ([5], [14]). Let us remark that for a transitive Lie algebroid
the modular class is equal to the characteristic class of the top-power of the
adjoint representation ad4. The structure Lie algebras g, of the invariantly
oriented Lie algebroid are unimodular.

A cross-section ¢ of the bundle A" g is invariant if and only if, in any open
subset U C M on which ¢ is of the form ey = (h1 A ... A hy)jy, hi € Secg, we
have, for all £ € Sec A,

n

S (A AR A AR = 0.

=1

In the case A = (TM X R,w,Q) we have n = 1 and g =M x R and a
positive function € € C*®(M) = Sec(M x R) is invariant if and only if € is
V-constant, Ve = 0 ([13, Lemma 6.2.1]). The condition Ve = 0 is equivalent
to w = d(—1In(e)).

THEOREM 1.1
Let (w,Q) be an l.c.s. structure on an arbitrary m-dimensional connected ma-
nifold (oriented or not). The following conditions are equivalent:

(a) the Lc.s. structure (w, Q) is globally conformal symplectic structure (i.e.,
[w} - 0)7

(b) the associated Lie algebroid A = (TM x R,w,Q) is invariantly oriented,
(¢) Hyf o(Asor(M)) #0,
(d) Hg;r}:(A, or(M)) =R, and the pairing
HI(A) x ng%f;j(A; or(M)) — Hze L (A;or(M)) = R
is non-degenerate, i.e., HI(A) = (Hg;ifj(A; or(M)))*.

Proof. (a) <= (b) see [10], (b) <= (¢) < (d) see [14].

REMARK 1.1
(1) For an orientable manifold M the conditions (c) and (d) are equal to:

(c) HIH(A) #0,
d’) H™1(A) =R, and the pairing
( :

HI(A) x H"M17I(A) — H™TH(A) =R

is non-degenerate, i.e., H/(A) = (H" 177 (A)).
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(2)

(3)

09 is the canonical representation of A in the orientation bundle or(M),
(OF )y (o) = (0 )pu(y)(0), v € A, 0 € T'(or(M)). 0°" is the canonical
flat structure of the orientation bundle or(M) ([4]).

Each representation V of a Lie algebroid A in a vector bundle £ (i.e.,
a homomorphism of a Lie algebroid A in the Lie algebroid A(&) of the
vector bundle £ ([12], [15])) determines a standard differential operator
dv: Q(A;€) — QA4;€) and Hy (4;¢) is the space of cohomology of the
complex (2(4;¢),dv). Local trivializations of A(f) are constucted in the
following way: Let ¢: U x V. — p~ U] = fjy be a local trivialization of
a vector bundle f; V' is the typical fibre. Consider the trivial Lie algebroid
TU x End(V). For a cross-section o € Secf, denote by oy the V-valued
function U > o +—— v (o(x)) € V. The mapping

$: TU x End(V) — A(f)p
P(v,a)(0) = e (v(oy) + a(oy(x))),

(v e TyU, v € U, a € End(V), 0 € Secf) is an isomorphism of Lie
algebroids ([12]).

The associated Lie algebra bundle of the considered Lie algebroid A =
(TM x R,w, Q) is the trivial line bundle g =M x R. Therefore, the top
group of cohomology Hgéf,lc(A; or(M)) can be written (analogously to

real coefficients, see [10]) as follows
Hg;"i(A, or(M)) = H(?;WWOT (M;or(M))
= H{5ory-w(M;0r(M)).
Then the equivalence (a) <= (c) follows trivially, since

H{gory-w(M;or(M)) #0 <= [-w] =0,

see [14].

Two l.c.s. structures (w, 2) and (w’, ") on a manifold M are called confor-
mally equivalent if

1
Q' ==Q, w’:w—l—d—a,
a a

for a nowhere vanishing function ¢ on M (non-singular for short).

If two l.c.s. structures (w’, Q') and (w, ) on a manifold M are conformally
equivalent then the associated Lie algebroids A’ = (TM xR, w’, Q") and (T'M x
R,w, Q) are isomorphic via the mapping

H: (TMxR,w,Q)— (TM xR,w,Q)
H(X, f) = (X,a-f)
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where a € C*™(M) is a non-singular smooth function. The isomorphism
H: A’ — A of the above form will be called a conformal isomorphism.

We must add that the general form of a homomorphism H: TM x R —
TM x R of vector bundles commuting with anchors # 4 = pry is as follows

H(Xaf):Hn,a(Xaf) = (Xan(X)+af)v (**)
for n € QY (M) and a € C>®(M).

ProrosiTION 1.1
(A) The following conditions are equivalent:

(1) Hy,q is a homomorphism of Lie algebroids,

2) (&) Vn=9Q-a- @,
(b) Vx(a-f)=a-Vif,

(3) (@) do(n) =dn+wrn=Q—a- -,
(b) a (w—w) da.

The homomorphism Hy , is an isomorphism of Lie algebroids if and only
if a is non-singular. Conditions (1), (2), (3) are then equivalent to

@) (a) Q=3 (Q—du(n),
(b) o' =w+d(nlal).

(B) For an arbitrary Lie algebroid A" = (TM x R,w’, Q) and data (n,a)
where n € QY (M) and a is a non-singular function, the differential forms
w=uw —d(lnlal), Q=a-Q +d,(n) fulfil the condition d2 = —w A Q,
i.e., the data (w, Q) determines a Lie algebroid A= (TM x R,w,Q) and
H, q.: A" — A given by (xx) is an isomorphism of Lie algebroids.

Proof. Easy calculation.

Clearly H,y o 0 Hy o = Hytarnar-as (Hya) ™t = H_» 1. In particular,

23

1
‘a

Hn,a = Hn,l o HO,a7

see the diagram

H, o

A = (TM x R,w', ) (TM x R,w,Q) = A

Hop,q Hy 1

(TM x R,w,a- Q)
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It means that if A’ is isomorphic to A then there exists a Lie algebroid A” =
(TM x R,w,Q"), Q" = a -, conformally isomorphic to A’, i.e., such that
[A], [A"] € Opext(TM,V,M x R) — the set of isomorphic classes of Lie alge-
broids having the same representation V (a flat covariant derivative V).

Let (v, Q') and (w, 2) be L.c.s. structures. We observe that the isomorphism
H,.: A/ — A given by (%) is equivalent to conformal equivalence of the
associated l.c.s. structures if and only if n = 0.

How can we formulate the problem of existence of 1.c.s. structures? We have
the simple

ProrosiTioN 1.2

Any Lie algebroid A" = (TM x R,w’, Q') is isomorphic to A = (TM x R,w, Q)
with Q non-degenerate (i.e. (w,Q) is an l.c.s. structure) if and only if there
exists in A’ a connection for which the curvature tensor is non-degenerate.

Proof. Let Hy,: A" — A be an isomorphism of Lie algebroids

0 — MxR (TM xR,w" Q) — TM — 0
A
Hf, Hy.a

0 — MxR —— (TM xR,w,Q) ——— TM — 0
X (1.2)

H,f . (f) = a-f. For arbitrary connections \’ and A in A’ and A, respectively,
such that H, , o X' = X\ we have the following equality for curvature tensors

O =H, o0V,

Therefore, if 2 is nondegenerate and X’ is a connection such that H, oo\ = A
where A\(v) = (v,0), then Q* = —Q (see Lemma 1.1) and, clearly, Q" is non-
degenerate.

Conversely, if \'(X) = (X,n(X)) is any connection in A’ such that Q"
is non-degenerate, then H_, ; is an isomorphism of A’ on A := (TM x R,

W', —Q)‘/) (see (1.1)) and (w’, —Q)‘/) is an l.c.s. structure.

So, the problem of existing of l.c.s. structures can be precisely formulated
as follows:

PrOBLEM 1.1
We introduce into the class of pairs (w, ) fulfilling (x), i.e., dQ = —w A Q, the
equivalence relation

r) (W, Q) = (w,Q) = the Lie algebroids A’ = (TM x R,w’, Q') and A
(TM x R,w, Q) are isomorphic, i.e., there exists n € QY(M) and a
C>®(M), a(z) # 0 for all x € M, such that (4a), (4b) hold: (4a) €
LQ—dn—wnn), (4b) w’:er%.

- m
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Let dim M be even. We can ask: Does there in every (in given) equivalence
class [(w', Q)] exist (w, ) being an l.c.s. structure; equivalently, does there in
the Lie algebroid A’ = (TM xR, w’, ') exist a connection with non-degenerate
curvature tensor, i.e., equivalently, does there exist a 1-form n € Q1(M) such
that dn +w A n —  is non-degenerate.

This problem has a local solution, see Proposition 2.5 below for more general
situations.

We must add that for a fixed closed form w, i.e., a flat covariant derivative
Vxf =0xf+w(X)- f in the trivial bundle M x R, the classification of Lie
algebroids of the form (T'M x R,w,-) up to isomorphism is as follows: for the
class of isomorphic Lie algebroids Opext(TM,V, M x R) we have ([15])

Opext(TM,V, M x R) = HZ(M;R), (TM x R,w,Q)] — [Q].

A. Banyaga ([3]) gives examples of l.c.s. structures (w, ) such that the Lich-
nerowicz class [] is not trivial, [Q] # 0. For deformations and equivalence of
lL.c.s. structures see [2].

To sum up we see that important l.c.s’s notions can be translated into the
Lie algebroid’s language. We have the following table:

l.c.s. Lie algebroid

(M,w,Q) = A=TM xR

w is closed, with anchor

dQY = —-w A Q. H#a=pri:TM xR —TM,

with bracket

[[(X7 f)a (Kg)]] = ([Xa Y],VXQ - va - Q(X>Y))
where Vxg=0xg9g+w(X) g

V is flat and V) = 0.

Globally c.s. = A is invariantly oriented.
w is exact.
Two l.c.s. structures The corresponding Lie algebroids are isomorphic

(W, Q) and (w,2) on  via

M are conformally Hoo: TMxR—TMxR, HX, f) = (X,a- f),
equivalent = a € C>®(M), a(x) # 0 for all z.

W' :w—l—%, Q' =1q.

2. Generalizations: g-L.c.s. structures and Lie algebroids

We generalize l.c.s. structures to g-l.c.s. structures in which we can consider
an arbitrary finite dimensional Lie algebra g instead of the commutative Lie
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algebra R. From the general theorem on the form of Lie algebroids, mentioned
above, we have ([15], [11]):

THEOREM 2.1

Each transitive Lie algebroid with a trivial adjoint bundle of Lie algebras M X g
is isomorphic to TM x g with #4 =pry: TM x g — T M as the anchor and
the bracket

[(X,0), (Y, n)] = ([X,Y],Vxn = Vyo +[o,n] - QX,Y))

in Sec A is defined via the following data (V,Q): a covariant derivative V in the
trivial vector bundle M x g and a 2-form 2 € Q2(M; g) fulfilling the conditions:

(1) R§7yd = —[Q(X,Y), 0], RV being the curvature tensor of V,
(2) Vxlo,n] = [Vxo,n] + [0, Vxnl, o,n € C*(M;g),
(3) VvQ=o0.

The Lie algebroid obtained in the above way via the data (V, Q) fulfilling
(1)-(3) above will be denoted here by

(TM x g,V,Q). (2.3)

The form —€ is the curvature form of the connection A\: TM — TM X g,
A(v) = (v,0), in this Lie algebroid (TTM x g, V, Q).

0 —Mxg—TMxg—TM —0.

A

More generally, the curvature form of an arbitrary connection A(X)=(X, n(X)),
n € QY (M;g), is given by

QV(X,Y) = (Vn)(X,Y) + [1X, Y] — (X, Y). (2.4)
We write the covariant derivative V in the trivial bundle M x g in the form
Vxo=0x0+w(X)(o)

for a 1-form w € Q' (M; End g). Then VO = dv0 = dgrf+w A6b. The curvature
tensor RY of V is equal to

R;7yd =dw(X,Y)(0) + [w(X),w(Y)](o).

Theorem 3.31, Chapter IV from [15] classifies all transitive Lie algebroids hav-
ing a given coupling =. For the Lie algebroid (2.3) we have,

E: TM — OutDo[(M x g)] = TM x Der(g)/ad(g),
E(v) = (v, [a]),
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where a,(0) = V6 —v(5),6: M — g, 6(z) =0 € g,
Opext(TM,Z, M x g) = H’=(M, Zg) (2.5)

where Zg is the center of g and p=: TM — TM x End(Zg) is the central
representation p=(v) = (v,a,) for Z.

PROPOSITION 2.1
The conditions (1)-(3) characterizing the data (V,Q) determining the Lie al-
gebroid (TM x g,V,Q) can be expressed as follows

— the condition (1) is equivalent to

dw(X,Y)(0) + [w(X),w(Y)](0) = —[X,Y), 0],

— the condition (2) is equivalent to w, € Der(g), i.e., wy is a differentiation
of the Lie algebra g,

— the condition (3) is equivalent to
dQ=—-wAQ

(the values of forms w and 0 are multiplied with respect to the 2-linear
homomorphism Endg x g — g, (a,0) — a(0).

DEFINITION 2.1

The pair (V,Q) determining the above Lie algebroid (T'M x g,V,Q) will be
called g-locally conformal symplectic structure (g-l.c.s. structure, for short) on
the manifold provided that the 2-form 2 is non-degenerate in the following
sense: for each point z € M the mapping

T.M — L(T,M,g), vi— Q. (v, ), (2.6)
is a monomorphism.

Tt is easy to see that if the mapping (2.6) is a monomorphism at a point x
then it is a monomorphism at every point near x.

We notice that if dimg > 2 there is no dimensional obstructions to the
existence of an non-degenerate tensors:

LEMMA 2.1
For arbitrary vector spaces V. and g such that dim g > 2 there exists a 2-linear
skew-symmetric non-degenerate tensor 0 € Q%(V; g).
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Proof. Let (e1,...,ey,) be a basis of g. If dim V' is even, then there exists
a real 2-linear skew-symmetric non-degenerate tensor, say 2g. The form Q :=
Qo - e1 € Q%(V; g) is non-degenerate. If dimV = 2k + 1 and (vy,...,vax41) is
a basis of V and u!,...,u?**! is a dual basis, then put

Qozul/\u2+___+u2k—l/\u2k7
0 = LN TELan

The form Q := Qg - e; + Q1 - e2 is non-degenerate.

DEFINITION 2.2
A g-l.c.s. structure is called globally conformal symplectic structure if the as-
sociated Lie algebroid (TM x g, V, ) is invariantly oriented.

THEOREM 2.2

Let (V,Q) be a g-l.c.s. structure on an arbitrary m-dimensional connected
manifold (oriented or not), dimg = n. Write Vxo = dxo + w(X)(o) for
w € QY(M;Endg). The following conditions are equivalent:

(a) The Lie algebroid (TM x g,V,Q) is invariantly oriented (i.e., (V,Q) is
a globally conformal symplectic structure),

(b) g is unimodular and trw is an exact form. [Letey,..., e, be a basis of g.
For a non-singular function f € C*°(M) the elemente = f-e1 A...Ne,
is an invariant cross-section if and only if trw = d(—1n |f])],

(¢) the modular class of A= (TM x g,V,Q) is zero, ma =0,

(d) Hge' 2 (Asor(M)) # 0,

(e) Hg;rZ(A, or(M)) =R, and the pairing

J m+n—jrp. m+ng A. ~
H7(A) x Hger . (450r(M)) — Hag{,c(A’Or(M)) =R
is non-degenerate, i.e., HI(A) = (H%fz*j(A; or(M)))".
Proof. (a) <= (b) The very easy proof will be omitted. (a) <= (¢) <
(d) < (e) see [14].
THEOREM 2.3

If the Lie algebra g is semisimple, then each g-l.c.s. structure is globally c.s.
structure.



98 Roman Kadobianski, Jan Kubarski,

Proof.  According to Theorem 7.2.3 from [11] (see independently (2.5)) for
the trivial LAB g = M x g there exists exactly one, up to isomorphism, a
transitive Lie algebroid A with the adjoint LAB g = M x g. Therefore, A must
be isomorphic to the trivial Lie algebroid A = TM x g with the data (9,0).
This Lie algebroid is invariantly oriented: e(x) = ¢, € A" g is an invariant
cros-section.

Let (e1,...,en) be a basis of g with the structure constants c” The co-

variant derivative V determines a matrix of 1-forms wi € QY (M) by
Vxe; = Zw{ (X)e
J
Analogously we have a collection of 2-forms €7 by
QX,Y = Z Q])éyej.
J
J

We interpret the data (1)-(3) concerning (V, ) in the terms of the matrix w;
and the collection €27 and the structure constants cfj .

PROPOSITION 2.2
(A) The conditions (1)-(3) characterizing the data (V, Q) determining the Lie
algebroid (TM x g,V,Q) can be expressed as follows.

— The condition (1) is equivalent to
=D ey 6 =dw(XY) =Y (Wl (X)W (Y) = w! (V)w) (X)),
J J

— the condition (2) is equivalent to

Do chwh(X) =) (WX ey — wi(X)ek)
k

k
— the condition (3) is equivalent to dQJ = — 3, Q' A w].

(B) For an abelian Lie algebra g = R™ (i.e., ¢f; = 0) the conditions above are
equivalent to

— dw(X,)Y)= (X)ow(Y)-l— (Y)
(equzvalently dw? (X,Y)

— dQJ:—ZiQZ/\wf.

w(X

ow(X) '
5 (] ()} (Y) = ] (V)W) (X)) ),
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Two g-l.c.s. structures (V/,Q), (V,) on a manifold M will be called g-
conformally equivalent if the associated Lie algebroids are isomorphic via an
isomorphism of the special form (called g-conformal) H(X,0) = (X, a(0)) for
some mapping a: M — Aut(g). Then the equivalent relations between the
data (V,Q) and (V’, ) are as follows:

— QU =a"10Q,
4o V(o) = Vx(aoo).

We use the notation a oo for the cross-section defined by (a00), = az (o).
Writing V/ and V with using 1-forms o’,w € Q*(M;End g) (as above) the
last condition can be equivalently written in the form

w(X)oa=—-0dxa+aow (X).

In the terms of the matrices w;j and wl] this condition is equivalent to
> wi(X)-dj *Za = Ox(a}).
J

The general form of a homomorphism H: TM x g — T M X g commuting
with anchors pr; is as follows

H(X,0) = Hya(X,0) = (X,n(X) +ac0) (2.7)
for n € QY (M;g), a € C°(M,End g). Consider two Lie algebroids
A'=(TM x g,V', Q) and A=(TM xg,V,Q)

PROPOSITION 2.3
The following conditions are equivalent.
(1) H is a homomorphism of Lie algebroids H: A’ — A,
(2) (a) ay is a homomorphism of Lie algebras,
(b) (Vm(X,Y) + [n(X),n(Y)] = ( — a')(X,Y),
(©) a0 Vo =Vx(aoo)+[n(X),acdl,
(3) For the basis e1, ..., e, and the matriz al defined by a(e;) = . al(e;)

(a) ag is a homomorphism of Lie algebras,

(b) dn*(X,Y) = (0" AwF) (X, Y)+ 3, 0" (X) -0 (V) - ¢
7(Qk .0 .)(XY)

(¢) Xjwi(X)-af =30 a] - wi(X) +Oxaf + 32, W(X) - af - .
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The homomorphism Hy . is an isomorphism of Lie algebroids if and only if
ag s an isomorphism of Lie algebras.

Proof. Straightforward calculations.

If (V,Q) and (V,Q) are g-l.c.s. structures and A" and A are correspon-
ding Lie algebroids, then the isomorphism H, , given by (2.7) is equivalent to
conformal equivalence of the associated g-l.c.s. structures (V/, Q) and (V, Q)
if and only if n = 0.

Analogously, we can put the problem of existence of l.c.s. structures. We
have firstly the simple

ProposiTION 2.4

Any Lie algebroid A’ = (TM x g, V', Q') is isomorphic to A = (TM x g,V,Q)
with Q non-degenerate (i.e., (V,Q) is a g-l.c.s. structure) if and only if there
exists in A’ a connection for which the curvature tensor is non-degenerate.

PROBLEM 2.1
We introduce into the class of pairs (V, ) fulfilling (1)-(3) from Theorem 2.1,
the equivalence relation

rg) (V/, Q) = (V,Q) = the Lie algebroids A’ = (TM x g, V', ') and
A= (TM x g,V,) are isomorphic,
i.e., there exist n € QY(M;g), a € C*°(M, Aut g) such that (2b) and (2c),
from Proposition 2.3 holds: (Vn)(X,Y)+[n(X),n(Y)] = (2—aQ')(X,Y)
and aoVyo =Vx(aoo)+ [n(X),ao0].

We can ask: does there in every (in given) equivalence class [(V’, )] exist
(V,9) being a g-l.c.s. structure; equivalently, does there in the Lie algebroid
A= (TM xg,V' Q) exist a connection with non-degenerate curvature tensor,
i.e., equivalently, does there exists a 1-form n € Q1 (M;g) such that the 2-form
(Vi(X,Y) + nX,nY] — Q(X,Y) is a non-degenerate.

For g = R we obtain Problem 1.1 and we need to assume that dim M is
even.

PRrROPOSITION 2.5
The above problem has a local solution.

Proof. Let a: Ty, M x T, M — g be an arbitrary non-degenerate 2-linear
skew-symmetric tensor (for dimg > 2 see Lemma 2.1). We can locally extend
Qz, + a to a closed 2-form ® and find by the Poincaré lemma a 1-form 7
such that dn = ®; therefore that (dn),, = Q., + a. Slightly modifying 7
we can assume that n,, = 0, indeed, locally there is a closed 1-form 6 such
that 0., = 7., S0 n — 0 is zero at x¢ and d(n — 0)z, = (dn)s,. Clearly
(VD)o (X, Y) + M2 X, M2 Y] — Q0 (X, Y) = a(X,Y) so the curvature tensor
0 of the connection A\(X) = (X,7(X)), see (2.4), is a non-degenerate near x.
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PROBLEM 2.2

It would be interesting to investigate the group of all compactly supported
diffeomorphisms of M that preserve the g-l.c.s. structure up to g-conformal
equivalence (analogously as it was given for usual l.c.s. structures by Haller
and Rybicki in [8]).

Let us remark that two extreme cases: (1) g commutative (for example
g = R) and (2) g semisimple, are quite different. In the second case all Lie
algebroids of the form (T'M x g, V, Q) (i.e., with the trivial adjoint Lie algebra
M x g) are isomorphic, clearly to the trivial one T'M x g with the structure given
by the data (9,0). Let us remark that not each isomorphism is g-conformal.
This Lie algebroid is invariantly oriented.
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Grazyna Krech
On the rate of convergence theorem

for the alternate Poisson integrals for Hermite
and Laguerre expansions

Dedicated to Professor Andrzej Zajtz on his 70th birthday

Abstract. The aim of this paper is the study of a rate of convergence of
alternate Poisson integrals for Hermite and Laguerre expansions. We
state some estimates of the rate of convergence of these integrals using
the classical moduli of continuity.

1. Introduction

Let LP(exp(—z2)), p > 1 denote the set of functions f defined on R =
(—00, 0) such that

/ |f(t)[P exp (—t?) dt < o0 ifl1<p<oo

and f is bounded a.e. on R if p = cc.

Muckenhoupt in [2] studied Poisson integrals and alternate Poisson inte-
grals for Hermite polynomial expansions. He considered the Poisson integral
A(f)(r,z) of a function f € LP(exp(—2?2)) for Hermite expansions defined by

A(f)(r,z) = A(f;rx) = /_OC P(r,x,z)f(z) exp (—zQ) dz, 0<r<1, z>0,

where

> " H,(x)H, (2
P(r,z,z) = z_:o —\/;2)”71!( )

1 <7'2:L'2 + 2rzz — 7'222>
= exp >
(1 —1r2) 1—r

and H, is the nth Hermite polynomial, n = 0,1, ... .

AMS (2000) Subject Classification: Primary 41A25, 41A30, 41A36, Secondary 41C10.
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The alternate Poisson integral is defined by

1

F((e.w) = F(fig) = [ T@.n)A(firg)ar
:/OO (/OlT(x,r)P(r,y,z)dr) f)exp(—?)dz, Y

— 00

x>0, yeR,

where

2
T exp (—ngn )
T(z,r) = ——F——%5 ! <.
(2m)zr(—1Inr)?

Muckenhoupt obtained the following result.
If f € LP(exp(—2?)), then F(f;x,-) € LP(exp(—2z?)) for z > 0 and:
(@) 1F(f52,)lp < [1FC)llp, 1<p < oo,
(b) IF(fs2,) = f()llp = 0 as @ — 0 for 1 <p < oo,
(¢) limy,_ o+ F(f;z,y) = f(y) almost everywhere, 1 < p < oo,

(d) 2L +

2
%y —2y‘9F =0in Q={(z,y): >0, y € R},
where || ||, denotes the norm in L? (exp(—z?)).

By LP(z%exp(—2z)), p > 1, a > —1 we denote the set of functions f defined
on R} = [0, 00) such that

o
/ |f(&)[Pt% exp (—t) dt < 00 ifl<p<oo
0

and f is bounded a.e. on Ry if p = co. In [2] the Poisson integral of a function
f € LP(z*exp(—=z)) is also considered. This integral is defined by

B(f)(r,x):B(fgr,x):/OOOK(r,m,z)f(z)zanp(—z)dz, 0<r<l1,z>0

with the Poisson kernel
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where Lg is the nth Laguerre polynomial, n = 0,1,... and I, is the modified
Bessel function ([1]),

0o
Sa+2n

1, = .
(5) Z 20+2np D +n + 1)

n=0

We define the alternate Poisson integral by
1
G(Pw) = Glfizw) = [ UlanB(firp)dr
0

0 1
:/ (/ Uz, r)K(r,y, z) d?“) f(2)2% exp(—2) dz,
0 0
x>0, y=>0,
where

Ulz,r) :T(%,r>.

It was proved in [2] that if f €LP (2® exp(—2z)), then G(f;z, ) €LP(2* exp(—2))
for > 0 and:

(@) [IG(fiz,)llp < I1fC)llp, 1 <p < o0,
(b) ||G(fvw,)_f<)”p_>0 as ¢ — 0% for 1 <p< oo,
)

(¢) lim,_ o+ G(f;2,y) = f(y) almost everywhere in [0,00), 1 < p < o0,

(d) %1? +y%z§ +(a+1—y)% =0in Q={(z,y): >0, y >0}
The symbol || ||, is used here to denote the norm in LP(z® exp(—2)).

This note contains some estimates of the rate of convergence of the alternate
Poisson integrals F'(f), G(f). We state these estimates using the moduli of
continuity, severally for F'(f) and G(f).

2. Auxiliary results

In this section we shall give some properties of the above operators, which
we shall apply to the proofs of the main theorems.
First we prove

LEMMA 1
Let x > 0. For each y € R the following equalities hold

F(Lyz,y) =1,
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F(z—yiz,y) =y (exp(*\@r) - 1) ,
F((z— y)2; x,y) = y? (1 — 2exp(—\/§x) + exp(—2x))
+ %(1 - exp(anc)).

Proof. Using equality (3.9) in [2]

1
/ T(xz,r)r"™ dr = exp (—(Qn)%m), n=01,...
0
and [3, Lemma 2.3]
Az —xyryx) = —z(1 — 1),

Az = 2)%ma) = (1—7) (m2(1 S %(r + 1))

we obtain from (1) and by elementary calculations the assertion of Lemma 1.

Similarly, using the formula established in [2]

/01 U(x,r)r™ dr = exp(—v/nz), n=0,1,...
and [3, Lemma 2.4]
Bz —aima) = (1—1)(1+a—a),
B((z—2)*r2) = (L—7r)(2*(1 =) + 2(a + 2)rz — 2(a + 1)z
+ (@+2)(a+1)(1—1)),
where a > —1, we can prove

LEMMA 2
Let x > 0 and o > —1. For each y € Ry

G(Liz,y) =1,
Glz—yz,y) = (L+a—y) (1 —exp(—z)),
Gl(z — )% ,y) = y* (1 — 2exp(—2) + exp(—V2x)
+2(a+2)y (exp(—z) — exp(~v22))
+2(a+ 1)y (exp(—z) — 1)
+(a+2)(a+1) (1 —2exp(—x) + eXp(—\@x))

hold.
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3. Rate of convergence

In this part we shall give some estimates of the rate of convergence of the
integrals F(f) and G(f). We shall use the classical modulus of continuity

defined by
w(f,0) = sup [f(z+1) = f(z)],

T €Q
where Q = R or @ = R, respectively.
Let C(Q) be the set of all continuous functions on @ = R or @ = Ry.
By C'(Q) we denote, for @ = R or Q@ = R, the set of all continuously
differentiable functions on Q).

THEOREM 1
Let f € C(R) N LP(exp(—22)). Then

[F(f;zy) = f)] < 3w ([, pa(y))
for x >0 and y € R, where

pa(y) = (.UZ (1 - 2€Xp(*\/§x) + exp(72x)) + %(1 — exp(2x)))

Proof. First we suppose that f is continuously differentiable on R. We
have

6= 1w+ [ Cf(r)dr.

Hence by equality (3.7) in [2]

/ P(r,y,z)exp(—2%)dz = 1,

—00

Definition 1, Lemma 1 and the Hélder inequality, we obtain
|F(f;2,y) — f(y)]
1
| T @iy - fwyar
0

IN

/0 T(ax,r) |A(f;7y) — F(y)| dr

IN

/01 T(m) (/_Z P(r,y, z) exp(=2%) |f(2) = f(y)] dz) dr

IN

sup |7(2)| /_0; (/01 T(z,r)P(r,y, ) dr) exp(—22)|z — y|d=

z €R
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N
N

IN

sup |f'(2)| (F(p;2,y))? (F(1;2,y))

z €R

sup |f'(2)] pz(y)
z€R

for x > 0, y € R, where ¢(z) = (z — y)2.
Let f € C(R) N LP(exp(—2?)). We have

o
)= ) = 5 [ 1) = f+ )

fit) = 5 1Fw+0) ~ f)],

where
1 /9
f&(y)ZS/ fly+7)dr, §>0, y €R.
0

This implies that fs is continuously differentiable on R. Moreover

ZSlél%U(Z) — fs(2) <w(£,0),  sup [ f5(2)] <67 w(f,0). (2)

z€R

Observe that
[F(fiz,y) = W < [F(f = fssz,p)| + [F(fssz,y) = s+ 1fs(y) — fF)l-
From (2) and the first part of this proof we get
[F(f5;2,y) = f5(y)] <07 w(f,6) pa(y)-
By (2) we have

\F(f = fs;zy)l < F(f = fslizy) < Slel%|f(z) — fs(2)] < w(f,9),

[fs(w) = F(y)l < w(f,0).
Hence
F(f5,9) = F)| £ 20(6,8) + 54, 0) a(v)

forx >0,y € Rand § > 0.
Setting § = . (y) we obtain the assertion of Theorem 1.

Similarly we can prove the following theorem for the operator G(f).

THEOREM 2
Let f € C(R4) N LP(2* exp(—2)). Then

|G(f;2,9) — f(y)|l < 3w (f, tae(y))
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for x >0 andy > 0, where

fae(y) = (y? (1 — 2exp(—z) + exp(—v/2z))
+ 2(v + 2)y (exp(—z) — exp(—v/2z))
+2(a+ 1)y (exp(—z) — 1)

(

+(a+2)(a+1) (1 —2exp(—z) + exp(— \/_x)))

N

Now we prove

THEOREM 3
If f € CH(R) N LP(exp(—2?)), then

F(fi2.9) = F) < 1 W |y (exp(—v22) = 1)| + 2 may)w (s ()
forx >0 andy € R.
Proof. Let f € C'(R) N LP(exp(—2?)) and 9(z) = |z — y|. Observe that

z

)~ F) = F) (= —y) + / (F'(s) — f'(w)) ds 3)

Y

and

[ - rwnas
Let § > 0. We have
w(f 0(z) < (L4060 ") w(f,6).

<

/ C17(s) — Pl ds

<P()w (f,9(2)).

Hence we get

/ ) - P ds| < v@w (L) + 6 R w (). @

Applying the Holder inequality and Lemma 1 we obtain

Plsa,y) < (F (05a.y)) ! (F (L) = (). )
From (3), (4), (5) and Lemma 1 we have

|F(f;2,y) — f(y)
— P ()= — )9 + \F ( / () - ) ds;x,y)]

< AP @FG =20 +0 (70 FWiw,p) + 5 (10 F (4% 2,1)

< 1@ |y (1 - exp(—vER) |+ (,6) wely) + 50 (720) #(0)
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forx >0,y € Rand § > 0.
Setting § = p,(y) completes the proof of Theorem 3.

For G(f) we obtain a similar result.

THEOREM 4
If f € CY(Ry) N LP(2%exp(—2)), then

\G(f;2,y) — fy)]
< FWNA+a—y) (1= exp(=2))| + 2 pae(¥) w (f; pla,z(¥))

forx >0 andy € R,.
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Abstract. Let » > 3 and m > 2 be natural numbers and E be a vector bundle
with m-dimensional basis. We find all gauge natural bundles “similar” to
the r-jet prolongation bundle J"E of E. We also find all gauge natural
bundles “similar” to the vector r-tangent bundle (J7;(E,R)o)" of E.

Introduction

Natural bundles over m-manifolds were introduced by Nijenhuis [31] as a
modern approach to geometric objects [1]. The most important results in the
theory of natural bundles over m-manifolds is the Palais-Terng finite order
theorem [32] and the Epstein-Thurston regularity theorem [7]. The sharp esti-
mation of the order of natural bundles over m-manifolds was obtained by Zajtz
[38]. From the order theorem follows that natural bundles over m-manifolds
are associated to the principal bundles of repers of higher orders.

Natural bundles on some other categories over manifolds (e.g. all manifolds,
fibered manifolds, principal fiber bundles, vector bundles, manifolds with struc-
tures) were introduced in [17]. Some sharp order estimations for some such
natural bundles can be found in [17] and [22]. A natural bundle over all mani-
folds of infinite order can be found in [24]. Classifications of some type natural
bundles over some categories over manifolds can be found in [35], [37], [3], [12],
[23], [25], [26], [30], [16], [4], [6], [27], [18], [28].

Natural bundles make possible to precise define geometric constructions.
Investigations, applications and classifications of natural operators (canonical
constructions) on sections of natural bundles (geometric objects) were (and
actually are) fundamental in the differential geometry. There are over 200
papers on this subject, e.g. [2], [3], [8]-[11], [13]-[15] [19]-[21], [33], [34], [36]
and the fundamental monograph of Kolaf, Michor and Slovék [17].

AMS (2000) Subject Classification: 58A05, 58A20.
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The present paper is a next contribution to the theory of natural bundles.
Let us recall the following definition (see for ex. [17], [27]).

Let F': VB,, — VB,, be a covariant functor from the category VB,, of
vector bundles with m-dimensional bases and their vector bundle maps with
local diffeomorphisms as base maps. Let Bygy,: VB,, — M f,, be the base
functor.

A gauge natural bundle over VB, (called also a gauge bundle functor on
VB,,) is a functor F as above satisfying:

(i) (Base preservation) Byg,,oF = Byg,,. Hence the induced projections
form a functor transformation 7: ' — Byg, .

(ii) (Localization) For every inclusion of an open vector subbundle
igw: E|lU — E, F(E|U) is the restriction 7~ '(U) of m: FE —
Bypm(E) over U and Figy is the inclusion 7~ (U) — FE.

(iii) (Regularity) F transforms smoothly parametrized systems of VB,,-
morphisms into smoothly parametrized systems of VB3,,-morphisms.

A gauge natural bundle F' over VB, is fiber product preserving if for

every fiber product projections E; & Ei X Eo LLAEN Fs in the category VB,

FE; il F(Ey xp E») gLk F FE5 are fiber product projections in the category

VB, . In other words F(E1 X E2) = F(F1) X F(E2) modulo the corestric-
tion of (Fpry, Fpra).

All fiber product preserving gauge natural bundles over VB,, are described
in [28]. The most important example of the ones is the r-jet prolongation gauge
natural bundle J": VB,, — VB,,. Another example is the (described in I.1)
vector (r)-tangent gauge natural bundle 7("/t: VB,, — VB,, . Fiber product
preserving gauge natural bundles on VB,, with “similar to 77! and J" con-
structions” (Definitions 1 and 2) are also called vector r-tangent gauge natural
bundles and r-jet prolongation gauge natural bundles over VBB, , respectively.

Roughly speaking, the main results are the following classification theorems.

THEOREM A
Let m > 2 and r > 3 be integers. Up to isomorphism there are only two vector
r-tangent gauge natural bundles over VB, .

THEOREM B
Let m > 2 and r > 3 be integers. Up to isomorphism there are only three r-jet
prolongation gauge natural bundles over VB, .

The above theorems will be detailed formulated later (Theorems 1 and 2
of the present paper). In particular, the two vector r-tangent gauge natural
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bundles over VB,,, and the three r-jet prolongation gauge natural bundles over
VB,, will be precisely constructed.

All manifolds and maps are assumed to be of class C°>°. Manifolds are
assumed to be finite dimensional.

. The vector r-tangent gauge natural bundles over V13,,,

1. The vector (r)-tangent gauge nafural bundle over V1,,,

Given a VB,-object p: E — M, the vector (r)-tangent bundle T !E of
E is the vector bundle

TUIE = (J5,(E,R)o)*
over M, where
Ju(E,R)o = {jzv | v: E — R is fiber linear, v, =0, z € M}.
Every VB,,-map f: E; — F» covering i: M, — M5 induces a vector bundle
map T TR, — TOFE, covering J such that

we T B, jr &€ J5(Ea, R)o, x € M.

The correspondence T/t VB,, — VB,, is a fiber product preserving
gauge natural bundle.

2. Another construction of 77(")f!

Let p: E — M be a VB,,-object. For any m-manifold M and x € M we
have a canonical unital associative algebra homomorphism tg(cr) s JI(M,R) —

gl((J3(M,R)o)*) given by
10 (G @)z = w(is(m),
jin € JL(M,R)g, jiv € Jo(M,R), w € (JZ(M,R)o)*. We have a vector bundle
TOIE = | Hom, o (J7C*T(B), (J; (M, R)o)")
zeM
over M. Here Homty)(Jng"’fl(E), (JZ(M,R)o)*) is the vector space of all

module homomorphisms over 5 : JI(M,R) — gl((JL(M,R)o)*) from the
(free) J&(M,R)-module J"C/!(E) of r-jets at x of germs at z of fiber
linear maps E — R into the gl((J7(M,R))*)-module (JI(M,R)o)*. Every
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VB,,-map f: By — E5 covering f: My — M3z induces a vector bundle map
TS TR, — TR, covering J/ such that

T (@) (701 €) g 7) = BUEE © NG © f)),

® € Hom, (J'C/!(Bn), (J3(M1,R)o)"), @ € My, jj,¢& € JCT) (B,
jg(x)’}’ € J" (M2, R)o.

The correspondence T(f!: VB, — VB, is a fiber product preserving
gauge natural bundle.

LEMMA 1 ~
We have a natural isomorphism Tt =T)fl

Proof. Define a base preserving vector bundle map ©: Tl g — TR
by
Ow)(7z8) (7;7) = TV (€ (w)(iz7) € R,
we TSIE, jre e JrefU(E), jiy € JT(M,R)o, © € M, where ¢: E — R
is considered as VB, ,-map {: E — M x R, £(v) = (p(v),&(v)), v € E and
where v: M — R is considered as the fiber linear map v: M x R — R,

v(m,t) = y(m)t, m € M, t € R. Using trivializations of E it is easy to see that
O is a vector bundle isomorphism.

3. The vector [r]-tangent gauge natural bundle over V1,
Given a VB,,-object p: E — M we have the vector bundle
TR = E® (J"(M,R))*

over M. Every VB,,-map f: Fy — FE5 covering i: M; — M> induces (in
obvious way) a vector bundle map T rlftg. Tlrlflp, — TULE, covering f

The correspondence TI/!: VB, — VB, is a fiber product preserving
gauge natural bundle.

4. Another construction of T'["1 !
For any m-manifold M and x € M we have a canonical unital associative
algebra homomorphism ¢l JI(M,R) — gl((JZ(M,R))*) given by
) W) = v(@)w,

jiy € JI(M,R), w € (J5(M,R)g)*. Using tI) instead of ¢ we can con-
struct similarly as in Section 2 a fiber product preserving gauge natural bundle
T VB, — VB, .
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LEMMA 2 R
We have a natural isomorphism Tt =TS,

Proof. The proof is quite similar to the one of Lemma 1.

5. TMfl £ Tlrlft

LEMMA 3
The gauge natural bundle TMf: VB, — VB,, and Tt VB, — VB, are
not isomorphic.

Proof. Let f: R™"™ — R"™" be a VB,, ,-map given by
fla,y) = (z,y+a'y), a=(... 2" eR™, yeR™

Clearly T(ET]f 'f =id and Tér)f '# #1id. That is why there is no base preserving
vector bundle isomorphism ©: T fIR™» ., TIIIR™™ commuting with f.

6. The vector r-tangent gauge natural bundles over V1,,,

DEFINITION 1

We say that a fiber product preserving gauge natural bundle F': VB,, — VB,
is a vector r-tangent gauge natural bundle if modulo isomorphism F' can be
constructed similarly as T(")f! by using eventually another canonical unital
associative algebra homomorphism ¢, : JI(M,R) — gl((JZ(M,R)o)*) instead
of t{,

We have the following classification theorem.

THEOREM 1
Let m > 2 and r > 3 be integers. Up to isomorphism T VB, — VB,,
and T VB, — VB, are only vector r-tangent gauge natural bundles over

VB, .
Proof. Suppose that for any m-manifold M and x € M
te: Jp(M,R) — gl((J; (M, R)o)")

is a canonical unital associative algebra homomorphism. By the invariance of

to with respect to (rlazl,... , 7mz™) for 7' # 0 we deduce that

to(Goz") (o)) (Gga?) = 0
for @ # (1,1,0,...,0). Then we can write

to(jor") () (joa?) = aw(jg(z'2?))
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for all w € (J§(R™,R)o)*, where a = to(jiz")((j5(z*2?))*)(j52?). Then by the
invariance of ¢y with respect to 0-preserving diffeomorphisms we have

to(Jo7)(w)(Gon) = aw(jo(vn))

for all w € (JJ(R™,R)o)* and all jjv,jin € J;(R™,R)q. But to is an algebra
homomorphism. Then

If r >3 then a®? =a,ie. a=1or a=0. Hence t, = S’) ort, = tg].

Il. The r-jet prolongation gauge natural bundles over V13,,,

7. The (usual) r-jet prolongation gauge natural bundle J™ over V13,,,

Given a VB,-object p: E — M the (usual) r-jet prolongation J"E of E
is a vector bundle

J'E ={jro| oisalocal section of E , z € M}

over M. Every VB,,-map f: Fy — FE5 covering i: M, — M, induces a
vector bundle map J"f: J"FEy — J" Es covering i such that

J"f(jzo) = J'E(z)(f oo 0i71)7 jeo € JTEy.

The functor J": VB,, — VB, is a fiber product preserving gauge natural
bundle.

8. Another construction of J”

Let p: E — M be a VB,,-object. For any m-manifold M and x € M we
have a canonical unital associative algebra homomorphism ¢2": J(M,R) —
gl(Jz(M,R)) given by

b () Gz) = Jz(ym),
jrm e Jo(M,R), jiy € Ji(M,R). We have a vector bundle

J'E = | Homyon (J7C5/(E), J(M,R))
xeM
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over M. Here Hom,r.m (J"CS>/Y(E), J5(M,R)) is the vector space of all mo-
dule homomorphisms over ¢t7™: Jo(M,R) — gl(JZ(M,R)) from the (free)
Jr(M,R)-module J"C*!(E) of r-jets at = of germs at x of fiber linear maps
E — R into the gl(JZ(M,R))-module JI(M,R). Every VB,,-map f: E; —

Es covering f: My — M> induces a vector bundle map j’"f: j’"El — erg
covering f such that

7 (@) (§5)€) = T (fidg) 0 B(jL(E o 1)),

® € Homym (J7C3/1(BL), J7 (M1, R)), @ € My, jj 6 € J’"Cjifmf (Ey).

The correspondence J”: VB,, — VB,, is a fiber product preserving gauge
natural bundle.

LEMMA 4
We have a natural isomorphism J" = J7

Proof. The proof is similar to the one of Lemma 1. We define an isomor-
phism ©: J'E — J'F by

0(5:0)(1z8) = jz(€ 0 0),
Jro € JLE, ji€ € JTCIN(E).

9. The vertical »-jet prolongation gauge natural bundle J” over V3,,,

Given a VB,,-object p: E — M, the vertical r-jet prolongation J, FE of E
is a vector bundle

JoE={jio| c: M — E;, x € M}

over M. Every VB,,-map f: Fy — FE5 covering i: M, — M, induces a
vector bundle map Jy f: Jj E1 — JJ Ea covering [ such that

Jof(jro) = jz(w)(f oaoi—l) 7 Jeo € JUEy .

The functor J): VB,, — VB, is a fiber product preserving gauge natural
bundle.

10.  Another construction of J”

For any m-manifold M and x € M we have a canonical unital associative
algebra homomorphism ¢7>™°: J7(M,R) — gl(JZ(M,R)) given by

2" (e (Gzy) = n(x)iz
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oy € JL(M,R), jin € Ji(M,R). Using t7"™° instead of ¢t we can con-
struct similarly as in Section 9 a fiber product preserving gauge natural bundle

j],": VB,, — VB,..

LEMMA 5 -
We have a natural isomorphism J = J; .

Proof. The proof is quite similar to the one of Lemma 4.

M. The [r]-jet prolongation gauge natural bundle .7("] over VB,,,
For any m-manifold M and x € M we have a canonical unital associative
algebra homomorphism glbm, JI(M,R) — gl(JZ(M,R)) given by
™ G Ge) = g5 () = v(@)jzn + n(a)y(2)i;1,

jiy € JL(M,R), j*n € JL(M,R). Using ¢ instead of tH™ we can con-
struct similarly as in Section 9 a fiber product preserving gauge natural bundle
JI: VB, — VB, .

12 Jv. J7 and JI" are not equivalent

LEMMA 6
The gauge natural bundles J": VB, — VB, and J : VB,, — VB, are not
isomorphic.

Proof. Let f: R™"™ — R"™" be a VB,, ,-map given by
flxy) = (z,y+a'y), x=(a',...,2™) eR™, yeR™
Clearly Jif # id and (J7)of = id. That is why there is no base preserving

vector bundle isomorphism ©: J"R"™" — JIR™™ commuting with f.

LEMMA 7
The gauge natural bundles J: VB,, — VB, and JL VB, — VB, are not
isomorphic.

Proof. The proof is quite similar to the one of Lemma 6.

LEMMA 8
Let m > 2. The gauge natural bundles JU VB, — VB, and J": VB, —
VB,, are not isomorphic.

Proof. Tt follows from some result from [29]. More precisely, the vector
space of all VB,, ,-natural affinors on J"E is one dimensional and the vector
space of all VB,, ,-natural affinors on .J "l E is two dimensional.
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13. The r-jet prolongation gauge natural bundles over V1,,,

DEFINITION 2
We say that a fiber product preserving gauge natural bundle F': VB,, — VB,
is a r-jet prolongation gauge natural bundle if modulo isomorphism F' can

be constructed similarly as Jr by using eventually another canonical unital
associative algebra homomorphism t,: J,(M,R) — gl(J7(M,R)) instead of

o,
We have the following classification theorem.

THEOREM 2

Let m > 2 and r > 3 be integers. Up to isomorphism J": VB,, — VB,
Jr: VB — VB, and JU: VB, — VB,, are only r-jet prolongation gauge
natural bundles over VB, .

14. A preparation

LEMMA 9
For any a € R we have a canonical unital algebra homomorphism

t2*7 JL(M,R) — gl(J; (M, R))
given by
£ ) Gan) = 3o (v ) + an(@)jzy — an(x)y(2)iz1,
where jin, ity € Jo(M,R), dm(M) =m, z € M. If a ¢ {—1,0} we have a
canonical isomorphism agz: JL(M,R) — JI(M,R) given by
ax(i7) = ~ L 7y + ()i
such that t=%>(jIn) o ay = ay, o t9™(jin) for any jin € Jo(M,R). Roughly

speaking, for o ¢ {—1,0} homomorphism t3>*> is canonically isomorphic to
t;,’"l'

Proof. 1t is easy to verify.

15.  Proof of Theorem 2
Let for any m-manifold M and x € M

be a canonical unital associative algebra homomorphism. Clearly, ¢, is uniquely
determined by the values

to(jo7) (Jom) € Jo (R™,R)
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for any jiv,iom € Ji5(R™,R) with v(0) = 0. By the invariance of to with
respect to O-preserving diffeomorphisms and the rank theorem and m > 2 we
can assume that
jov = dga’

and

Jom =451 or jgn = ja’.
By the invariance of to with respect to (rizt, ..., 7a™) for 71,...,7m € Ry
we deduce that

to(Gg=") (g 2?) = o3y (¢ 2%)
and

t(jox")(j51) = piget

for some o,p € R. Then by the invariance of ¢, with respect to 0-preserving
diffeomorphisms we have

toli6) i) = od €n)
and
(3G 1) = i€

for all j5¢ € J5(R™,R) and jin € J§(R™,R) and with £(0) = n(0) = 0. Then,
since t¢ is an unital homomorphism, it is easy to verify (using the assumptions
on r, m) that c = p=0or 0 =1 and p is arbitrary. Therefore ¢, = ¢7;"™° or
ty =15 fora=p—1.

Using Lemma 9 we end the proof.
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Abstract. We introduce a notion of abstract Lie group by means of the map-
ping which plays the role of the evolution operator. We show some basic
properties of such groups very similar to the fundamentals of the infinite
dimensional Lie theory. Next we give remarkable examples of abstract
Lie groups which are not necessarily usual Lie groups. In particular,
by making use of Yamabe theorem we prove that any locally compact
topological group admits the structure of abstract Lie group and that
the Lie algebra and the exponential mapping of it coincide with those
determined by the Lie group structure.

1. Introduction

An infinite dimensional Lie group G with its Lie algebra g is called regular
if there is a bijective evolution mapping

Evolg:C®(R, g) — C=((R,0), (G, €))

such that its evaluation at 1 € R is smooth. This notion has been introduced
by J. Milnor [10] (see also [8]). The right logarithmic derivative 67, is then
the inverse of Evoly;. Notice that one can use equivalently the left evolution
mapping and the left logarithmic derivative to define the regularity. Next the
exponential mapping of a regular Lie group exp: g — G is given by

exp(X) = Evolg(X)(1).

In particular, exp(tX) = Evol;(X)(t) and clearly exp(t+s) X = exptX exp sX.
Let us mention that all known Lie groups are regular (cf. [8]). It seems that
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the role of the evolution mapping in the infinite dimensional Lie theory is so
important as the role of the exponential mapping in the finite dimensional case.

In this paper we propose a notion generalizing regular Lie groups, namely
the notion of abstract Lie groups. In this concept the smooth structure is de-
fined by means of the family of smooth curves S®(R, @), and the S®(R, G)
is defined by the evolution mapping Evolg;. The notion of abstract Lie groups
generalizes regular Lie groups and is motivated by important examples, cf. Sec-
tion 3. It is significant that basic properties of infinite dimensional Lie groups
can be derived from our definition and new interpretations of the inheritance
property, the integrability of Lie subalgebras, and the quotient structures are
possible. Here we give only some introductory facts and we omit some proofs
as a presentation of the whole setting is beyond the scope of this paper and
will be given elsewhere.

We would like to indicate that there are other abstract settings of the infinite
dimensional Lie theory. Examples are the following:

— Diffeological groups due to Souriau [16]. A smooth structure is there
defined by establishing sets of local smooth mappings from R" to G,
n=1,2,..., and by imposing some conditions on them. It is possible to
define the tangent space T.G, but a Lie algebra structure can be given
on some subspace g of T.G only. Then one introduces the exponential
mapping on g.

— The concept of generalized Lie groups in the sense of Omori [11]. The
definition is based on a continuous mapping exp: G — g between a
topological metric group GG and a topological Lie algebra g with several
technical conditions which mimic essential properties of the exponential
map. In particular, it is possible to distiguish the set of differentiable
curves.

— Another category of generalized Lie groups was proposed by Chen and
Yoh [3]. A clue point is there a description of the Lie algebra Hom(R, G)
for a topological group. However this framework concerns mainly finite
dimensional groups.

Note that all these concepts do not use the regularity and, in view of them,
the Lie group structure is inherited by any (closed) subgroup. Consequently it
seems that they are not enough refined to give a satisfactory abstract descrip-
tion of the infinite dimensional Lie theory.

As a general framework we will use the concept of smooth structure defined
by a family of smooth curves. Let us mention that there exist in the literature
similar settings as well as calculi by means of smooth curves, e.g. an interesting
calculus of flows on convenient manifolds by A. Zajtz [20].

In this paper we wish to illustrate the introduced concept in the case of
LP-groups, i.e. the groups which can be expressed as the projective limts of
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an inverse system of finite dimensional Lie groups. We recall basic properties
of such groups and endow them with the structure of an abstract Lie group.
Consequently, in view of Yamabe theorem, we show that any connected locally
compact topological group carries the structure of an abstract Lie group.

For simplicity we will confine our considerations to the C* smooth category.

2. Smooth spaces
First we introduce the category of smooth spaces.

DEFINITION 2.1

A smooth space is a set X endowed with a subset S (R, X) C Map(R, X)
such that constant mappings are in S (R, X) and co f € S®(R, X) whenever
f € C®(R,R) is a smooth reparametrization and ¢ € S®(R, X).

The set S (R, X) is called a smooth structure on X. If Y is another smooth
space endowed with a smooth structure S>°(R,Y’) then a mapping f: X — Y
is said to be smooth (or a morphism of smooth structures) if foc e S®(R,Y)
whenever ¢ € S®(R, X). It is clear that the composition of smooth maps is
smooth. We write f.:S™®(R,X) — S®(R,Y) for the induced map. Note
that in view of Boman theorem [1] this concept extends the usual concept of
smoothness.

Any smooth space X is equipped with a natural topology, namely the final
topology of S*(R, X).

PROPOSITION 2.2
For any smooth spaces X, Y, Z one has

S®(X,8®(Y,2)) 2 8®(X xY, Z),
i.e., the category of smooth spaces is cartesian closed.
Proof. We endow S (Y, X)) with a smooth structure as follows:
ceS®R,8%(Y,72)) <= ¢ S®RxY,2),
where é(x,y) = ¢(z)(y). The bijective mapping
a:ST(X, 8%V, 2)2¢c— ¢ e S®(X xY,2)
is smooth. In fact, for every ¢ € S®(R,S*(X,8%(Y,Z))) one has ¢ €

S*®(R x X,8%°(Y,Z)) and aop € S®(R x X x Y, Z). Consequently a,(p) €
S®(R,8%(X x Y, Z)). Analogously a~! is smooth as well.
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ProrosiTiON 2.3
The set of all smooth maps from R to X coincides with S®(R, X), i.e.,

S*®(R,X) ={c: R — X smooth}.

Proof. For every smooth curve ¢ € S®(R, X) and f € C*(R,R) the curve
c«(f) = co f is smooth. Conversely, let ¢:R — X be smooth. Then ¢ =
cx(idr) € S®(R, X)) by definition.

ProposITION 2.4
Let {Xa,pg} be an inverse system of smooth spaces. Then its projective limit
is naturally endowed with a smooth structure such that

S*®(R, X) = limproj S (R, X4)
is the projective limit of the inverse system {S*®(R, X4),p2.}.

Proof. By definition ¢ = {¢o} € S®(R, X) if and only if for every a € A
Ca € S®(R, X,) and (p?).(cs) = co for a < B.

Let c(t) = {ca(t)} = {ca} € X be a constant curve. Then it is smooth
as it is componentwise smooth. Likewise, S® (R, X) is closed with respect
to a smooth reparametrization if it has this property componentwise. Thus
S§*(R, X) is a smooth structure on X.

Next for every ¢ = {co} € S®(R, X) we see that

(pa)«(cp)(t) = PR(ea(t)) = calt)

so, by definition, lim proj S® (R, X,,) = S*(R, X).

3. Smooth groups and abstract Lie groups

Let G be a group with the multiplication p: G x G 3 (g, h) — gh € G and
the inversion v: G 3 g — ¢~ ! € G. If, in addition, G is a smooth space and
1 and v are smooth as morphisms of smooth structures it is called a smooth
group. Here the product G x G is given a smooth structure in the obvious way.

Let G be a smooth group. Now we formulate some conditions for G.

(G1) Let g be a sequentially complete locally convex topological vector
space (s.c.l.c.t.v.s. for short), cf. [10], [11]. Assume that there exists a bijective
mapping (called the right evolution operator)

Evol: C*(R, g) — S°(R, G),

where S° (R, G) is a space of all mappings from R to G sending 0 to e. Note that
we have the natural right action of G onto the space Map(R, G). We assume
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that the union of orbits of mappings from S°(R, G) is equal to S® (R, G) and
that any translation by g € G is smooth.

Observe that one can use the convenient vector spaces [8] instead of s.c.l.c.t.
V.S.

The inverse of Evolg; will be denoted by 4. The exponential mapping
exp:g C C*(R,g) — G is given by exp(X) = Evol(X)(1). Clearly exp((t+
$)X) = exp(tX) exp(sX).

(G2) One has

Evoli;(g) C A(G)
where A(G) := {¢:R — G| Vt,s € R p(t+ ) = p(t)e(s)} is the set of
one-parameter subgroups of G. Moreover we assume that

Ao(G) := Evol;(g)

is the totality of smooth one-parameter subgroups of G.
As a consequence, every smooth homeomorphism f:G — H induces the
tangent map T'f: Ao(G) — Ao(H).
(G3) The set S (R, G) admits a cone structure
R x SF(R,G) 3 (A f) — [* € SZ(R,G),
where fA(t) := f(A\t). We assume that for any f € S*®(R,G) and A € R we
have 6% (f*) = A5 (f).

Putting A = 0 we get that the constant e belongs to S°(R, G) and 0 (e) =
0.
Let conj: G 2 g — hgh~! € G be the conjugation by ¢ € G. Assume that

Ad(g) = Tconj,,.
Then we have

glexp(tX))g™" = exp(tAd(g)X),
where g is identified with Ao(G). Clearly for every g, h € G one has Ad(gh) =
Ad(g)Ad(h).

(G4) For any g € G the mapping Ad(g) : g — ¢ is smooth.
(G5) For every f,g € S*(R, G) we have
oc(fg) = 0cf + Ad(f).0¢g.
Here the dot denotes the componentwise action.

(G6) The map
evi o Evol;: C*(R, g) — G,
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where ev; is the evaluation at 1 mapping, is smooth as a morphism of smooth
structures.

DEFINITION 3.1
A smooth group G is said to be an abstract Lie group if the conditions (G1)-
(G6) are satisfied.

REMARK 3.2
Equivalently we can use the left evolution and left logarithmic derivative oper-
ators. Then the formula (G4) is replaced by

0(fg) = 0bg+ Ad(g™") 6% f.
Let us mention some examples of abstract Lie groups.
EXAMPLE 3.3

Any regular Lie group [8] satisfies all the above conditions. In particular, they
hold for any finite dimensional Lie group.

The following fact is well known.

PROPOSITION 3.4
Let G be a group in the above example, and g = Lie(G). Then Evolg(X)(t) =
g(t) if and only if g(0) = e and

0
—g(t) = To(p? D)X (¢

9 g(t) = T ()X 1),
where p9(x) = p(x, g), and w is the multiplication of G.

As immediate consequences we have the following

COROLLARY 3.5

Under the assumptions of Proposition 3.4, for any smooth reparametrization
fe€C®(R,R) and X € C(R,g)

Evolfs (X)(£(£)) = Evolgs (£.(X o £)(t) Evols (X)(£(0)).

COROLLARY 3.6
Let G, H be as in Proposition 3.4. If p:G — H is a smooth homomorphism
then the diagram

(Tp)«

C*(R,g) C(R,b)

Evolg, EvolY;

SZ(R,G) —— S=(R, H)

commutes, where h = Lie(H).
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ExXAMPLE 3.7

The following situation often arise. Given a regular Lie group G, there is a
closed subgroup H C G and a Lie algebra h such that smooth curves with
values in  are sent bijectively by Evolg, to isotopies with values in H. E.g. this
takes place if G = Diff(M), g = X.(M), H is the group of automorphisms of
a geometric structure on M, and b is the Lie algebra of infinitesimal automor-
phisms of this structure. Unfortunately, such a bijection does not yield a Lie
group structure on H and usually it is very difficult to introduce a Lie group
structure on H as the possible construction of such a structure involves a deep
insight into the geometry determined by H. However, a common intuition is
that such a situation is not bad, and sometimes by abuse one states that H is
a Lie group with the Lie algebra h. The second named author formalized this
intuition in [16] by introducing the concept of a weak Lie subgroup.

Let us mention only some examples of weak Lie subgroups:

(i) Let (M,F) be foliated manifold and G = Diff(M). Then it was shown
in [14] that the subgroup of all leaf preserving diffeomorphisms H is a regular
Lie group if F is a regular foliation. On the other hand, if F is singular ([18])
then H carries the structure of weak Lie subgroup but it is hopeless to expect
that H would admit the usual Lie group structure.

(ii) If G = Diff(M) and H is the automorphism group of either singular
Poisson manifold, or Jacobi manifold, or cosymplectic manifold then H admits
the structure of weak Lie subgroup but it would be difficult or impossible to
find the usual Lie group structure on H.

(iii) A broad class of groups in differential geometry constitute strict groups.
Recall that G is a strict group if it is a subgroup of the group of all smooth
bisections of some Lie groupoid.

Recently, it has been shown that for any Lie groupoid its group of all smooth
bisections possesses a regular Lie group structure, cf. [15] and references therein.
Several subgroups of this group are examples of weak Lie subgroups.

EXAMPLE 3.8

It is well known that Diff(M) does not admit a (usual) Lie group structure
whenever M is a manifold of infinite dimension (cf. [8]). However, under na-
tural assumption the evolution operator exists in this case (cf. [11]) and, con-
sequently, it is possible to endow Diff(M) with the structure of an abstract Lie

group.

ExaMPLE 3.9

It is well known that the quotient of an infinite dimensional Lie group by its
normal subgroup need not inherit the Lie group structure. When we consider
the structure in the abstract sense the situation is better. It can be shown that
the quotient of an abstract Lie group by its normal subgroup satisfies (G1),
(G3)-(G5) and the first assertion of (G2).
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ExaAMPLE 3.10
The basic examples in this paper are LP-groups and locally compact topological
groups, cf. Sections 5 and 6.

4. Basic properties of abstract Lie groups

Let f: G — H be a smooth homomorphism, where G and H are abstract
Lie groups modelled on s.c.l.c.t.v. spaces g and b, resp. Then, in view of (G2),
for any X € g the mapping

R>t+—— f(exps(tX)) e H

is a smooth one-parameter subgroup of H. There exists a unique Y € §h such
that f(exps(tX)) = expy (tY). We define Tf(X) :=Y. It is a linear mapping
and we have the following commutative diagram

gi»b

expe ‘EXPH
¢ —L—m
For all X € g we have the following formulae
Ad(exptX)X =X (4.1)
and
Ad(gexptX)Y = Ad(expt(Ad(g)X))Ad(g)Y. (4.2)
Indeed,

gexptX exptY (exptX) tg~!
=gexptXg lgexptYg '(gexptXg ) !
= expt(Ad(9)X) expt(Ad(g)Y') (exp t(Ad(g) X))~
As usual, we let ad := TAd. Then adx(Y) = [X,Y] = %\t:oAd(exp tX)Y.
PROPOSITION 4.1
The bracket [, ] is a Lie algebra bracket on g.

Proof. By (G4) [, ] is linear in the second variable since ad = T Ad.
Next

X+Y, Z] = %h:OAd(exp tX exptY)Z

= %h:OAd(exp tX)Ad(exptY)Z
=[X, 2]+ [, Z]
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The skew-symmetry follows by (4.1). The Jacobi identity we get by (4.2)

2 oAd(gexptX)Y = 2 |_oAd(exp(Ad(9)X))Ad(g)¥
= [Ad(g) X, Ad(9)Y],

where we use the condition (G4).

The following can be shown by a standard argument

PROPOSITION 4.2
If (G,Evoly;) and (H,Evoly) are abstract Lie groups, and ¢:G — H be a
smooth homomorphism. Then Typ:g — b is a Lie algebra homomorphism.

COROLLARY 4.3
The s.c.l.c.t.v.s. g in Definition 3.1 is uniquely defined and admits a uniquely
defined Lie algebra structure.

From now on g will be called the Lie algebra of G and will be denoted by
Lie(G).

Is seems that contrary to other abstract settings of Lie theory, our setting
enables to introduce an appropriate notion of Lie subgroups in infinite dimen-
sion. This notion is strictly connected with the evolution operator.

DEFINITION 4.4
A subgroup H C G is said to be a Lie subgroup if there exists a closed subspace
h C g such that

Evolg|ee r,p):C* (R, h) — SF(R, G) N Map, (R, H)
is a bijection. Then we set
Evoly := Evolg|ceryy) and SR, H):=S*(R,G)NMap, (R, H).
Consequently we have
Xeh < exptX € S;°(R,H) (4.3)

ie. Ag(H) = Ao (G)NSXP (R, H).
As a consequence one can prove the following

PROPOSITION 4.5
If H C G is a Lie subgroup then (H,Evoly) is an abstract Lie group itself.
Furthermore, if H; is a Lie subgroup of G;, i = 1,2, and ¢:G1 — G3 is a
morphism with @(Hy) C Ha then o|g,: Hi — Ha is also a morphism and
T(pl,) =Tely -
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Since a celebrated paper on non-enlargibility by van Est and Korthagen
[5] it is well known that the third Lie theorem is, in general, no longer true
in the infinite dimensional case. However, there are several important infinite
dimensional generalizations, e.g. [4], [13], [19], [7]. In our abstract setting this
theorem holds under natural conditions on the Lie algebra.

Let us formulate two conditions related to the integrability in the abstract
sense of a Lie subalgebra h C g.

(A) If g € S*(R,G) and for any ¢t € R there exists h € S*(R,G) with
dt:(h) € C(R,h) and hy = g; then 6%:(g) € C(R,H). In other words, any
G-isotopy with values in H is an H-isotopy, where the group H is defined
as in the theorem below.

(B) For any g € S (R, G) with §7(g) € C(R, ) one has Ad(g)h C b.
The following is proved in [16].

THEOREM 4.6
Let b be a Lie subalgebra satisfying the conditions (A) and (B). Define

H={heG: h=g1, where g€ SF(R,G), d5(g) € C(R,h)}.
Then H is a weak Lie subgroup of G with the Lie algebra b.

REMARK 4.7

The condition (B) is closely related to the notion of sigular foliations [18§]
whenever G = Diff(M). Namely it says that the distribution defined by h C
X.(M) integrates to a singular foliation.

EXAMPLE 4.8
Let w be a symplectic structure on M, and let §: QY (M) — X(M) be the
corresponding musical isomorphism.

We set (L is the Lie derivative)

LM,w)={XeX.(M): Lxw=0}
GM,w)={feDiff(M) : ffw=uw}.

Then L(M,w) is a Lie subalgebra of X.(M), and G(M,w) is its Lie group
in view of a well known result by Weinstein [19].

A smooth path of diffeomorphisms f(t) satisfying 6fy;q,, (f)(t) = X(t) €
L(M,w) for any t is called a symplectic isotopy.

A symplectic isotopy f(t) is Hamiltonian (or ezact) if opq ) (f)(t) =
X(t) € L*(M,w) for each t. Here L*(M,w) stands for the Lie algebra Hamil-
tonian vector fields, i.e. X € L*(M,w) iff «(X)w is exact, ¢ being the insertion.
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A diffeomorphism f of M is called Hamiltonian if there exists a Hamiltonian
isotopy f(t) such that f(0) =id and f(1) = f. The totality of all Hamiltonian
diffeomorphisms is denoted by G*(M,w).

It can be shown that G*(M,w) is a normal subgroup of G(M,w).

Observe that G*(M, w) is a Lie subgroup in the abstract sense. It is a usual
Lie group if and only if the group of periods of w (i.e. the image by the flux
homomorphism of the first homotopy group of G(M,w)) is discrete.

Analogous statements still hold for locally conformal symplectic structures,
cf. [7], in view of the existence the flux homomorphism and other invariants,
and for regular Poisson manifolds, cf. [14]. For singular Poisson manifolds all
groups in question admit only the structure of abstract Lie group.

5. LP-groups and LP-Lie algebras

In this section we recall the concept of LP-groups which can serve as an
example of abstract Lie groups.

A topological group G is called an LP-group if it is the projective limit
of finite dimensional Lie groups, i.e. there exists an inverse system of finite
dimensional Lie groups {Gq,p?} such that G = limproj{Gy,,p?}. Here the
index set A is directed and pg for « < (B denotes a continuous and open
epimorphism, which maps the Lie group Gz onto G, . In particular, one has
phopy=pl,ifa<f<~.

For every o € A there exists a canonical continuous epimorphism p,: G —
G and it holds p? o pg = pg, if a < 3. The mappings p, for @ € A can be
proved to be open.

Let us denote g, = Lie(G,) and let exp,:go — G, be the correspon-
ding exponential map. Then there exists a unique epimorphism Tpg: g —
ga such that expg oTpg = pg oexp, for o« < 8. If a < B < v, then the
equation p? o py = p, implies Tph o Tpy = Tpy, and {ga,Tp2} is an inverse
system of finite dimensional Lie algebras defining a topological Lie algebra
g = lim proj {ga, T3}

A topological Lie algebra is called an LP-Lie algebra if it is the projective
limit of an inverse system of finite dimensional Lie algebras. To every LP-
group G corresponds an LP-Lie algebra g, which we call the Lie algebra of the
LP-group G and denote by g = Lie(G).

Tt is well known [9], [6] that the Lie algebra Lie(G) is independent of an in-
verse system representing the LP-group G as the projective limit of Lie groups.
It follows from the categorical properties that there exists a unique continuous
lift exp:g — G of the mappings exp,:go — Gqo for a € A such that for
every a € A exp,, oI'po = pa © exp holds.

Moreover, for any a < 3 the following diagram
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Ty, Tpa
Ja a8 g
€XPqy €XPpg exp
B
Pao Pa
Ga G,@ G

is commutative.

In order to define explicitly exp, let us assume that G is represented as
a closed subgroup of the direct product [[ G, and that g is represented as a
closed subalgebra of the direct product [[go . Then we can define the lifted
map exp in the following way.

Given X € g, let {X, = Tpo(X)} be the corresponding element in [] gq -
Then one has X, = Tp2(Xp), if a < 3, and exp X is the element of G which
corresponds to {exp, X} of [[ G, .

If @ < 3 then exp, Xo = exp, (Tp2(Xp)) = pg(expﬁ X3) holds and this
implies the existence of exp X. Using the commutativity of the above diagram
we get the continuity of exp since the mappings p,, are open and the mappings
T'p, and exp, are continuous.

Every ¢ € A(G) defines an element ¢, = p, 0 ¢ € A(G,) for every a € A.
Since G, is a Lie group there exists a unique element X, € g, such that
©a(t) = exp, tX,. Then we have

exXpg tXa = @a(t) = pa o @(t) = pJ o ps o p(t)
= Pa(es(t)) = Palexpg(tXa))
= €XPqy tTpoe(XB))

for any a < 3. This implies that X, = Tp2(Xp), if a < 3. Consequently the
family {X,} defines an element X € g such that ¢(t) = exp(tX), t € R.

On the other hand every X € g defines a one-parameter subgroup X (t) =
exp(tX) of the LP-group G. Thus we have proved that every ¢ € A(R,G) is
defined by an element X € g.

Now we will prove the injectivity of exp. Let us assume that

exp(tX7) = exp(tXa2), X1, X2 €.
It follows that

exp, (tTpa(X1)) = pa(exp(tX1)) = pa(exp(tX2)) = exp, (tTpa(X2))

and hence Tp, X1 = TpaXo for every a € A. This implies X; = X5 and the
considered mapping is injective.

PrOPOSITION 5.1
For any LP-group G, A(G) is a Lie algebra and the exponential mapping

expaig 3 X — X € A(G)

is an isomorphism of Lie algebras.
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Proof (see also [2]). We have already shown that the this mapping is bijec-
tive. It remains to prove that it a homomorphism as well. We use the Trotter
formulae. Assume ¢1,p2 € A(G). Then for every a € A holds

(Pa© w1+ paowe)(t) =1 o 1 o E ’
Pa © Q1 Pa © P2 *kgrolo Pa © @1 Lk Pa A

= lim E 1 '
= dmpe (e ()2 (5))

and

[Pa © 01, Pa © 2] (1)

= lim o E o E o — E o — E .
= om Pa © P1 A Pa © P2 2 Pa © ¥L1 2 Pa © P2 %

= lim i i _L _t .

= k_)oopa ¥1 2 P2 2 ¥1 2 P2 2 .

This implies the existence of the limits

i (o (1) (5) |
(5 (1) (1) o (D) ()

Tt is true that p, 0 ;(t) = exp, (t(X;)o) for i = 1,2 and every a € A, so

o (g (o (1) (1))
i (o () ()

= (P © 1 + P © ©2)(t)
expy t((X1)a + (X2)a)

Pa © (1 + p2)(1)

for every a € A.
Moreover

Pa © [01, 2] () = pa (;Lffgopa (“pl (%) & <£> s (_%> 72 (_%>>k2>
-t (o1 (2 (1) (1) ()

= [poz ©P1,Pa © @2}@2)
= expy t2[(X1)a, (X2)al-
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Let X; = {(Xi)a} € g, @ = 1,2. Then p;(x) = exp(tX;), and we have

conditions

(1 + p2)(t) = exp(t(X1 + X2)),
[¢1, pa](t) = exp(t[X1, X2]).

We get that the mapping exp. is an isomorphism.

Finally let us mention the existence of a universal covering group for any
LP-group. Let g denote an arbitrary LP-Lie algebra and {ga,qg } an inverse
system of finite dimensional Lie algebras such that g = lim proj {ga, qa}

Let G, be a unique connected and simply connected Lie group correspon-
ding to g.. There exists a continuous and open epimorphism pa Gg — Ga,
if @ < 3 such that Tpg =q7.

We have that {Ga, pa} is an inverse system of Lie groups and it defines an
LP-group G = lim proj {Go, P2}

It can be proven that for any LP-Lie algebra g corresponds a unique simply
connected LP-group G such that g = Lie(G) defined in this way [2]. The group
G= Lie(g) is called the universal LP-group corresponding to the LP-Lie algebra
g.

Starting with a connected LP-group G = lim proj{G,, Tpa} we get its Lie
algebra g = lim proj {ga, Tpa}, which is an LP-Lie algebra and hence defines a
universal LP-group G = lim proj {Ga, P2}, The Lie group G, is the universal
covering group of the connected Lie group Gy, for every o € A. Let Go: Go —
G, denote the covering epimorphism. There exists a lift §: G — G of the
covering maps G, a € A, satisfying the equations p, © § = o © Po and the
following diagram

Ga Gﬁ é

Go qg q
pg Pa

Ga G,@ G

is commutative for any a < .

One can show that the mapping ¢ is a continuous homomorphism which
maps G onto a dense algebraic subgroup Go of G, but in general § is not a
covering mapping and even it need not be surjective.

However, in view of [2], the mapping ¢ is a continuous epimorphism if G is
an arcwise connected LP-group.
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6. LP-groups as abstract Lie groups

PROPOSITION 6.1

The projective limit of an inverse system of groups carries a natural group
structure. Moreover, if G = limproj {Gq,p3} is the projective limit of smooth
groups with smooth homomorphisms pg, then G is a smooth group and the
canonical projections po: G — G are smooth.

Proof. 1t is obvious that

fia o (P x pB) = pl o ug,
5_ .5

Vo O P = P O V3.

Taking (g1, 92) = {#a((91)as (92)a)}, € == {ea}t and {fa} ™! = {fs '} we see
that G is a group.

Next, to prove the second assertion we have to show that the mappings
wG x G — G and v:G — @G are smooth. Let f,g € S®(R,G). Then
w(fy9) == {pafasga)}, v(f) := {fs '}, where u, is the multiplication of G, .
Consequently, u(f,g) € S®(R,G) by definition, and p is smooth. Likewise,
the inversion v is smooth.

LEMMA 6.2

Let Xo, Yo be smooth spaces, « € A, and let X = limproj{X,,p2}, Y =
lim proj {Ya, ¢2} be the corresponding smooth spaces (cf. Proposition 2.4). If
for any o, fo: Xo — Yo is smooth such that qg o fg = fa opg for any o < 3,
then f = {fa} is smooth.

Proof. Let ¢ = {co} € S®(R,X). Then clearly foc = {fq0ca} €
S*(R,Y) and the lemma follows.

We have the following main result.

THEOREM 6.3

Let G be an LP-group. Then G admits the structure of an abstract Lie group.
Moreover, the Lie algebra of G coincides with the Lie algebra defined by the
abstract Lie group structure of G, and expg coincides with that defined by
Evol,.

Proof. Let G = limproj G, where {G,,p2} is an inverse system of finite
dimensional Lie groups, be an LP-group.

Let g = lim proj g,, where g, = Lie(G,) is the Lie algebra of G,. Let us
define Evolg; as the projective limit of the corresponding inverse system of the
mappings Evolg_,

Evolg := lim proj Evolg .

This definition is correct since for any a < 3 we have that the following diagram
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(Tp2).

COO(R7QQ) COO(R795)

Evolga Evolgﬁ
o ()« .
SER,Ga) ——— SZ(R,Gp)

commutes in view of Corollary 3.6.

Evolg; is bijective. In fact, this follows by the bijectivity of Evolg_ for any
a € A and the general property of projective limits. Thus we have showed that
the set of smooth curves S°(R, G) is defined by the bijective map Evolg, .

In order to show that (G1) is satisfied it suffices to check that

S*(R,G) = | S*(R,G).g
geG

is indeed a smooth structure. That all constants belong to S®(R, G) follows
from (G2) proved below. Next let g € S*(R,G) and f € C*(R,R). By using
the translation by g(0)~! € G and the condition (G1) we may assume that
g € S*(R,G), i.e. ¢ = Evoli:(X). Next in view of Corollary 3.5 one has

Evoli; (X)(f(t)) = Evolg (f'.(X o f))(t).Evolg (X)(f(0)).

Consequently, g o f = Evol;(X) o f € S®(R,G). Thus (G1) is fulfilled.
Specifically, the following diagram

(Tpl).

o) [e%s} (T )* [e’e)
C®(R, ga) C®(R,gg) ~—— C=(R,g)

Evolga EVOlgﬁ Evolg

B
S®(R,G) L2 S2(R,Gy) -2 SR, G)

is commutative for any a < .
To check (G3) let f € S®(R,G) and let f* € Map(R,G) is given by
@) = f(At) = {fa(Mt)} for A € R. Then, due to (G1), f* € S*(R,G)

and we have

36 (f) = {06, (f2)} = {06, (fa)} = MG, (fa)} = AG(f)-

Next the condition (G4) follows from Lemma 6.2 as for ¢ = {gn} € G one
has Adg(g) = {Adg, (9a)}-
The condition (G5) holds by the componentwise computation

06(f9) = {06, (faga)} = {06, (fa)} + {Adc. (fa) 0c, (9a)}

= {06, (fa)} + {Ade, (fa) HoG, (94)}

= 0¢(f) + Ade(f) dc(9)-
)

In order to show (G6) let us observe that the following diagram
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B
S®(R,Ga) P so(R,Gp) P SR, Q)
ev(f ev? evy
B
Ga < G,@ i G

is commutative, where evy := lim projev{, since

psoevilp) = ps{evi(pa)}) = evi(iws) = ws(1) = pg,(p(1))
= oV} (p.. ().
Hence
evy o Bvolg({fa}) = {evf o Evolg_(fa)} € G,

and in view of Lemma 6.2 the condition follows.

Finally we have to prove (G2). The first assertion is fulfilled by the definition
of Evoli;. Now let ¢ € Ag(G). Then ¢ = {p,} and ¢, € Ag(G,). For any
o < B one has ¢, = pl o pg. If o, = expg_(Xa) then for X = {X,} we have

d
E|op§(expcﬁ (tX5)) = T3 (Xp).

On the other hand

d
70 &P, (tTp5(Xp)) = Texpg, Tpi(Xp) = Tpo(Xp).
and
Ph(expg, (0)) = ea = expg_ (0).
So we have
ph(expg, (tXp)) = expg, (tTp5(X5))

if @« < 8. Consequently, we have X = {X,} € g = limproj g, and exps(X) =
¢ as required. (G2) is then proved.

From the above considerations it is clear that g = limprojg, = Lie(G).
Moreover for X € g

expg(X) = Evolg (X)(1) = {Evolg, (Xa)(1)} = {expg,, (Xa)}
so we have exp, = lim proj expg_ -
From the above proof it follows the following

COROLLARY 6.4
If G is an LP-group then A(G) = Ao(G).

Finally we have



140

Jacek Lech, Tomasz Rybicki

THEOREM 6.5

Let G be a connected locally compact topological group. Then G admits the stru-
cture of an abstract Lie group. Furthermore its Lie algebra and the exponential
mapping are the same as those determined by the abstract Lie group structure.

Proof. In fact, by Yamabe theorem such a G can be expressed as the

projective limit of an inverse system of finite dimensional Lie groups. Moreover,
one defines g = Lie(G) and exp, independently of the inverse system chosen,
so Theorem 6.3 applies to G.
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Zenon Moszner
Sur la fonction de choix et la fonction d'indice

Dédié a M. le Professeur Andrzej Zajtz, mon Collegue,
a loccasion de son 70 °™° anniversaire

Résumé. On consideére quelques problémes au sujet des solutions des équa-
tions fonctionnelles conditionnelles

Fx)NF(y)#0 = F(xy)=F(x)NF(y), (%)

ou F: E* := J2°, E™ — 2P\ {0}, E est un ensemble arbitraire et pour
chaque x = (1,...,Zn) et y = (y1,...,ym) de E*, xy = (21,...,Zn, Y1,
.y Ym), €t

fla)-f(b) #0 = fla+b) = f(a)- f(b), ()

ol
f:A(p) ={(a,...,ap) € A" : ar = 0} \ {0} — B(p),

A,B € {Z,Q, A = le corps des nombres algébriques, R}, 0 = (0,...,0) €
AP a = (ala"'vap) € A(p)a b= (bla--'vbp) € A(p)a a+b= (al +
bi,...,ap + bp), a-b = (a1 -bi,...,ap - bp). Entre autres, sous quelles
conditions, pour la solution F de () (la fonction de choix), F'(xy) est-elle
une fonction de F(x) et F(y), ou pour la solution f de (xx) (la fonction
d’indice), f(a+b) est-elle une fonction de f(a) et f(b), quand la solution
de (*) est en méme temps une solution du conséquent de I'implication (*)
et est-ce que le prolongement de la solution de (x*) existe ? On considere
aussi les modifications de ’équation (xx), entre autres ’équation suivante

fla) - f(b) =0 <= fla+b)=f(a)- f(b) (wxx)

et les inclusions (les équations) pour les fonctions multi-valentes Z(t),
lies aux équations (xx) et (#*x), de la forme suivante

ﬂ Z(t)m) + ﬂ Z(t)j“) C ﬂ Z(t)i(t)j(t)

teT teT teT

() 20" + () 20 = () 2@ )

teT teT teT

(skskorok)

AMS (2000) Subject Classification: 39B22.
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et les inclusions (les équations) conditionnelles
Tier: i(1)j(t) #0 <= (skxx) et Vier: i(t)j(t) =0 <= (skkx),

ot T est un ensemble arbitraire, (G, +) est un groupoide, Z(t): T — 2¢
est une fonction cherchée, Z(t)* = Z(t), Z(t)° = G\ Z(t), qui doivent
avoir lieu pour chaques fonctions (t),j(t): T — {0, 1} non-idéntiques
zéro. On pose aussi quelques problemes ouverts.

1. Function de choix

F.S. Roberts a introduit dans [13] et [14] une fonction, qui peut étre nommée
la fonction de choix, de la manieére suivante. Soit ' un ensemble non-vide et
définissons la fonction F: E* :=J;2 | E" — 2\ {0} comme il suit

F(z1,...,z,) est ensemble des éléments de E qui paraissent (1)
le plus souvent dans la suite z1,..., 2z, .

On peut interpréter la valeur F(z1,...,2,) comme le résultat de I’élection :
I’électeur premier donne sa voix au candidat z1, le deuxieme au candidat =5 et
caetera, ’ensemble F(x1,...,x,) est lensemble des candidats qui recevoient le
plus des voix.

Cette fonction F' remplit la condition suivante [13]

Fzy,...,z) N (F(y1, -y ym) 0
== F(xla"'axnayla"'aym):F(xla"'axn)mF(yla"'aym)a

2)

pour chaques n et m entiers et positifs, en abrégé
Fx)NF(y) #0 = F(xy)=F(x)NF(y) (2')

pour Chaque X = (‘rla s >xn)7 y = (yh cee 7ym) de E*a Xy = (xla sy Ty YL,

.yYm), qui a linterprétation suivante : si pour deux circonscriptions avec
les élections x1,...,T, €t yY1,...,Ym il existe au moins un candidat qui a
gagné ’élection dans ces deux circonsciptions alors dans la circonscription com-
mune de ces deux régions ces candidats et seulement ces candidats ont gagnés
I’élection qui ont gagnés le choix dans chaque de ces deux régions. Nous nom-
mons la solution F' de (2) la fonction de choiz.

L’équation

F(z1,. Ty Y1y -y Ym) = Fz1, .. 20) N F (Y1, -, Ym)
(F(xy) = F(x) N F(y))

dans le conséquent de I'implication (2) ou de l'implication (2’) est condition-
nelle : nous pouvons exprimer F(xy) comme une fonction de F(x) et de F(y)

(3)
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mais sous la restriction que F(x) N F(y) # 0. Nous nommons pour cette rai-
son la condition (2) ou (2') ’équation fonctionnelle conditionnelle. Il se pose la
question : est-ce qu’on peut exprimer F(xy) comme une fonction de F(x) et
de F(y) sans aucune restriction ? La réponse & cette question est négative. En
effet, supposons qu’il existe une fonction ¢ telle que

F(z1, . Ty Y1y oy Ym) = O[F (21, s xn), Fy1, - -y Ym)] (4)
pour chaques n et m entiers et positifs ou en abrégé
F(xy) = ¢ [F(x), F(y)] (4')
pour tous x,y € E*. Dans ce cas, pour z,y € F, z # y

{a} = F(z,2,y) = ¢[F(z,2), F(y)] = ¢ [F(2), F(y)] = F(z,y) = {z, y},
donc une contradiction.

11 existe des functions qui remplissent (2) et pour lesquelles il existe une
fonction ¢ satisfaisante a (4). Telle est chaque fonction remplissante (3) (par
ex. chaque fonction constante) et aussi la fonction F(z1,...,2,) = {21}, qui
remplit (2), ne satisfait pas a (3) et pour laquelle la fonction ¢p({z}, {y}) = {z}
satisfait a (4).

Remarquons que la fonction F' vérifiant (2) satisfait & (3) si et seulement si
F(x) N F(y) # 0 pour chaque x,y € E*. Cela ne désigne pas que

M Fx)#0. (5)

En effet, si E est infini, (3) est remplie pour la fonction

F(zy,...,xn) = E\{21,...,2,} (6)

et la condition (5) n’a pas lieu. Pour E fini la fonction (6) n’est pas bonne
puisque elle prend comme la valeur I’ensemble vide 0.

La fonction F' qui satisfait au conséquent de (2) doit étre symétrique,
puisque l'intersection des ensembles est commutative. On voit plus haut que
cette symétrie ne suffit pas et elle n’est pas nécéssaire pour que la fonction F'
remplisse (2).

Il se pose donc la question : quelle est la condition suffisante et nécessaire
au sujet d’une fonction F satisfaisante & (2) pour qu’il existe la fonction ¢
vérifiant (4) pour cette fonction F'? La réponse a cette question donne le
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THEOREME 1
Il existe une fonction ¢ satisfaisante a (4) pour la fonction F vérifiant (2) si
et seulement si

F(x)=F() et Fly)=F(v) e Fx)NF(y)=0 = F(xy)= F(uv)
pour chaques x,y,u,v € E*.

Démonstration. L’implication ,,seulement si” est évidente. Pour la démon-
stration de ,,si” remarquons que la fonction ¢: (2E \ {Q)}) — 2F définie pour
B,C € F(E*) comme il suit

#(B,C) = F(xy) pour F(x) =Bet F(y) =C
et arbitraire sinon, ne dépend pas du choix de x et y et elle remplit (4').

On peut donner I'interprétation suivante de cette condition. Considérons la
relation R définie comme il suit

xRy < F(x)=F(y)

pour x,y € E*. Les classes d’équivalence de cette relation sont nommeées les
noyaux de la fonction F'. La condition en question désigne pour la fonction
F vérifiant (2) que la relation R est compatible avec I'opération (x,y) — xy
(elle est une congruence).

Remarquons que la fonction ¢ vérifiant (4) doit avoir la propriété de I’asso-
ciativité sur 'ensemble F(E*) x F(E*), c. a d.

¢[0(B,C), D] = ¢[B,¢(C,D)]  pour B,C,D € F(E").

Inversement, il existe pour chaque fonction ¢: (27 \ {0}) x (2Z\ {0}) —
(2 \ {0}) associative une fonction F: E* — (2F\ {0}) vérifiant (4). En ef-
fet, il suffit de prendre F: E — (2% \ {0}) arbitraire et définir F' sur E* \ E
récursivement par la formule

F(xy) = ¢[F(x), F(y)] poury € E* ety € E.

De plus, chaque fonction F' qui remplit (4) avec ¢ donnée doit étre obtenue par
cette méthode. Cette fonction F' naturellement ne doit pas satisfaire & (2). Elle
remplit (2) si ¢(B,C) = BNC pour BNC # 0.

2. Fonction d'indice

Supposons a présent que l'ensemble E a p éléments vi,...,v, et soit
r1,..., Ty la suite des éléments de E telle que nous avons au début a; fois
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Iélément vy, puis ap fois I'élément vy, et caetera, a, fois I’élément v, , olt
ai, ..., ap sont des nombres entiers non-négatifs et aq + - - - + a, = n. Soit Z(p)
I’ensemble de toutes suites de p éléments des nombres non-négatifs et entiers
sauf la suite de zéros, désignée dans la suite par 0. Nous allons définir la fonction
nouvelle

f=(f1,-5 fp): Z(p) — O(p) := {0, 1}"\ {0}

par I’équivalence suivante
frlar,...;ap) =1 <= v, € F(x1,...,%n), (7)
ou la fonction F' est définie dans (1), ou bien par 1’équivalence
felar,...,ap) =1 <= ap > q; pouri=1,...,p. (8)

Cette fonction f est nommée la fonction d’indice puisque elle indique par ses
valeurs 1 quels sont les candidats qui gagnent ’élection. Cette fonction f remplit
la condition suivante [14]

fla)-f(b) #0 = fla+b) = f(a)- f(b), (9)
oua=(ai,...,ap) € Z(p),b=(b1,...,bp) € Z(p), a+b = (a1+0b1,...,a,+bp),
a-b=(a1-b1,...,ap - by). Nous nommons dans la suite par la fonction d’in-

dice chaque solution de 1’équation conditionnelle (9). La relation f(a) - f(b) # 0
désigne que des vecteurs f(a) = (fi(a),..., fp(a)) et f(b) = (fi(b),..., fp(b))
ne sont pas orthogonaux puisque elle est équivalente & la condition f1(a)f1(b)+
-+ fp(a) fp(b) # 0, car chaque des fonctions fx (k=1,...,p) a seulement les
valeurs non-négatives.

Il existe des solutions de cette équation qui ne sont pas de la forme (8) et
cette équation a déja sa théorie (voir [1]-[6] et [9]-[17]). En particulier chaque

solution f = (f1,..., fp) de (9) a la forme suivante
1 pour x € Zj,
= 10
fi(a) {0 pour = € Z(p) \ Z, (10)
pour k=1,...,p, ot les ensembles Zy, ..., Z, remplissent les conditions
Z1U...UZ, =Z(p), (11)
11,y ip] 0
(i1 pip) # (12)

= Z'N..NZr+Z{'n...nZrczpn... 0z,

pour tous i, jr € {0,1}, ou Z} = Z;, Z9 = Z(p) \ Z; pour i = 1,...,p et
Ei+E;:={a+b: a€ Ey, b€ Ey} pour By, Ey; C Z(p) (voir [9], ou la
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démonstration est donnée pour les nombres réels au lieu des nombres entiers,
dans notre cas la démonstration est la méme) et réciproquement.

Les ensembles 7, vérifiant (11) et (12) sont fermés par rapport & 1’addition.
En effet pour chaque a € Z(p) et pour chaque j € {1,...,p} il existe un ¢;(a)
tel que a € Z;-j(a). Supposons que ¢ € Zj et d € Z, donc ig(c) = 1 = ig(d).
Donc de plus, d’apres (12)

11(c ; i1 (d .
c+de 2N nzr© 4 200 0z @
c z2@n@D Zip(@ind) ¢ Zir (i@
= 7.

11 est intéressant que la condition (12) est équivalente & la suivante [3]

Viief,...pt Vit io i geefoa} ¢ (1171,0272) # (0,0) = (12/)
ZpNZPE+ 72 0z Zp0 0z,

c. & d. & la condition de la forme (12) mais demandée seulement pour chaque
deux ensembles parmi les ensembles Zy, ..., Z,. Remarquons que nous avons
22p=1 4 9p=1 _ 271(3P 4 1) inclusions essentielles (c. & d. différentes et pour
(4141, .-+, tpjp) # 0), qui nous trouvons dans le conséquent de (12) et il y a
seulement 2~ p(5p— 3) inclusions de cette sorte (pour (i17j1,i2j2) # (0,0)) dans
le conséquent de (12') (alors moins si p > 2). Les autres conditions équivalentes
a (12) sont données dans [3]. Remarquons enfin que p? est le nombre le plus
petit des conditions équivalentes a (12) et ces sont les conditions suivantes [3]

Vie{l,..py + Zk+ 2k C Zg
et (12//)
Videft, ph kbl : L+ ZkNZ) C ZyN ZY.

Ces conditions forment un systéme des relations indépendantes entre les en-

sembles Z1, ..., Z,. En effet, considérons les deux exemples suivants.
EXEMPLE 1

Sipour un j € {1,...,p} Z; = {(z1,...,2p) €Z(p) : z2 = ... = x, = 0 ou
r1 =23 =...=xp =0}, Z; = Z(p) pour chaque i = 1,...,p, i # j, dans ce

cas seulement l'inclusion Z; + Z; C Z; n’a pas lieu parmi les relations (12").

EXEMPLE 2

Sipour un j € {1,...,p} Z; = {(x1,...,2p) € Z(p) : z3=... =z, =0cet
1 = T2}, Zm = Z(p) pour un m € {1,...,p}, m # j et Z; = ) pour chaque
i€{1,...,p}, j #i+# m, alors seulement 'inclusion Z,, + Z,, N Z;’ C ZmN ZJQ
n’a pas lieu parmi les relations (12”).
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Ici, la condition nécessaire et suffisante pour que f(a + b) soit la fonction
de f(a) et f(b) pour une solution de (9), c. & d. pour qu’il existe une fonction
1 telle que

fla+b) =9[f(a), f(b)]  poura,be Z(p),

est suivante

fla)-f(b) =0, fla)=f(c) et f(b)=f(d) = fla+b)=flc+d) (13)

pour tous a,b,c,d € Z(p). Cela désigne que la relation apb <= f(a) = f(b)
est compatible avec 1’addition.

Nous allons démontrer que la fonction f donnée par (7) pour la fonction
F(z1,...,2y) = {z1} remplit la condition (13). Remarquons d’abord que (7)
nous donne pour chaque k € {1,...,p}, (0,...,0,¢x,...,¢ep) €EZ(p) et e #0

f(0,...,0,ex,...,e,) =(0,...,0,1,0,...,0), (14)
k

donc f(a) = f(c) désigne qu'’il existe un k tel que a, = 0 = ¢, pour v =

1,...,k—1et ap # 0 # ci et analogiquement f(b) = f(d) désigne qu’il existe

stel que b, =0 =d, pour pu =1,...,s —1 et by # 0 # ds. Nous pouvons

supposer que k < set danscecasa; +b; =0=c¢; +d; pourt=1,...;k—1

et ay + by # 0 # ¢ + di, done f(a+0b) =(0,...,0,1,0,...,0) = f(c+d). On
k

peut de méme démontrer que notre fonction f remplit (9) et que pour cette
fonction

Zy=A{(c1,...,¢cp) €Z(p): c1=...=cp—1 =0et ¢ #0}. (15)

On peut faire au sujet de la fonction 1 les remarques analogues comme pour
la fonction ¢ en fin de la partie 1.

Remarquons que la fonction f remplissante (9) satisfait au conséquent de
(9)

fla+b)=f(a)- f(b) (16)

si et seulement s’il existe au moins un k € {1,...,p} tel que fr(a) = 1 pour
chaque a € Z(p), c. & d. si et seulement §’il existe un k € {1,...,p} tel que
Zy = Z(p) (la démonstration est la méme que dans [10] pour les nombres
réels). Pour 'ensemble E fini, la fonction F' symétrique vérifiant (2) satisfait a
(3) si et seulement si la fonction f bien définiée par (7) satisfait a (16), donc
si et seulement §’il existe un k tel que vy € F(x) pour chaque x de E*, alors si
et seulement si la condition (5) a lieu.

Nous avons donc le

THEOREME 2
Pour l'ensemble E fini la fonction F:E* .= )., E™ —2F\ {0} satisfait a

n=1

(3) pour tous x,y € E*, si et seulement si elle remplit (2) et (5).
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Ce théoreme n’est pas vrai pour ’ensemble infini, méme si la fonction F' est
symétrique (voir la fonction (6)).

Puisque f(z) = (i1,...,4p) pour = € Zil N...N Zy, donc nous avons le
théoreme suivant :

THEOREME 3
Pour une solution f de (8), f(a + b) est une fonction de f(a) et f(b) si et
seulement st

Y(i1sernsin)s(G1eensdip)EO(P) (k1 ,ernskp)EO(p)

ZYN. . NZE+Z N NZ CZ7 N N 2,0
D’apres (11) ce théoreme est intéressante seulement pour (¢1j1,...,4pjp) =
0.
Pour les ensembles Z1, ..., Z, disjoints la condition (11) désigne que ces

ensembles sont fermés par rapport a ’addition et la condition (17) est équiva-
lente a la suivante

Vije(l .oy Tke{1,.py: Zi+2Zj C Zy.

Ces deux conditions sont remplies par exemple par les ensembles (15), ici k =
min (4, 7).

La fonction f donnée par (8) ne remplit pas la condition (17). En effet,
supposons que pour (i1,...,3) = (1,0,...,0) et (j1,...,7p) = (0,1,0,...,0) il
existe ki,...,k, € O(p) tells que (17) a lieu. Puisque f(n,0,...,0) =
(1,0,...,0) et f(0,m,0,...,0) = (0,1,0,...,0) pour n et m entiers et posi-
tifs,

(n,m,0,...,0) = (n,0,...,0)+ (0,m,0,...,0)
€eZin..nZr+z{n...nZpr
cZ{n...nZk,

donc f(n,m,0,...,0) = (ki,...,k,) pour chaques n et m. Mais, d’apres la
définition de f ona f(n,m,0,...,0) =(1,0,...,0) pourn > met f(n,m,0,...,
0) =(0,1,0,...,0) pour n < m, donc une contradiction.

La fonction f définie par (7) est bien définie puisque elle a les valeurs dans

lensemble O(p) et de cette raison elle remplit I’équation (9). Elle peut étre
définie équivalentement aussi comme il suit

frlar,...,ap) #0 <= v, € F(x1,...,2n), (7)

mais si nous considérons la fonction f = (fi,..., fp):Z(p) — Z(p), donc &
valeurs dans Z(p), telle que seulement (7') a lieu, cette fonction ne doit pas
remplir (9), elle satisfait seulement & la condition

fla) - f(b) #0 = Vieq,..p} (fla+b) #0 < fi(a) fr(b) #0) (9)
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équivalente & la condition que la fonction sgn f satisfait & (9), o sgna = 1 pour
x> 0etsgn0=0etsgn(ai,...,ap) = (sgnas,...,sgna,) pour (ai,...,a,) €
Z(p). La fonction f vérifiant (9") doit avoir la forme analogue & (10)

fr(x) arbitraire positive pour z € Zj, et fi(x) = 0 pour z € Z(p)\Zr, (10')

pour k =1,...,p et pour les ensembles Z1,. .., Z, vérifiant les conditions (11)

t (12) (la démonstration analogue & celle de [8]). Puisque (9) entraine (9'),
mais pas inversement, il est naturel, mais pas nécessaire, en considérant (9),
supposer que f a les valeurs dans O(p). Puisque il existe des solutions de (9)
qui ont les valeurs en dehors de O(p), p. ex. pour p = 2 : f(n,m) = (2", 0) pour
n > met f(n,m)=(0,1) pour n < m, il est donc interéssant quelles solutions
de (9) ont les valeurs seulement dans O(p) (voir [2], [3], [8], [9]). Puisque la
fonction f = (f1,..., fp): Z(p) — Z(p) vérifiant (9) doit avoir la forme

[ gn(2) pour z € Zj,
fk(x){() pour x € Z(p) \ Z,

o gi: Z(p) — Z est telle que

gr(a+b) = gx(a) - gr(b)

et Z1,...,Zy, remplissent (11) et (12), donc le théoréme 3 est vrai pour cette
fonction. Au contraire 'implication ,,si” dans le théoréme 3 n’est pas évide-
mment vraie a cause de (10") pour la fonction f:Z(p) — Z(p) satisfaisante &
(9") (Vimplication ,,seulement si” est vraie puisque sgn f satisfait & (9)), mais
la condition (13) est nécessaire et suffisante pour que f(a+ b) soit une fonction
de f(a) et f(b) dans ce cas.

3. Geénéralisations de la function d'indice

En généralisant ses considérations F.S. Roberts dans [14] remplace ’en-
semble Z(p) des nombres entiers par 'ensemble Q(p) des suites de p-éléments
des nombres rationnels non-négatifs sauf 0 ou par ’ensemble

R(p) = [0, +00)" \ {0}

(cela désigne que nous considérons les choix avec les poids — la voix de chaque
électeur a un poids rationnel ou réel, pas nécessairement égal a 1).

Les considérations plus haut sont valables aussi pour les ensembles Q(p) et
R(p) au lieu de Z(p). Les ensembles Zj forment dans ce cas des cones sur le
corps des nombres rationnels [9]. De plus, dans le cas de R(p) au lieu de Z(p)
les ensembles Z1, ..., Z, dans les exemples 1 et 2 forment les cones sur R.

Il est intéressant remarquer qu’on ne peut pas remplacer l'inclusion ,,C”
par 1’égalité ,,=" dans les conditions (12) et (12'), méme, si nous remplagons
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Z(p) dans ces conditions par Q(p) ou R(p). En effet, les ensembles Z; = Z(p)
(Q(p) ouR(p)) et Zy = ... = Z, = () remplissent (11) et (12) (alors aussi (12'))
pour Z(p) ou Q(p) ou R(p) respectivement mais nous avons

Z0N..NZy+ 20 0. N2 =0+ Z1=0# 277 NN 2 = 73
pour iy =iy =j1 =1,i3 =... =1ip = jo = ... = jp = 0, et analogiquement
ZINZI+ZnZ) =0+ 20 =04 21N 20 = 7.

La méme situation a lieu pour la condition (12”) dans le cas de Z(p), puisque
Z(p) + Z(p) # Z(p) car (1,0,...,0) € Z(p) et (1,0,...,0) € Z(p) + Z(p).
Mais si nous considérons la condition (12”) pour Q(p) ou R(p), elle implique
la condition

Vie(t,..p} * Zk+ 2k = Zk
et (12///)
Vide{t . ph kot © L+ ZeNZ) = ZN Z).

En effet, puisque Z1, ..., Z, vérifiant (12”) (donc aussi (12)) forment les cones
sur Q ([7]), donc %Z,g C Z} pour chaque k=1,...,peti=0,1et de I

a) sl x € Zy, alors © = %x—&—%xe Zy + Zy,

b) siz € ZyNZ, alors v = Lz + tu € Z; + Z).
La fonction vérifiant (16) satisfait naturellement & (17). On peut aussi voir cela
directement. Puisque pour la solution de (16) au moins un Z = R(p) (voir [9]),
alors Z;* = 0 ou Z}* = () pour ij; = 0, d’olt la condition (17) pour i-j =0
est remplie car dans ce cas

Zin..nZr+z'n...nZr=0.

Cette condition n’est pas naturellement nécessaire pour que (17) ait lieu, les
considérations plus haut au sujet de la fonction (14) cela montrent.

4. Prolongements

Les généralisations de ’ensemble Z(p) aux ensembles Q(p) ou R(p) impose
la question : est-ce que chaque solution de (9) sur Z(p) posséde un prolongement
(unique ?) sur Q(p) (sur R(p)) ?

Pour démontrer la réponse positive dans le cas de Q(p) nous allons montrer
tout d’abord le

LEMME 1
La solution f de (9) sur Z(p) est stable sur chaque ensemble Z(a) = D(a)NZ(p),
ot D(a) = {ta: t € (0,+00)} pour a € Z(p).
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Démonstration. Pour chaque a € Z(p) il existe un a* € Z(a) tel que Z(a) =
{na*: n € N}. Nous avons f(na*) = f(a*) pour chaque n € N, d’ot1 la thése.
THEOREME 4
Chaque solution de (9) sur Z(p) posséde un prolongement unique sur Q(p).

Démonstration. Soit f une solution de (9) sur Z(p) donnée par (10), et
soit D(a) = {ta: t € (0,+00)} pour a € Q(p). Il existe pour chaque a € Q(p)
un b € Z(p) N D(a). Nous posons g(a) = f(b). La définition de la fonction g
ne dépend pas du choix de b puisque si by,ba € Z(p) N D(a), alors D(a) =
D(by) = D(b2) et f(b1) = f(b2), d’apres le lemme 1. Pour ¢ € Z(p) nous avons
¢ € Z(p)ND(c), alors g(c) = f(c), donc g est un prolongement de f de Z(p) sur
Q(p). Nous allons montrer que g remplit (9). Il existe pour z € Q(p) unn € N
tel que nz € Z(p) N D(x) et dans ce cas knx € Z(p) N D(p) pour chaque k € N.
Analogiquement il existe pour y € Q(p) un m € N tel que my € Z(p) N D(y)
et donc kmy € Z(p) N D(y), k € N. Il en résulte que mnz € Z(p) N D(x) et
mny € Z(p) N D(y), alors mn(x+vy) € Z(p)ND(x+y) et de 1a g(x) = f(mnz),
9(y) = f(nmy), g(mn(z +y)) = f(mn(z + y)).

Sig(x)-g(y) # 0, donc f(nx)-f(my) # 0, alors f(mn(z+y)) = f(mnx)-f(nmy),
d'ou g(z +y) = g(z) - g(y).

Soient & présent g1, g2 deux solutions de (9) sur Q(p), étant des prolonge-
ments de f. Remarquons que g(nz) = g(x) pour chaque n € N si g remplit (9).
11 existe pour chaque € Q(p) un n € N tel que nz € Z(p). Nous avons

91(z) = g1(nx) = f(nz) = ga(nx) = ga(x)
et alors le prolongement de f est unique.

COROLLAIRE 1
Chaque solution de (8) sur Q(p) est stable sur chaque ensemble

Q) N{ta: t€ (0,+0)}  pour a € Q(p).

Cela résulte d’apres le lemme 1 de 'unicité du prolongement dans le théo-
réme 4. Il résulte cela aussi de ’équation (9) puisque pour la solution f de cette
équation on a f(qx) = f(x) pour chaque ¢ € Q et x € Q(p).

Nous entendrons dans la suite par une demi-droite de la direction ,,a” ’en-
semble {(z,ax) : = € R(1)} pour a réel, non-négatif et par la demi-droite de
la direction +o0o0 Pensemble {(0,y) : y € R(1)}. Nous comprenons la direc-
tion +00 comme rationnelle et nous prenons par une demi-droite rationnelle
I'intersection de chaque demi-droite de la direction rationnelle avec I’ensemble

Q(2).

Pour donner la réponse partielle au sujet du prolongement de la solution de
(9) de Q(p) & R(p) nous allons démontrer les deux lemmes.
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LEMME 2

La fonction f = (f1,f2):Q(2) — O(2) (R(2) — O(2)) remplit (9) si et
seulement si les ensembles Z; sur lesquels f; =1, i = 1,2, satisfont aux condi-
tions

Zi+ Z; C Z; pouri=1,2, (18)
042y C 20, Z9+ 71 C Z9 et Z1 U Zy = Q(2) (ouR(2)).
Rappelons que Z? désigne le complément de Z; a Q(2) (ou a R(2)).
La démonstration du lemme 2 dans le cas R(2) est donnée dans [9] et elle
est analogue pour Q(2).

Remarquons que la condition premiere dans (18) désigne que l'ensemble Z;
est fermé par rapport a ’addition et que pour les ensembles Z; et Zs disjoints
(18) est équivalente a la condition

Zi+ Z; C Z; pour i = 1,2 et Z; U Zy = Q(2) (ou R(2)), (19)
puisque Z) = Z, et Z9 = Z; dans ce cas.

LEMME 3

Les ensembles différents Z1,Zo C Q(2) remplissent (18) si et seulement s’il
existe une demi-droite D telle que Zy est la partie de Q(2) située d’un cété de
D avec D ou non et Zy se compose des points de Q(2) qui se trouvent de Uautre
coté de D avec D ou non et Z1 U Zy = Q(2).

Démonstration. La condition ,,si” est évidente. Si Z; et Zs remplissent (18)
dans ce cas, d’apres le corollaire, chaque demi-droite rationnelle est contenue
dans Z; ou elle est disjoint avec Z; pour ¢ = 1,2. Puisque Z; est fermé par
rapport a ’addition donc I’ensemble des directions des demi-droites rationnelles
contenues dans Z; forme un intervalle I; dans 'ensemble [0, +00]N[QU{+0c0}].
Si les ensembles Z; et Z5 sont disjoints, les intervalles I7 et Is sont aussi disjoints
et [; Ul = [0,+00] N [Q U {400}]. 1l existe alors un « € [0, +o0] tel que un
de ces intervalles est de la forme [0, N [Q U {+o0}] et Pautre de la forme
|, +00] N [Q U {+00}], olt @ appartient au plus & un de ces intervalles. La
demi-droite D dans le lemme c’est la demi-droite de la direction a.

Si les ensembles Z; et Z3 ne sont pas disjoints, il existe seulement une demi-
droite rationnelle Dy C Z1 N Z3 (cette demi-droite a naturellement la direction
rationnelle). En effet, supposons au contraire qu’il existe deux demi-droites
rationnelles différentes Dy et Dy dans Z1NZ; . Il existe dans ce cas un a € Q(2)
et un r > 0 tels que K(a,r) = K*(a,7) NQ(2) C Z1 N Zy, ou K*(a,r) est un
disque dans R(2). Puisque Z; # Z3, il existe soit un z € Z; U Z§ N Zy , soit un
x € Z1 N ZY. 1l existe aussi un ¢ € Q tel que |gz| < r, donc a + qx € K(a,r),
alors a+qx € Zy , mais gz € Z9 , d’'ov a+qz € Z,+Z8 C Z9 d’apres (18). Nous
avons une contradiction, il existe donc seulement une demi-droite rationnelle
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contenue dans Z; N Z5 et cette demi-droite joue la role de la demi-droite D
dans notre lemme.

THEOREME 5
Il existe toujours un prolongement de la solution de (9) pour Q(2) sur R(2)
stable sur chaque demi-droite, mais pas unique.

Démonstration. Soient Z; et Zy les ensembles déterminés par une solution
fde (9) sur Q(2). Si Zy = Z2, on a Zy = Zy = Q(2), donc f = (1,1), alors
g = (1,1) sur R(2) est un prolongement de f. Si Z; # Z3 soit D la demi-droite
donnée dans le lemme 3 et « sa direction. Si « est le nombre irrationnel, alors
Z1 et Zy sont disjoints et les ensembles Z; = cl Z; (la fermeture de Z; dans
R(2)) et Zy = cl Z3\ D forment deux ensembles disjoints remplissants (19) pour
R(2), donc satisfaisants & (18). La méme situation a lieu pour les ensembles
Zy =clZy\ D et Zs = cl Z, donc 'unicité n’a pas lieu dans se cas.

Si « est rationnelle et

a) D C Z1NZy, posons Zy =clZy et Zo =clZy,
b) D est contenue seulement dans Z7, posons Zq = cl Z; et Zo = cl Z3\ D,

¢) D est contenue seulement dans Zs, posons Zy =clZ1\ D et Zo =cl Z,.

On voit que les ensembles Z; et Zy remplissent la condition (18), donc la
fonction g = (g1, 92): R(2) — O(2), pour laquelle g;(z) = 1 si et seulement si
x € Zi pour i = 1,2, est un prolongement de f sur R(2).

Ce prolongement ne doit pas étre unique aussi de cette raison qu’il existe
des solutions de (9) sur R(2) qui ne sont pas stables sur les demi-droites D(c).
Telle est la fonction dans 'exemple suivant.

EXEMPLE 3

Soit g la fonction pour laquelle les ensembles Z; et Zs sont définis comme il suit.
Soit B la base de Hamel des nombres réels sur le corps Q telle que 1 € B et soit
Z; 'ensemble des paires (z,0) € R(2) pour lesquelles nous avons des coefficients
positifs aupres de 1 dans le développement de x par rapport a cette base B et
posons Zy = R(2) \ Z; . Ces ensembles Z; et Zs remplissent (19), donc aussi
(18) puisque ils son disjoints. Cet exemple montre que 1'unicité peut ne pas
avoir lieu aussi quand D plus haut est rationnel (ici D = {(z,0) : = € R(1)}).

Nous tirons le profit de I'axiome de Zermelo du choix dans cet exemple
(lexistence de la base de Hamel B). Ce n’est pas par hazard puisque dans
le cas de R(p) les solutions de (9), pour lesquelles toutes les intersections des
ensembles Z; avec chaque D(«) sont mesurables linéairement au sens de Le-
besgue, doivent étre stables sur D(«) (voir [9] théoréme 3), donc au moins une
des intersections en question ne peut pas étre mesurable pour notre fonction g
de I’exemple plus haut. La méme situation n’a pas lieu dans le cas de ’ensemble
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A (p) des suites de p-éléments des nombres algébriques non-négatifs sauf 0. Cela
montre pour p = 2 la modification h de la fonction g de I'exemple plus haut
qui consiste au remplacement de ’ensemble R(p) par A(p). Remarquons encore
que la fonction g sera un prolongement de h de ’ensemble A (2) sur R(2) si la
base dans A(2) sera un sous-ensemble de la base B dans R(2), considérée dans
I’exemple.

On peut montrer d’une maniere analogue a la demonstration du théoreme 5
qu'il existe toujours un prolongement de la solution de (8) pour Q(2) sur A(2)
stable sur I'intersection de chaque demi-droite avec A(2), mais pas unique.

Les problémes du prolongement de la solution de (9) pour Q(p) & A(p) ou a
R(p) dans le cas p > 2 restent ouverts, en particulier la question si le théoréme
5 est vral pour p > 2 est aussi ouverte. Il est aussi ouvert le probléeme du
prolongement de la solution de (9) pour A(p) sur R(p).

5. Fonction d'indice du domaine restreint
On considere dans [6] 1'équation (9) pour a et b tells que
a4+ Fap+bi+-+b, < aq, (20)

pour un « donné réel et positif (la somme des voix dans 1’élection est bornée
dans la pratique), c. & d. ’équation conditionnelle de la forme

(20) et f(a)-f(0) #0 = fla+b)=f(a)- f(b) (21)

et on a démontré que dans le cas de R(p) chaque solution de cette équation
derniére peut étre uniquement prolongée & la solution de (9) (voir [9]) et dans
le cas de Z(p) ce prolongement ne doit pas étre unique (voir [10]). Il résulte du
corollaire que chaque solution de (21) sur Q(p) peut étre uniquement prolongée
sur R(p). On peut formuler ces résutats comme il suit

THEOREME 6
Si pour deuz solutions de (9) pour Q(p) (ou R(p)) il existe un o > 0 tel que
ces solutions sont idéntiques sur ’ensemble

{(a1,...,ap) €Q) : a1+ +ap <a}

(ou sur Uensemble {(a1,...,ap) €ER(p): a1 +---+ap < a}),
elles sont idéntiques sur Q(p) (sur R(p)).

Cette situation n’a pas lieu dans le cas de Z(p), mais il résulte du lemme 1
que si deux solution de (9) pour Z(p) sont idéntiques sur un sélecteur des demi-
droites D(«) NZ(p) pour chaques « rationnels, dans ce cas elles sont égales. On
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peut prendre pour ce sélecteur par exemple 'ensemble {(k1,...,kp) € Z(p) :
k1,...,kp sont premiers entre eux} et aucun de ces sélecteurs n’est pas borné.
L’idéntité de deux solutions de (9) pour Q(p) sur un sélecteur des demi-droites
D(«) N Q(p) suffit naturellement pour qu’elles soient égales sur Q(p) (voir le
corollaire 1), mais dans ce cas il existe des sélecteurs bornés. Au contraire il
existe deux solutions de (9) pour R(p) qui sont idéntiques sur un sélecteur de
la famille D(«) et qui ne sont pas égales sur R(p). Cela montrent pour p = 2
les deux fonctions : la fonction g de 'exemple 3 et la fonction h définie comme
il suit : h(a1,a2) = (0,1) pour (a1,a2) € R(2) et az > 0 et h(a1,0) = (1,0)
pour a; > 0, qui sont idéntiques sur le sélecteur by + by = 1 et (b1, b)) € R(2)
et ne sont pas idéntiques sur R(2) tout entier.

On considére dans [12] et dans les travaux postérieurs les solutions de (9)
qui ont les valeurs dans I’ensemble Z(p) (ou Q(p) ou R(p)) au lieu de O(p). Il
existe une solution f:Z(p) — Z(p) de (8) pour laquelle le lemme 1 n’a pas
lieu, c. a d. qui n’est pas stable sur les demi-droites en considération. Telle est
la fonction f(a1,...,ap) = (2%,...,2%). Le corollaire est vrai pour chaque
solution g = (g1,...,9p):Q(p) — Q(p) de (7), c. a d. chaque solution de
(9) est stable sur les demi-droites en question, puisque dans ce cas nous avons
9(Q(p) C O(p). En effet, nous avons g;(ga) = gr(a)? € Q pour chaque a € Q(p)
et pour chaque ¢ rationnel et positif, d’ot si gx(a) # 0, alors gi(a) = 1. Il résulte
de nos considérations qu’il ne doit pas exister toujours un prolongement de
la solution f:Z(p) — Z(p) de (9) sur Q(p). Au contraire, chaque solution
9:Q(2) — Q(2) a un prolongement sur R(2) puisque la démonstration du
théoreme 5 est valable aussi dans ce cas.

6. Modification

D. Gronau a posé pendant 39-eme International Symposium on Functional
Equations [12] la question : quelle est la solution générale de 1’équation fonctio-
nnelle conditionnelle

fla)- f(b) =0 = fla+b) = f(a)- f(b), (22)

qui est une modification de I’équation (9)? La relation f(a)- f(b) = 0 peut
étre interprétée comme l'orthogonalité des vecteurs f(a) et f(b). Soit A, B €
{Z,Q, A,R}. La réponse a la question de Gronau donne le

THEOREME 7

La fonction f: A(p) — B(p) est une solution de (22) si et seulement s’il n’y
a pas de deux éléments c et d dans l’ensemble des valeurs de f pour lesquels
c-d=0, c. ad. siet seulement si

f(a)- f(B) #0  pour chague a,b € A(p), (23)
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intéressant pour a £ b, alors si et seulement si

Ap) x A(p) C (Z1 % Z1) U... U (Zp % Zy). (23

Démonstration. S’il existe deux éléments c et d dans 'ensemble des valeurs
de f pour lesquels ¢-d = 0, alors il existe a et b tells que f(a) =c et f(b) = d.
La fonction f ne peut pas remplir (22) dans ce cas puisque la premiere partie
dans (22) est vraie et f(a+0b) = f(a)+ f(b) n’a pas lieu (la fonction f ne peut
pas prendre de la valeur 0).

La fonction pour laquelle il n’existe pas deux éléments c et d dans ’ensemble
de ses valeurs pour lesquels ¢ - d = 0 satisfait a (22) puisque la premiere partie
dans (22) toujours n’a pas lieu dans ce cas.

11 résulte du théoréme démontré que chaque fonction f: A(1) — B(1) est
une solution de (22) pour p = 1.

La relation (23) est une condition nécessaire et suffisante pour qu’une solu-
tion de (9) soit en méme temps une solution de I’équation (16) (pour A(p) =
R(p) voir [10], la démonstration est analogue pour les autres A). La situation
est différente pour une solution de (22). En effet, f(a) = (2,...,2) pour chaque
a € A(p) est une solution de (22) ne vérifiant pas (23).

On a démontré dans [9] aussi que pour une solution de (9) la relation (23)
pour A(p) = R(p) entraine que au moins un Zj = R(p). Cette situation n’a pas
lieu pour la solution de (22) pour p > 2. En effet, pour A(p) = Z(p) soit

Zy ={(a1,...,ap) € Z(
Zy ={(a1,...,ap) € Z(
Zs ={(a1,...,ap) € Z(
et

Zi=-=2,=0.

p): a1 =3noua; =3n+1pour n € N},
p): a1 =3noua; =3n+ 2 pour n € N},
p): a1 =3n+1oua; =3n+ 2 pour n € N}

On peut vérifier que
Z(p) X Z(p) C (Z1 X Zl) @] (Z2 X ZQ) @] (Z3 X Z3) U...uU (Zp X Zp)>

donc la fonction f:Z(p) — Z(p) pour laquelle Z, = {a € Z(p) : fr(a) # 0}
pour k =1,...,p, remplit (22) d’aprés le théoréme 7, mais aucun Zj n’est égal
a Z(p).

Remarquons encore que (23) pour p = 2 entraine que au moins un Zj =
A(p). Supposons contrairement qu’il existe a,b € A(p) telsquea € Z1 et b & Z.
Dans ce cas (a,b) & Z1 X Z; et (a,b) € Zy x Z3 et (a,b) € A(p) x A(p), donc
une contradiction avec (23). S’il existe un élément a appartenant seulement &
un ensemble Z; (k € {1,...,p}), dans ce cas (22) donne (a,x) € Zj, X Z}, pour
chaque z de A(p), d’ou Z; = A(p). Pour p = 2 on a Z; = Z5 ou il existe un
élément a appartenant seulement & un Z; (k =1,2).
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Une fonction f: A(p) — B(p) est une solution de (9) et de (22) en méme
temps si et seulement si elle est une solution de (16). Il existe naturellement
des solutions de (9) qui ne sont pas des solutions de (22) et inversement.

On a vu que la fonction f: A(p) — B(p) remplit (9) si et seulement si la
condition (12) a lieu. Il est donc intéressant remarquer que nous avons le

THEOREME 8
La fonction f = (f1,...,[p): A(p) — B(p) remplit (22) si et seulement si la
modification simple de (12) :

(41715 -5 0pdp) =0 (24)

— Z'N...NZS+ZIN...NZy CZP .. Nz
a lieu pour tous (i1, ...,ip), (J1,-..,Jp) € O(p), ou

Zy={a€ A(p): fr(a)#0} pour k=1,...,p.
Cette modification (24) désigne d’aprés la relation Z1 U ... U Z, = A(p) que
(i1j17"'aipjp) =0
= Zi'n..nZr+z{'n...nzrczin...nz
=A\(Z1U...UZ,) =0,

donc elle est équivalente a la condition

(i1J1,-- -, ipjp_) =0 Z_ ' ' (241
= Z'N...NnZ =0ouZzZ{Nn...NZy =
pour tous (i1,...,%p), (J1,---,Jp) € O(p).
Démonstration. 1l suffit de montrer d’apres le théoreme 7 que la condition
Japea) © fla)- f(b) =0 (25)
est équivalente a la condition
Fi1,0sip) s Groeim)€O) © (11, -+ ipJp) =0
et ZPN..NZr#£0 et ZI0...NZk £0.

Pour @ et b dans (25) il existe (i1,...,%p), (J1,- .., Jp) € {0,1}7\ {0} tels que

a€Zi'N..NZx et beZ{'n...nZkr. (26)

La condition (25) désigne que pour chaque k € {1,...,p} : fr(a) = 0 ou
fx(d) = 0 et cela désigne que pour chaque k € {1,...,p} : i = 0 ou jy =
0. Cette alternative est équivalente & la condition (i1j1,...,%p5p) = 0 et la
condition (26) désigne que Zi* N...NZy" # 0 et ZI* N...NZy" # 0.
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Remarquons qu'’il suffit vérifier (24) seulement pour les 271(37 — 2P+ +1)
paires (i1, ...,%p), (J1,---,Jp) € O(p) & cause de la condition (i1J1,. .., ipjp) =0
et par raison de la symétrie.

Pour la fonction f vérifiant (22), f(a + b) soit une fonction de f(a) et f(b)
si et seulement si

fa)=f(c) ot J)=f(d) = fla+b)=flctd)

pour chaques a,b,c,d € A(p) (Uanalogie & la condition (13); f(a) - f(b) # 0
toujours pour la fonction remplissante (22)).

Constatons que la fonction F:E* := |Joo E" — 2F\ {0} satisfait &
I’équation fonctionnelle conditionnelle

FE)NF(y)=0 = F(xy)=Fx)nF(y), (27)

étante une analogie de la condition (2'), si et seulement si chaque paire des
valeurs de cette fonction a au moins un element commun (F(x)NF(y) # 0 pour
chaque x et y de E*). Cela ne signifie pas que (5) a lieu (voir la fonction (6)). Si
nous remplagons dans le théoreme 2, I’équation (2) par 'équation (22) (en vérité
nous rejetons (2) puisque (5) entraine (22)) nous constatons que 'implication
,,seulement si” est vraie dans ce théoreme modifié, mais 'implication ,,si” n’a
pas lieu. La fonction F(z1,...,2,) = {21,...,2p} U {a} cela montre, ol a est
un element fixé de E. Le théoreme analogue au théoreme 1 a la forme

THEOREME 1’
Il existe pour la fonction F vérifiant (27) une fonction ¢ satisfaisante & (4') si
et seulement si

F(x)=F(u) et F(y)=F(v) = F(xy)=F(uv)

pour chaques xX,y,u,v € E*
puisque pour x et y de E* on a F(x) N F(y) # 0 pour la fonction F' vérifiant
(27).

S’il s’agit du probleme du prolongement des solutions de I'équation (22), il
existe toujours ce prolongement pour chaque des ensembles Z(p), Q(p), A(p)
sur les ensembles plus vaste, mais pas unique.

Nous savons ([10]) que la fonction f = (f1,..., fp): A(p) — B(p) vérifiant
(9) satisfait a (23) si et seulement s’il existe un k € {1,...,p} tel que

Zy={a€Ap): fr(a) #0} = A(p). (28)

Cette condition (28) est seulement nécessaire pour que la fonction f: A(p) —
B(p) vérifiant (22) satisferait en méme temps & (23), une condition nécessaire
et suffisante (en vérité pas intéressante) est dans ce cas le remplissage par f de
l’équation (9).
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La fonction f = (f1,..., fp):R(p) — R(p) vérifiant (9) et (22) doit satis-
faire aussi & (23), donc elle doit avoir la forme ([10])

exp ay(x) pourz € Zy = {(z1,...,2p) € R(p) :
fi(x) = Viem, : x; =0}, (29)
0 pour z € R(p) \ Z,

o My, est, pour k = 1,...,p, un sous-ensemble de ’ensemble {1,...,p} tel
que au moins un My, soit M, , est vide (alors Z,, = R(p)) et ax: R’ — R
est une fonction additive. Puisque f satisfait & (22) elle remplit (23) et (24).
On peut voir cela aussi directement puisque fp,(a) # 0 # f,(b) pour chaque
a,b € R(p) = Z,, dapres (29), donc (23) a lieu. Si iyJjm = 0, donc i, = 0 ou
Jm = 0, alors Z,, = R(p) implique Zim = Z% = 0 ou Z}» = Z9, = 0, donc
(247) a lieu.

Il résulte de nos considérations que seulement les ensembles Zi,...,7%Z,
définis dans (29) remplissent les conditions (12), (24’) et

Z1U...UZ, =R(p), (30)
c. a d. les conditions (30) et
V(s osin)s(rrnin)€0() © 200 .NZP+Z{*N...NZk C Z{'N...NZw7r. (31)

Ces ensembles Z1, ..., Z, forment les cones sur R et il existe parmi eux tels qui
remplissent dans (31) 1’égalité au lieu de linclusion (p. ex. Z = R(p) (donc
My, = Q) pour k =1,...,p) et tels qui satisfont seulement & I'inclusion [p. ex.
Zy = R(p) (donc My = 0), Zy = ... = Z, = 0 (donc My = ... = M, =
{1,...,p})]-

7. Les systémes des inclusions et des équations des fonctions multivalentes

Il serait intéressant considérer les géneralisations suivantes de (31). Soit T'
un ensemble arbitraire, (G, +) un groupoide (un espace vectoriel) et considérons
I'inclusion suivante

() Zz@®)" + () Z@)'D c () 2(@t) ™, (32)
teT teT teT

ot Z(t): T — 29 est une fonction cherchée, Z(t)! = Z(t), Z(t)° = G\ Z(t) et
(32) doit avoir lieu pour chaques fonctions i(t), j(¢): T — {0, 1} non-idéntiques
zéro et les deux généralisations de (12) et de (24)

Feer = i(t)j(t) #0 = (32) (33)
et
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Vier : i(t)j(t) =0 = (32), (34)

qui ont lieu pour chaques (pour deux) fonctions i(t),j(¢):T — {0,1} non-
idéntiques zéro. On peut nommée (32) comme un systeme des inclusions (un
systeme des inégalités) pour la fonction multivalente Z(t) et (33) et (34) comme
un systeme des inclusions conditionnelles de cette sorte. On peut aussi ajouter
ici ’analogue de (30)
Uz =¢ (35)
teT
11 se pose le probleme : quels résultats au sujet de (12), (24) ou (31) (sans
ou avec (30)) donnés dans cette note ou dans [3] et [10] sont valables aussi pour
(32), (33) et (34) (sans ou avec (35)) ? On peut aussi remplacer dans (32) 7C”
par ”=" dans ce probleme (donc considérer I’équation au lieu de I'inégalité).
Par exemple il est vraie la généralisation suivante de I’équivalence (i) et (v)
dans le théoréme 1 dans [3].

THEOREME 9
Soit (G,4) un groupoide et T un ensemble arbitraire. La fonction Z(t): T —
2C wérifiant (35) satisfait a (33) si et seulement si

Zt)" N Z(ta)*2 + Z(t) " N Z(ta)'2 € Z(t)F0 N Z(ty)k2"2 (36)

pour chaques t1,ta € T et pour chaques ki, ka,l1,la € {0,1} et telles que kil1 +
kolo # 0.

Remarquons qu’il suffit vérifier (33) seulement pour chaques deux parmi les
ensembles Z(t).

Démonstration ,si”. Pour z € (N,eq Z(£)'® + Ny Z(1)7) il existe z €
Mier Z(E)'D et y € Nyep Z(t)7® tels que z = 2+ y. Puisque i(t)j(t) n’est pas
idéntiquement zéro, il existe un tg tel que i(tg)j(to) # 0. Soit t quelconque de T
et posons k1 = i(to), l1 = j(to), k2 = i(t), l2 = j(t). Nous avons kil; + kals # 0,
donc d’apres (36)

z=x+y € Z(t)" N Z({t)2 + Z(to)* N Z(t)"
C Z(to)"h N Z(t)k=l2 c Z(t)k=t2
= Z(t)"®i®)

alors z € (,ep Z(t)" 10,
Pour la démonstration de ,,seulement si” remarquons que pour chaque a de

G et pour chaque t de T il existe exactement un j; € {0,1} tel que a € Z(t)7
(nous allons désigner dans la suite ce j; par ji(a)) et il existe au moins un u
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de T tel que j,(a) = 1. Soit z € Z(t1)" N Z(t2)* + Z(t1)" N Z(t2)"2, donc
il existe x € Z(t1)" N Z(t2)* et y € Z(t1)" N Z(t2)2 tels que z = = + y.
Puisque z € (V,er Z (1)@ et y € N,eq Z(£)7* @), alors iy, (x) = k1, i, (x) = ko2,
jt1 (y) = lla jtz (y) = [y . Il en résulte que

z=aztye (2@ + )zt

teT teT
I ﬂ Jt(ff Jt(y)
teT

C Z(tl)klll n Z(tg)kzlz.
On peut montrer analogiquement comme plus haut le

COROLLAIRE 2
Si la fonction Z(t): T — 2 remplit (33) et (35), elle satisfait a (35) avec Ty
au liew de T pour chaque Ty C T.

Remarquons qu’on peut toujours prolonger banalement la fonction
Z(t): T — 2% remplissante (33) et (35) & la fonction Z*(t): Ty — 2%, ou
T C Ty, vérifiant (33) et (35) avec T» au lieu de T, en posant Z*(t) = G pour
tely \ T.

11 est vraie aussi la généralisation suivante du lemme 1 de [3]

THEOREME 10

Soit (G,+) un groupoide uniquement divisible. Si la fonction Z(t):T — 2¢
remplit (33) et (35), alors pour chaque sous-ensemble Ty non-vide de ’ensemble
T et pour chaque fonction I(t): Ty — {0,1} non-idéntique zéro, l’ensemble
Z = ﬂteTl Z(t)'® forme un cone sur Q, c. a d. x+y € Z et Tr € Z pour
r,y € Z et n,k € N.

Démonstration. Soit z,y € Z. Puisque la fonction [ : Ty — {0,1} n’est
pas idéntiquement zéro il existe v € T tel que I(v) = 1. En prenant les notations
de la deuxieme partie de la démonstration du théoreme 9 nous avons z €
Nier Z()71@ et y € Nyer Z(£)7*W) et ji(z) = ji(y) = I(t) pour t € T} . De la
Ju(x) = ju(y) =1, donc d’apres (33) nous recevons

m—I—y c ﬂ Jt(x) + ﬂ Jt(y)

teT teT

c ﬂ Z(t Jt(x)Jr(y) c ﬂ l(t) c ﬂ l(t)
teT teTy teTy

=Z.

Soit & présent x € Z et k € N. Puisque %m appartient a [),cp Z(t)jf[%"“’]7 qui
est fermé par rapport a ,,4+” d’apres la premiere partie de cette démonstration,
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donc = = k(32) € Ner Z(t)7[%#] 11 en résulte que ji[3x] = I(t) pour chaque
t de T4, donc

1 i [ L It
ExeﬂZ(t)J[k lce Mz =z

teT teTy
Dela Fo = n(%x) € Z pour n € N, puisque Z est fermé par rapport a ,,+”.

On peut aussi généraliser le théoreme 3 (c) de [11].

THEOREME 11

Soit (G,+) = (R(p), +) et prenons les notations et les suppositions du théoréme
10. De plus, supposons que T est au plus dénombrable et que ’ensemble Z.(t) =
{ac € Z(t): a € R} est mesurable linéairement au sens de Lebesque pour chaque
c€R(p) ett € T. Dans ce cas, l'ensemble (e, Z(t)"Y forme un cone sur R.

Démonstration. D’apres (35) la demi-droite

D(c) ={ac: aeReta>0}:UZc(t),

donc il existe au moins un ty € T tel que Z.(to) a la mesure positive. Soit ¢ de
T fixé arbitrairement. Puisque

Ze(to) = [Ze(to)' N Ze(t)'] U [Ze(to)' N Ze(t)°)]

nous avons deux possibilités

i) Z.(to) N Z.(t) a la mesure positive
ou
ii) Z.(to) N Z.(t)° a la mesure positive.

Dans le cas i), d’apres le théoréme de Steinhaus ([17]), il existe un sous-intervalle
de Z.(to) N Z.(t) de la longueur positive et de 1& Z.(to) N Z.(t) = D(c), puisque
Pensemble Z.(ty) N Z.(t) forme un céne sur Q d’apres le théoreme 9. Il en
résulte que Z.(t) = D(c), donc Z.(t) forme un cone sur R. Dans le cas ii),
Z.(to) N Z.(t)° = D(e), Aot Z.(t)° = D(c), alors Z.(t) = () forme un cone sur
R. Puisque (¢, Z(t)"® forme un cone sur Q, donc il est un coéne sur R.

Remarquons que la supposition que I’ensemble T' est dénombrable est essen-
tielle dans le théoréme 11. En effet, considérons dans R(1) la relation p suivante :
xpy <= Jweg: x = wy. Les classes d’équivalence Z(t) de cette relation pour
t dans T' (indénombrable) sont dénombrables, donc mesurables et elles forment
des cones sur Q. Puisque elles sont disjointes, elles remplissent (36), donc aussi
(33) d’apres le théoréme 9. Mais elles ne forment pas évidemment des cones
sur R.
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Le théoréme 11 sera vrai pour T arbitraire (aussi indénombrable) si nous
remplagons la supposition de la mesurabilité des ensembles Z.(t) par la condi-
tion (incommode pour la vérification) : pour chaque ¢ € R(p) il existe une
fonction 4: " — {0, 1}, non-idéntique zéro, telle que I’ensemble (), . Z(t)"®
a la mesure intérieure de Lebesgue positive ou jouit de la propriété de Baire et il
est de la deuxieme catégorie, puisque dans ce cas [),cp Ze (t)"®) = D(c) d’apres
le théoréme de Steinhaus ou de Piccard ([7] p. 48), d’ott (,cp Z(t)*® N D(c) =
D(c). Si ¢ € Z(ty), alors i(tg) # 0, d'olt ,eq Z(t)*Y N D(c) C Z(to) N D(c),
donc Z(to) N D(c) = D(c), alors ac € Z(ty) pour chaque o > 0. Si ¢ & Z(to),
alors i(tg) = 0 et Z(to)ND(c) = 0. Puisque Z(tp) forme un cone sur Q, il forme
un cone sur R, d’ou ﬂteTl Z(t)l(t) forme un cone sur R pour chaque ) # Ty C T
et pour chaque I(t): T3 — {0, 1} non-idéntique zéro.

Nous allons démontrer le

LEMME 4
SiZCR(p), Z+ZCZ, Z+2Z°CZ%etZ°+2°C Z° alors il existe un
ensemble M C {1,...,p} tel que

Z:{(xla'-'axp)eR(p): viGM: :)'JZ:O}

Démonstration. Si Z = R(p), alors M = ). Si Z # R(p), alors il existe
x9 € Z° et de 1a 29 + z € Z° pour chaque = € R(p), d’on

IntR(p) = {(z1,...,2p) ER(p): x; >0 pouri=1,...,p} C Z°, (37)

puisque, en supposant au contraire, qu'il existe un y € IntR(p) N Z, nous
constatons qu'il existe un n € N tel que ny — z¢ € R(p), d’ott ny = 9 + (ny —
x9) € Z° donc une contradiction avec ny € Z.

11 doit exister un k € {1,...,p} tel que

Z CA{(x1,...,2p) €R(p): xp =0},

puisque dans le cas contraire, il existe dans Z des points (2%, .. .,x;) pour
i=1,...,p tels que x! # 0 et de 1 leurs somme appartient & Z et a Int R(p),
donc une contradiction avec (37). Nous pouvons supposer que k = 1. L’ensemble

Zy ={(z2,...,2p) ER(p—1): (z1,...,2p) € Z}

remplit les conditions Z; CR(p—1), Z1+ 21 C Z1, Z1+Z) C Z% et 29+ Z9 C
Z9. 81 Zy = R(p— 1), donc Z = {(z1,...,2p) € R(p—1) : x1 = 0} et
la démonstration est finie (M = {1}). Si Z; # R(p — 1), donc il existe un
le{2,...,p} tel que

Zy C{(z2,...,2p) ER(p—1): 2 =0}
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d’apres le raisonnement plus haut (avec p — 1 au lieu de p). Nous pouvons
prendre [ = 2. En raisonnant comme plus haut nous constatons que Z C
{(x1,...,2p) € R(p) : 1 =22 =0}, donc Z = {(z1,...,2p) €R(p) : 1 =
x2 = 0} et nous avons la these (M = {1,2}) ou Z # {(z1,...,2p) € R(p) :
21 = 29 = 0} et en repetant le raisonnement nous recevons la these apres le
nombre fini des pas.

Nous pouvons a présent démontrer le

THEOREME 12
La fonction Z(t): T — 28®) est une solution de (32) et (35) si et seulement
1

Z(t) ={(z1,...,2p) €R(D) : Yjem@): =; =0}, (38)

ot, M(t), pour chaque t € T, est un sous-ensemble de l’ensemble {1,...,p} tel
que au moins un M(t) = 0.

Démonstration. La partie ,,si” de la démonstration est evidente. Pour la
démonstration de ,,seulement si” nous allons montrer que Z(to) remplit les
suppositions du lemme 4 pour chaque to € T. Nous avons Z(tg)+Z(to) C Z(to)
puisque Z(tg) forme un cone sur Q. Soit x € Z(to) + Z(to)°, donc z = y + z,
olt y € Z(to) et z € Z(ty)°. 1l existe i(t) et j(t) telles que y € ,cq Z(t)'®
et 2 € MNyer Z(t)7®, dott i(tg) = 1 et j(to) = 0, alors i(tg)j(to) = 0. Nous
recevons x € (J,ep Z(t)'MI® d’apres (32), donc z € Z(t)°, c. q. f. d. Nous
montrons analogiquement que Z(to)° + Z(t0)° C Z(to)°. Puisque (1,...,1) €
R(p) = User Z(1), il existe alors un tg tel que (1,...,1) € Z(to), donc M (ty) =
0.

COROLLAIRE 3
Si Z(t): T — 28 remplit (32) et (35), alors Z(t) est un cone sur R pour
chaque t € T'.

Remarquons que la fonction f = Per fi (le produit cartésien des fonctions

ft)a ol
1 pour z € Z(t),

39
ft(x){O pour z € G\ Z(¢), (39)
pour Z:T — 2% remplit (16) ou (9), ou (22), olt 0 = Pier0 et f(b)f(b) =
Picr fi(a) fr(b), si et seulement si Z(t) satisfont aux (32) ou (33), ou (34).

Nous avons le

COROLLAIRE 4
La fonction f = Pyer fi:R(p) — {0,1}7 remplit (16) si et seulement si les
fonctions fi ont la forme (39) avec Z(t) donnés par (38).
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Remarquons que le corollaire est une généralisation pour 7" infini du résutat
de [11].
Nous avons aussi le

THEOREME 13
Z(t) = R(p) est la seule solution du systeme des équations

ﬂ Z(t)i(t) + ﬂ Z(t)j(t) _ ﬂ Z(t)i(t)j(t) (40)

teT teT teT

et

Uz =¢ (35)

teT

Démonstration. On peut facilement montrer que la fonction Z(t) = R(p)
satisfait aux conditions (35) et (40). Si la fonction Z(t) remplit (35) et (40) les
ensembles Z(t) forment les cones sur R d’apres le corollaire 2. Supposons qu’il
existe tg € T tel que Z(tg) # R(p). Il existe dans ce cas un demi-axe du systeéme
des coordonnes qui n’est pas contenu dans Z(tg) (Z(to) forme un cone sur R).
Nous pouvons prendre que ce demi-axe c’est X1 = {(z1,...,2p) € R(p) : 2 =
... =z, = 0}. Nous avons donc

To+-+ap,#0 pour (z1,...,%p) € Z(to). (41)

Soit pour t € Th : X7 C Z(t) (T1 peut étre vide) et pour ¢t € T : X n’est pas
contenu dans Z(t), donc X1 C Z(t)°. Posons dans (40), i(t) = 1 pour ¢t € T} et
i(t) =0 pour t € Ty et j(t) = 1 pour t € T. Dans ce cas

X1 c()z@)'® =2z,
teT teT
I en résulte que (1,0,...,0) € e Z(£)'DI® alors (1,0,...,0) = (a1, ..., ap)
+(b1,. ., bp), ot (a1, yap) € Nyep Z)' et (b, bp) € Nier Z(8)7D,
alors ap +b2 = ... = a, +b, =0, dott by = ... = b, = 0. Nous avons une
contradiction avec (41) puisque (b1, ...,b,) € Z(to).

On nomme chaque ensemble (. Z (t)"® comme une composante de la
famille Z(T) (voir [8] pour T fini). La condition (32) nous suggére qu’on peut
définir dans la famille Z(T') des composantes d'une fonction Z(t) vérifiant (32),
Iopération & de la maniere suivante

CreCy= ()21 (42)
teT
pour C1 = ;e Z()'® et Co = e Z(t)7M. Cette définition n’est pas cor-

recte puisque le résultat de 'opération C7 @ Cs peut dépendre de la représenta-
tion des composantes Cy et Cy. En effet, pour (G, +) = (R(2),+), T = {1, 2,3},
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Z(k) = {(z1,22) € R(2) : x =0} pour k = 1,2 et Z(3) = R(2), la fonction
Z(t), d’apres ce qui precede, remplit (32), la compopsante C; = () a les deux
représentations Z(1)' N Z(2)' N Z(3)! et Z(1)' N Z(2)' N Z(3)° et nous avons
pour Cy = Z(1)°N Z(2)° N Z(3)* d'un coté

CioCy=2Z1)'nz2)'nzZB)!

©Z(1)°Nnz12)°nzZ3)!
=Z(1)°NZ2)°nZEB) #£0
et d’autre coté

CiaC=ZW)'nzZ@2)'nzB) ' ez1)°nz2)°nzZ3)!
=Z(1)°nZ2)°nzZ3)' =0.

Mais, si nous bornons dans le cas arbitraire de (G, +) seulement aux composan-
tes non-vides nous constatons que la définition (42) est déja correcte puisque
dans ce cas les composantes (),cr Z(£)'™ et ,cr Z(t)7) sont disjoints, donc
différentes, pour i(t) et j(t) diverses.

En considérant dans ensemble des fonctions T — {0, 1}, pour lesquelles
Nier Z(t)"") £, Popération (i(t),j(t)) — i(t)j(t), nous constatons que la

fonction ¢[i] = (,er Z (t)"®) est un isomorphisme entre cette opération et
lopération @. De méme, si nous remplagons dans (32) l'inclusion ,,C” par
I’égalité ,,=” nous constatons que la fonction analogue a la fonction ¢ est un

homomorphisme de la famille de toutes les fonctions de T & {0,1} dans la fa-
mille de toutes composantes de Z(T'), puisque dans ce cas la somme ,,®” des
composantes, définie par (42), ne dépend pas de ces représentations.
Remarquons encore que la somme (),cr Z(£)'™ + ,cp Z(t)7® de deux
composantes ne doit pas étre une composante, méme si Z(¢) remplit (32) et
(35). En effet, cette situation a lieu p. ex. pour (G, +) = (R(2),+), T = {1, 2},
Z(1) =R(2) et Z(2) = {(z1,22) € R(2) : 22 =0}, i(1) =i(2) =1, j(1) =1
et j(2) = 0. La condition (40) n’est pas naturellement remplie dans ce cas.
Si, pour une fonction Z(t): T — 2% vérifiant (32), la somme (o, Z(£)"®) +
ﬂteT Z (t)j ®) forme une composante non-vide, dans ce cas (40) a lieu puisque
deux composantes sont idéntiques ou disjoints. Mais au contraire si cette some
est une composante vide, elle ne doit pas remplir (38), p. ex. pour T' = {1, 2},
(G, +) = (R(2), +), Z(1) = R(2), Z(2) = 0, i(1) = i(2) = j(1) = 1 et j(2) = 0.
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Abstract. Let M be a differentiable manifold of dimension > 5, which is
endowed with a (torsion-free) affine connection V of recurrent curvature.
Let M be a nondegenerate umbilical affine hypersurface in M , whose
shape operator does not vanish at every point of M. Denote by V and
h, respectively, the affine connection and the affine metric induced on M
from the ambient manifold. Under the additional assumption that the
induced connection V is related to the Levi-Civita connection V* of h
by the formula

VxY = VY 4+ o(X)Y + o(Y)X + h(X,Y)E,

@ being a 1-form and E a vector field on M, it is proved that the
affine metric h is conformally flat. Relations to totally umbilical pseudo-
Riemannian hypersurfaces are also discussed.

In this paper, certain ideas from my unpublished report [14] (cf. also
[15]) are generalized.

1. Preliminaries ([11, 10])

Let M be an (n+ 1)-dimensional affine manifold, that is, a connected diffe-
rentiable manifold endowed with an affine connection V (only torsion-free affine
connections will be considered).

Let M be an n-dimensional connected differentiable manifold immersed
into M and assume that there exists a transversal vector field £ along the
submanifold M. If X is a vector field defined along the submanifold M (which
is not tangent to M in general), by XT and X1 we indicate its tangential and
transversal parts, respectively.

_ Denote by V the affine connection induced on M by assuming VxV =
(VxY)T for all vector fields X, Y tangent to M. In the sequel, M will be
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called an affine hypersurface of the affine manifold M. Thus, we have the
Gauss equation for M

VxY =VxY + h(X,Y)E (1)

for all vector fields X, Y tangent to M, where h is a symmetric (0, 2)-tensor
field, which is called the affine fundamental form of M or the affine metric
corresponding to &.

The affine hypersurface M is said to be nondegenerate if the affine metric
h is nondegenerate. In this case, h is a Riemannian or pseudo-Riemannian
metric on M. It should be mentioned that there is no relation between the
affine metric h and the induced connection V in general.

For the affine hypersurface M, we also have the so-called Weingarten equa-
tion

Vx§=—-AX +7(X)g, (2)

where A is a (1,1)-tensor field and 7 is a 1-form on M. A and 7 are called,
respectively, the shape operator and the transversal connection form of M.

Let R and R be the curvature tensor fields of the connection V and the
induced connection V. Thus,

E(f(,f/) = [%g,%g] - 6[;( 71 for any vector fields X, Y on M
and
R(X,Y) =[Vx,Vy] = Vixy] for any vector fileds X, Y on M.

As the integrability conditions of (1) and (2), we have the so-called Gauss and
Codazzi equations

R(X,Y)Z = R(X,Y)Z — MY, Z)AX + h(X, Z)AY
+ ((Vxh)(Y, Z2) + 7(X)(Y, Z) (3)
- (th>(X7 Z) - T(Y)h<X’ Z))f,

R(X,Y)E = —(VxA)Y + 7(X)AY + (Vy A)X — 7(Y)AX "
+ (= h(X, AY) + h(Y, AX) + 2d7(X,Y))&.
In the above formulas and in the sequel, symbols X, Y, Z, ... denote arbi-
trary vector fields tangent to M if it is not otherwise stated.

REMARK
Note that for an immersion of a differentiable manifold M into an affine mani-

fold M , a choice of a transversal vector field £ provides the induced connection
V on M in such a way that this immersion becomes an affine immersion of
(M, V) into (M, V) in the sense of [9].
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2. Umbilical affine hypersurfaces

An affine hypersurface M is said to be umbilical ([5, 8, 10]) if its shape
operator A is proportional to the identity tensor at every point of the hyper-
surface, that is, we have A = pId, where Id is the identity tensor field and p is
a certain function on M. Consequently, for such a hypersurface, we also have
VA =dp ®1d, where d indicates the exterior derivative.

For an umbilical affine hypersurface, the Gauss and Codazzi equations (3)
and (4) take the forms

R(X,Y)Z = R(X,Y)Z — ph(Y, Z)X + ph(X, Z)Y

Z)
+ ((Vxh)(Y, Z) + T(X)h(Y, 2) ()
— (Vyh)(X, 2) = 7(Y)W(X, Z))¢,

R(X,Y)¢ = (pr — dp)(X)Y — (pr — dp)(Y)X +2dr(X,Y)E.  (6)
The following proposition can be found in my unpublished report [14], and

we include its proof to the presented paper for completness only.

PROPOSITION 1 .
For an umbilical affine hypersurface M in an affine manifold M, we have

(VzR)(X,Y)E)" = pR(X,Y)Z

—2pd7(X,Y)Z — p*(h(Y, Z)X — h(X, Z)Y)
— ((Vz(pr = dp))(Y) = 7(Z)(pr — dp)(Y)) X (7)
+ ((VZ(PT - dp))(X —7(Z)(pr — dp)(X))Y
+ (Y, Z)(R(& X)) T — h(X, Z)(R(E )9

Proof. Applying the equalities (1), (2) and A = pId into the general for-

mula
(VZ2R)(X,Y)é = VZR(X,Y)E ~ R(VZX,Y)E
- E(X7 %Zy)g - E(X7 Y)%Z§7

we find

(VZzR)(X,Y)¢ = VZR(X,Y)E — R(VX,Y)¢ — R(X,VY)¢
— h(Z, X)R(E,Y)E + h(Z,Y)R(E, X)¢ (8)
+pR(X,Y)Z — 7(Z)R(X,Y)E.

On the other hand, with the help of (6), (1) and (2), we find
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(VZR(X,Y)¢ — R(VzX,Y)¢ — R(X,VzY)E)T

= (Vz(pr —dp))(X)Y — (Vz(pr — dp))(YV)X (9)
— 2pdr(X,Y)Z.
Moreover, (5) and (6) imply
(R(X,Y)Z)T = R(X,Y)Z — ph(Y, Z)X + ph(X, Z)Y, (10)
(RX,Y)E)T = (o7 — dp)(X)Y — (pr — dp)(Y)X. (11)

Now, to obtain (7) it is sufficient to take the tangential parts of the both sides
of (8) and use identities (9)-(11).

In the final section, we will study the case when the ambient affine manifold
M is a recurrent affine manifold, that is, the curvature tensor field R of M is
non-zero and its covariant derivative VR satisfies the conditon ([19, 20, 6])

VR=4®R (12)
for a certain 1-form 1.
We will need the following result:

ProprosSITION 2 -
Let M be an umbilical affine hypersurface in a recurrent affine manifold M.
Then the curvature tensor R of the induced connection V is given by

pR(X,Y)Z
= 2pd7(X,Y)Z + p*(h(Y, Z)X — h(X, Z2)Y)

+ ((Vz(pr = dp))(Y) = (T +¥)(Z)(pr —dp)(Y)) X (13)
- ((VZ(PT*dP))(X (7 +)(Z)(pr — dp)(X))Y
—h(Y, Z)(R(& X)E)T +h(X, 2)(R(&,Y)€)T

Proof. At first, note that (12) and (6) enable us to find

(T2R)X,Y)E = 6(2) (o7 — dp)(X)Y — (o7 — dp)(Y) X +2d7(X, Y)E).

Then, applying the above into (7), we obtain (13).

3. A special class of affine connections

In the next section, a geometric situation occurs in which a pseudo-Rie-
mannian manifold (M, g) admits an affine connection V which is related to the
Levi-Civita connection V* of the metric g by the formula

VxY = VY + o(X)Y + (V)X + g(X,Y)E, (14)

where ¢ is a 1-form and E a vector field on a M.
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The following proposition is of our special interest in the next section.

PROPOSITION 3

Let V be an affine connection on a pseudo-Riemannian manifold (M, g), which
is related to the Levi-Civita connection V* of g by the formula (14). Then for
the curvature tensor fields R and R* of V and V*, respectively, it holds

R*(X,Y)Z
= R(X,Y)Z — 2dp(X,Y)Z — p(E)(g(Y, 2)X — g(X, Z)Y)
+(T39)(2) — p(V)p(Z)X — (Vi) (Z) — p(X)p(2))y  (1D)
— g(Y, Z)(VAE + g(X, E)E) + g(X, Z)(VL E + g(Y, E)E).

Proof. Let V2 and V*? denote the second covariant derivatives with respect
to V and V*, respectively,
ViyZ =VxVyZ - Vv.vZ, VHZ =ViVyZ - Ve, v 2.
Then obviously
RXY)=Viy —Viy, R(X,Y)=V% -V.  (16)

At first, using (14), we find the following relation for the second covariant
derivatives

V& Z =ViyZ— (Vio)(Y)Z - p(B)g(Y,Z)E - (Vi) (Z)Y
—o(Y)p(Z2)X —g(Y, Z)(Vx E + g(X, E)E) (17)
+SP(X,Y)Z,

where SP(X,Y)Z indicates an expression which is symmetric with respect to X

and Y. Next, we find (15), by applying (17), (16) and the following expression
for the exterior derivative

1 * *
dp(X,Y) = S((Vxo)(Y) = (Vy9)(X).
Below, we discuss two typical geometric circumstances leading to (14).

A. Weyl connections ([2, 4, 11]). A Weyl structure on a differentiable
manifold M is a conformal class of pseudo-Riemannian metrics € together with
a mapping F: € — A'(M) such that

F(e*g) = F(g) — dA
for any &: M — R and g € €, A'(M) being the space of 1-forms on M. We
say that an affine connection V is compatible with the given Weyl structure €
on M if
Vg+F(g)®g=0 forall g € €.

Given a Weyl structure € on M, there exists a unique connection compatible

with this structure, and this connection can be described in the following way
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V=V'4peld+Id® ¢ —go ¢,

where g is a (pseudo-)Riemannian metric belonging to the conformal class, V*
is the Levi-Civita connection of g, ¢ = F(g)/2 and " is the vector field related
to the 1-form ¢ by g(-, ¢*) = ¢(-).

Given a pseudo-Riemannian metric g, an affine connection V and a 1-form
 satisfying the condition

Vg+2p®g=0 (18)

on a manifold M, there is a Weyl structure on M for which V is compatible.
Namely it is sufficient to suppose € = [g] (€ is the equivalence class of pseudo-
Riemannian metrics conformal to g) and define F: & — AY(M) by F(etg) =
2¢ — dA.

To be consistent with a certain geometrical tradition, an affine connection
V is called a Weyl connection for a pseudo-Riemannian metric g if there exists
a 1-form ¢ such that the relation (18) is fulfilled. Of course, then V is related
to the Levi-Civita connection V* of g by

VxY = VXY + o(X)Y +o(Y)X — g(X,Y)¢f,
so that we have (14) with £ = —F.

B. Projectively related connections ([2, 10, 18], cf. also [16]). Let M
be a differentiable manifold endowed with an affine connection V. A curve v in
M is called a V-pregeodesic (or a path with respect to V) if V4(t) = o (t)5(¢)
for a function o of the parameter t. Geometrically, this condition means that
the tangent line field is parallel along v. A V-pregeodesic v can always be
reparametrized so that V,%(s) = 0 with respect to the new parameter s. Two
affine connections V and V* on M have the same paths if and only if there is
a 1-form ¢ such that

VxY = ViV 4 o(X)Y + ¢(Y)X.

Clearly, if V* is taken to be the Levi-Civita connection of a pseudo-Riemannian
metric g on M, then we get (14) with E = 0.

L. Main result
THEOREM 4 .
Let M be a recurrent affine manifold with dim M > 5. Let M be a nonde-

generate umbilical affine hypersurface in M, whose shape operator A does not
vanish at every point of M. Moreover, assume that the induced connection V
is related to the Levi-Civita connection V* of h by the formula

VxY = ViY + o(X)Y + o(Y)X + h(X,Y)E, (19)
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where ¢ is a 1-form and E a vector field on M. Then the induced affine metric
h is conformally flat.

Proof. Note that (19) is just of the form (14) with g = h, so we can apply
Proposition 3. Using (13) and (15) with g = h, we conclude the following
ph(R*(X,Y)Z, W) = wo(X,Y)h(Z, W)
+a(h(Y, Z)M(X, W) — h(X, Z)h(Y, W)
F Y, Z)wr (X, W) — (X, Z)w1 (Y, W)
+wn (Y, Z)R(X, W) — wa(X, Z)R(Y, W),

(20)

where « is the scalar function and w;’s are the (0,2)-tensor fields defined by

= p(Vxe)(Y) — pp(X)p(Y) + (Vy (p7 — dp))(X)
— (1 +)(Y)(pr — dp)(X).

The antisymmetrization of (20) with respect to Z and W gives

Ph(R*(X,Y)Z,W) = a(h(Y, Z)h(X, W) — h(X, Z)h(Y, V)

+h(Y, Z)w(X, W) — M(X, Z)w(Y,W) (21)
Y Z2)h(X, W) — (X, Z)h(Y, W),

where
w=3 (w1 + wa).

From (21), for the Ricci tensor S* and the scalar curvature r* of V*, we find

pS*(Y,Z) = (n = 2)w(Y, Z) + ((n — Da + Trp(w) (Y, 2),
pr* =2(n— 1) Trp(w) + n(n — 1)a,

where Try(w) indicates the trace of the tensor w with respect to the metric h.
Next, from the last two equalities, one gets

(Y, 2) = %ps*(y, Z) - % <mpr* +a> WY, 2).

This applied to (21), gives
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p(h(R*(X, Y)Z,W) — %
_S*(X, Z)W(Y, W) + h(Y, Z)S*(X, W) — h(X, Z)S*(Y,W))

(S*(Y, Z)h(X, W)

*

r
(MY, D)X, W) — (X, Z)h(Y, W ):0,
i (MY DB W) — (X )by W)
that is, pC* = 0, where C* is the Weyl conformal curvature tensor of the
metric h. This implies the assertion since n = dim M > 4 and p is non-zero
everywhere on M.

5. The case of pseudo-Riemannian hypersurfaces

Let M be a connected differentiable manifold, which is endowed with a
pseudo-Riemannian metric g. Denote by V the Levi-Civita connection of
the metric g. Let us assume that M is a pseudo-Riemannian hypersurface
of M, that is, M is a submanifold of codimension 1 in M, on which a pseudo-
Riemannian metric g is induced by ¢(X,Y) = g(X,Y) for any vector fields
X, Y on M. Then the induced connection V on M is just the Levi-Civita
connection of g. . s

As it follows from [12, Theorem and Corollary 3], if dim M > 5, (M,g) is
of recurrent curvature (more generally, of recurrent Weyl conformal curvature)
and M is totally umbilical and not-totally geodesic (¢ = ph, p # 0, h being
the second fundamental form), then (M,g) must be conformally flat. It is
obvious that in this case, the second fundamental form i must be conformally
flat too (h becomes the affine metric when we treat the pseudo-Riemannian
submanifold as the affine hypersurface).

Thus, we claim that our Theorem 4 is an extension of the above result to
the case of umbilical affine hypersurfaces.

Another theorems about totally umbilical hypersurfaces in pseudo-Rieman-
nian manifolds of recurrent curvature are presented in [3, 7, 17], and of Rie-
mannian or pseudo-Riemannian (locally) symmetric spaces in [1, 13] and in
many others papers.
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A Monsieur le Professeur Andrzej Zajtz
a loecasion de son 70 €™ anniversaire

Résumé. On donne la généralisation de la notion de suites monotones en
moyenne considerée par F. Leja dans [3]. On démontre que les suites
monotones en moyenne généralisées sont convergentes.

1. Introduction

F. Leja dans sa note [3] a étudié la convergence des suites monotones en
moyenne au sens arithmétique, géométrique et harmonique. Dans la présente
note, on généralise les résultats de [3] en considérant les moyennes quasi-arith-
métiques et quasi-arithmétiques pondérées. F. Leja dans [3] a posé la définition
suivante :

DEFINITION 1
On dit qu’une suite {a,} est décroissante en moyenne
1° au sens arithmétique si

1
An4-2 < §(an+an+1)7 nENl = {172a-~-}a
2° au sens géométrique si a,, > 0 et

An+2 S VanQn41, n e Nh
3° au sens harmonique si a,, > 0 et

20,0541
Ant2 < nontl n e Nl.
+ s
Qp + Gnt1

La définition de la croissance en moyenne est analogue.
o T4y — 2xy : .
’ Pt.nsque = 2 Ty 2 oty quels que soient bic,y.> 0 donc toute suite
décroissante en moyenne au sens harmonique est décroissante en moyenne au
sens géométrique et toute suite décroissante au sens géometrique est décroissan-

AMS (2000) Subject Classification: 40A05, 26A03.
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te au sens arithmétique. Les réciproques sont fausses. Par exemple, la suite
donnée par
Gn + Ap41

2
décroit en moyenne au sens arithmétique et elle ne décroit pas en moyenne
au sens géométrique car a1 > /Gpdny1 pour tout n € Ny et ag = 1,5 >

Jaas = V2.

Dans [3] on trouve le théoreme.

ar =1, ax=2, apj2=

THEOREME 1
Toute suite monotone en moyenne tend vers une limite finie ou infinie.

2. Suites monotones en moyenne quasi-arithmétique

Soit I un intervalle non dégénéré de R (borné ou non borné, fermé, ouvert ou
semi-ouvert, mais non réduit & un point). Soit f: I — R une fonction strictement
monotone et continue. J. Aczél et J. Dhombres dans [1] ont donné la définition :

DEFINITION 2
On appelle moyenne quasi-arithmétique (associée & f) de deux nombres x et y
de I I'expression

1 (f@)+ ()
e 1 (1410,
Si

p— _ z+ .
f(x) =z, I CR alors M(x,y) = 5;
f(x) =Inz, I C(0,400) donc M(x,y) = \/Ty;

f(m):%7OglcRdoncM(x,y):j%; L
f(x)=¢€** a+#0, I CR donc M(z,y) = ln%,
La dérniere moyenne est nommée moyenne exponentielle.
En appliquant la moyenne quasi-arithmétique on propose la définition sui-

vante :

DEFINITION 3
On dit qu’une suite {ay, } est décroissante en moyenne au sens quasi-arthmétique
(associée & f) si a, €I et

Qnq2 < M(ana an+1)
quel que soit n € Ny.
La définition de la croissance en moyenne au sens quasi-arithmétique est

analogue.
On va démontrer le théoreme.
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THEOREME 2
Soit f: T — R une fonction strictement monotone et continue et telle que f~!
est conveze (concave) dans I. Toute suite décroissante (croissante) en moyenne
au sens quasi-arithmétique est décroissante (croissante) en moyenne au sens
arithmétique.

Démonstration. Supposons f ! convexe dans I. On a

-1 —1
Moy — 1 (F@HIY @) 1)ty
2 2 2
quels que soient z,y € I. D’ou et de 'inégalité
An+2 SM(a7l7a7l+1)7 n € Ny,
on obtient
An4-2 S %a ne Nl-

Si f~! est concave dans I le raisonnement est analogue.

De méme on obtient :

THEOREME 3
Soit f:1 — R une fonction strictement monotone et continue et telle que f~!
est convexe (concave) dans I. Toute suite croissante (décroissante) en moyenne
au sens arithmétique est croissante (décroissante) en moyenne au sens quasi-
arithmétique.

L’exemple donné avant montre qu’en général les réciproques sont fausses.
Notons que si la fonction f vérifie I’égalité de Jensen :

f(x+y) @)+ ),

5 5 ; z,y€el
on a ’équivalence. Mais ce cas est trivial car I’égalité de Jensen et la monotonie
stricte de f implique que f(x) = ax + b avec a,b € R, a # 0 et la moyenne
quasi-arithmétique associée a f nous donne la moyenne arithmétique.

Passons maintenant a la convergence des suites monotones en moyenne au
sens quasi-arithmétique.

THEOREME 4

Soit f:1 — R une fonction strictement monotone et continue. Toute suite
monotone en moyenne au sens quasi-arithmétique tend vers une limite (finie
ou infinie).
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Démonstration. Supposons f croissante dans I et soit {a,, } une suite décrois-
sante en moyenne au sens quasi-arithmétique et considérons la suite {b,, } définie
par b, = f(a,), n € Ny. On voit que a,, = f~1(b,) et

f(an) + f(an-‘rl)) _ f—l (bn + bn+1

Up+42 = f_l(bn-'rQ) < f_l ( B) B)

>, ’I’LENl.

La croissance de f implique que byyo < % pour n € Ni. D’ou et du

théoreme 1 de Leja on obtient la convergence de la suite {b,,}. Puisque f est
continue dans I donc la suite {a, } est convergente. La démonstration dans les
autres cas est analogue.

REMARQUE 1

Puisque les notions de croissance de la suite en moyenne considérées dans cette
note sont analogues a celles de décroissance nous ne donnons dans la suite que
des définitions de la décroissance.

3. Suites monotones en moyenne par rapporta la somme des indices.
Dans [3] on trouve :

DEFINITION 4
Soit p un nombre entier, p > 2. On dit qu’une suite {a,} est décroissante en
moyenne (au sens artithmétique) par rapport a la somme de p indices si

1
WU S (@O @y oo )s = (s iz pip) e [l = g it g
quels que soient des nombres entiers positifs u1, p2, . .., fip.

THEOREME 5
Toute suite monotone au sens de la définition 4 est convergente (vers une limite
finie ou infinie).

On peut généraliser la notion de suites monotones donnée par la définition
4 comme le suit.

DEFINITION 5

Soit f: I — R une fonction strictement monotone est continue. Soit p un nombre
entier z, p > 2. On dit qu’'une suite {a,} est décroissante (au sens quasi-
arithmétique) par rapport & la somme de p indices si a,, € T et

flaw) + flap,) +-~-+f(aup)>
p

aj,| §f1<

quels que soient des nombres positifs entiers ui, p2, . .., fip.
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En appliquant le raisonnement fait dans la démonstration du théoreme 4
on obtient le théoréeme suivant :

THEOREME 6
Toute suite monotone en moyenne au sens de la définition 5 est convergente.

L. Suites monotones en moyenne pondérée.

F. Leja en [3] a consideré la monotonie en moyenne pondérée des suites a
savoir :

DEFINITION 6
On dit qu’une suite {a, } est décroissante en moyenne avec le poids 6,0 < 6 < 1,
si

ani2 < 0ap + (1 —0)ani1, n € Nj. (1)

On y trouve le théoreme :

THEOREME 7
Toute suite monotone en moyenne au sens de la définition 6 tend vers une
limite.

On va généraliser la monotonie en moyenne avec le poids en deux direc-
tions. D’abord nous donnerons la définition de la moyenne quasi-arithmétique
pondérée ([2]).

DEFINITION 7
Soit f:I — R une fonction strictement monotone et continue. Soit § € (0,1).
Posons

My(z,y) = [~ (0f(2) + (1 = 0)f(y))

pour z et y de I. L’expression My(x,y) est dite moyenne quasi-arithmétique
pondérée.

Dans la suite admettons la définition suivante :

DEFINITION 8
Soit § € (0,1). On dit qu'une suite {a,} est décroissante en moyenne au sens
quasi-arithmétique pondérée si a,, € I et

Ap+2 S Ma(an, an+1)
pour n € Nj.

Dans la méme fagon qu’avant on a
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THEOREME 8
Toute suite monotone en moyenne au sens de la définition 8 est convergente.

Il est possible de généraliser la définition 6 et le théoreme 7 en considérant
la moyenne quasi-arithmétique pondérée par rapport a p indices. Posons la
définition suivante :

DEFINITION 9

Soit p un nombre entier, p > 2 et soient 01, 0, ..., 0, des nombres de I'intervalle
(0,1) tels que 61 + 62+ -- -+ 6, = 1. On dit qu'une suite {a, } est décroissante
en moyenne (au sens arithmétique pondérée) par rapport a p indices si

| < b1y, +02a,, + -+ bpay, (2)
quels que soient des nombres entiers positifs u1, p2, . . ., fip,
On va démontrer le théoreme.

THEOREME 9
Toute suite monotone en moyenne au sens de la définition 9 est convergente.

Démonstration. Supposons {a,} décroissante en moyenne au sens de la
définition 9. On remarque que {a,} est bornée supérieurement. En effet, par
récurrence on démontre que

an < A=sup{ai,as,...,ap}, n € Nj.

Posons

a = liminf a, <limsupa, =
n—+00 n—-+o0

et supposons que « soit fini. Soit € > 0. Il existe m € N; tel que a,, < a + ¢,
Par (2) on a

Amp = Om 4 m + - +m
N ——

p fois
S 010,m + 92am + -+ apam

= am.

Et donc amp < a+¢.
PourneNyetn>mponan=km(p—1)+raveck,reNjetl<r<
m(p — 1). On voit que

Amp—1)+r = Am 4. +m +r
(p— 1) fois
< (1-6p)am + bpar,
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Wmp-1)+r =Am 4. 4+ m +mp—1)+r
N—
(p— 1) fois
(1= 6p)am + Opamp—1)+r
<1 —=6p)am+0,(1 —6p)am + Of)a,.
(1- Qz)am + F)gar,

IN

et en général
om(p—1)+r < (1= 05 )am + Ofar,  k€Ny.

Il en résulte que

limsupa, =8 < an < a+e.

n—-—+o0o

Puisque € a été choisi arbitrairement donc o = 3, ce qui prouve que {a,}
converge vers une limite finie. Dans le cas a = —oo le raisonnement analogue
prouve que § = —o0.

Maintenant posons la définition suivante :

DEFINITION 10
On dit qu’une suite {a, } est décroissante en moyenne pondérée (au sens quasi-
arithmétique) par rapport a p indices si a,, € I et

aj < FHOf (ap,) + 02 f(au,) + -+ 0, f(an,)) 3)
quels que soient des nombres entiers positifs u1, pt2, . .., fp.

En posant b, = f(an) et en appliquant le théoréme 9 par le méme raisonne-
ment comme dans la démonstration du théoréme 4 on a le théoréme suivant :

THEOREME 10
Toute suite monotone en moyenne au sens de la définition 10 tend vers une
limite.

5. Certaine modification de la monotonie en moyenne pondérée des suites

F. Leja a considéré dans [3] encore une autre sorte de la monotonie en
moyenne des suites en remplagant la condition (1) par la suivante :

Ay < 95+Vau + 0,0, v € Ny (4)
ou QZ +v €t 0, sont des nombres positifs quelconques satisfaisant a I'égalité
O + 074, = 1.

On y trouve le théoreme suivant.
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THEOREME 11
Toute suite monotone au sens de la condition (4) tend vers une limite pourvu
que le produit

v L phtr Cplk=1)p+v
0, - Oty D

tende vers zéro quels que soient p et v lorsque k — 400.

Soit p un nombre entier, p > 2. Remplagons maintenant la condition (2)
par la suivante :

am §0m|a/—t1 +""Faﬁﬁal—t;ﬂ Nlaﬂ%“'aﬂ’pENla (5)
ol F)I’Lll, ceey F)ﬁfl sont des nombres positifs quelconques satisfaisant a I’'égalité
B gl oL R
elul + 9|M| + 1+ 9|M| 1. (6)
Posons
_ php CplvlFee o p(k=D)|v|4pp
M = Oy oty Okttt (™)

ou |v| = py + pg + -+ pp-1.
On va démontrer le théoréme suivant :

THEOREME 12
Toute suite monotone en moyenne au sens de la condition (5) (avec (6)) est
convergente pourvu que limg_, oo A, = 0.

Démonstration. Supposons que la suite {a,} vérifie la condition (5). Par
récurrence on a

an < A <sup{ai,asz,...,ap} pour n € Njy.
Alors {a,} est bornée supérieurement. Posons

«a = liminf a,, <limsupa, =
n—-+o0o n—-4oo

et supposons « fini. Soit € > 0. Il existe m € Ny tel que a,, < a + . Pour
neNyetn>mponan=km(p—1)+raveck,reNjetl<r<m(p-—1).
D’apres (5), (6) et (7) on obtient
Am(p—1)4+r = Am 4+ -+ m +r
(p— 1) fois
< (1 - 9;1(p71)+7‘)a’m + 9;1(p71)+7‘a7“
=(1-MN)am + Mar,

Qom(p—1)+r = Am+ .-+ m +mp—-1)+r

(p— 1) fois
m(p—1)+r m(p—1)+r
= (1 - 92m(p—1)+7') am + 92m(p—1)+ra’m(1”*1)+7'

<
< (1 — )\g)am + Aaa,.
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et en général
Akm(p—1)+r < (1 - )\k)am + Arar, k € Nip.
Faisons tendre k vers 'infinie. Par supposition A\, — 0 et donc

B = limsup a,, = imsup agmp—1)+r < am < @ +€.
n—-+00 k— 400
Puisque € a été choisi arbitrairement donc aw = (3. Si & = —o0, le raisonnement
est similaire.

En appliquant la méthode de la démonstration du théoreme 4 on généralise
le résultat du théoreme 12 comme suit :

THEOREME 13
Soit f: I — R une fonction strictement monotone et continue. Soit p un nombre
entier > 2. Toute suite {a,} satisfaisant a la condition a, € I, n € Ny et

aj < FHON flap) + -+ 017 fla,))

tend vers une limite ot Gfﬁl,..

vérifiant la condition (6) ainsi que la condition limg_, 400 Ay = 0, o0 Ag est
donnée par (7).

.,OIIZ’I sont des nombres positifs quelconques

6. Surle probléme de F. Leja

F. Leja dans [3] a posé le probleme suivant :
Soient p et ¢ deux nombres entiers positifs quelconques fixes et {a,} suite
remplissant ou bien la condition

1 1
E(Gn-i-l ot angp) < E(anﬂa—&-l + ot Gndptq) (8)
pour n € Ny ou bien la condition
1 1
5(aﬂl+...+aﬂp)§a(a’yl +aV2+"'+qu) (9>
Ol [i1, 42, .. ., [tp €t V1,12, .., 14 sont des indices quelconques de N; mais tels

qu’on ait
prt+petotpp=vi+rvat -+ V.
Une telle suite tend vers une limite 7
F. Leja a remarqué ensuite que la réponse est positive dans le cas ou I'un

des nombres p et ¢ est équal & 1 et 'autre est supérieur a 1. Il est facile de
trouver un contrexemple qui montre que cette affirmation est fausse. En effet,
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en posant a, = (—2)" on voit que cette suite remplit la condition (8) pour
p =1 et ¢ = 2 si bien qu’elle ne converge pas. De plus, elle n’est ni bornée
supérieurement ni bornée inférieurement. Quand méme, le théoreme 5 nous
donne la réponse affirmativesip > 1et ¢ = 1.

Notons encore que la réponse est aussi négative dans le cas ol p et ¢ sont
des nombres pairs et la suite remplit la condition (8). Il suffit de considérer la
suite définie par a, = (—1)".
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Dedicated to Professor Dr. Andrzej Zajtz on his seventieth birthday

Abstract. The paper deals with the local structure of those n-dimensional
(n > 5) Riemannian manifolds of harmonic conformal curvature (M, g)
which are not conformally flat and admit a non-homothetic conformal
change of metric g — g such that (M, g) is locally symmetric.

1. Introduction

An n-dimensional (n > 4) pseudo-Riemannian manifold (M, g) is called
conformally symmetric [2] if its Weyl conformal curvature tensor

Chijk = Rhijr — %(gijShk — GikShj + gnrSi; — gn;Six)
K (1)
+m(gzj9hk - ghjgik)
is parallel, i.e., Cp;jx,; = 0. Herewith and in the sequel we denote the curvature

tensor, Ricci tensor and scalar curvature by R, S and K respectively, while
the comma stands for covariant differentiation with respect to the Levi-Civita
connection.

Clearly, the class of conformally symmetric manifolds contains all locally
symmetric ones (n > 4) as well as all conformally flat manifolds of dimension
n > 4. In the Riemannian case there are no more examples ([4], Theorem 2).

But in general, for each n > 4, there exist ([5]) conformally symmetric
manifolds with metrics of indices from the range {1,2,...,n — 1} which are
neither conformally flat nor locally symmetric.

It is not hard to check (see (5)) that for every conformally symmetric ma-
nifold the condition

Siji— S = W(K,l gij — K j ga) (2)

holds.
AMS (2000) Subject Classification: 53B20.
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An n-dimensional (n > 2) pseudo-Riemannian manifold is said to be nearly
conformally flat [3] (or nearly conformally symmetric [10]) if its Ricci tensor
satisfies condition (2). Any conformally symmetric manifold is therefore nearly
conformally flat. Moreover, condition (2) shows that any n-dimensional (n > 2)
manifold of harmonic curvature (S;; = Six,;j) is also nearly conformally flat.

The existence of essentially nearly conformally flat metrics, i.e. nearly con-
formally flat metrics which are neither conformally flat nor of harmonic curva-
ture, can be stated as follows:

ExaMPLE 1 ([10], Example 1)
Let M =R ! x Ri_, (n > 5) be endowed with the metric g given by

Grpdrrdzt = ((n — 1)33")"%1fijdmidmj + (dz™)?,

where A\, u = 1,2,...,n, 4,7 = 1,2,...,n— 1, and f is an arbitrary non-flat
Ricci-flat metric on R™™! (which evidently exists since n > 5 ). Then (M, g) is
essentially nearly conformally flat.

From Theorem 7 of [5] it follows that essentially nearly conformally flat
manifolds cannot be conformally symmetric ones. Nearly conformally flat ma-
nifolds (n > 4) with positive definite metrics are also said to have harmonic
Weyl tensor (i.e., 6C' = 0, see [1], p. 435) or to be of harmonic conformal
curvature. Throughout this paper we shall use the latter name.

Let M be a manifold of of class C*° endowed with a (not necessarily positive
definite) metric g. If g is another metric on M and there exists a smooth
function p on M such that g = (exp 2p)g, then g and § are said to be conformally
related or conformal to each other, and such a change of metric g — g is called
a conformal change. If p = constant, then the conformal change of the metric
is called a homothety.

Nickerson initiated [8] investigations of Riemannian manifolds (M, ¢g) admit-
ting a conformal change of metric g — g such that (M, g) is locally symmetric.

The present paper deals with similar problems. It contains at generic points
(Theorem 2) a full description of the local structure of those n-dimensional
(n > 5) (Riemannian) manifolds of harmonic conformal curvature (M, g) which
are not conformally flat and admit a non-homothetic conformal change of met-
ric g — g such that (M,g) is locally symmetric. Theorem 2 bases on the
following result:

THEOREM 1

Let (M,g), dim M > 4, be of harmonic conformal curvature. If (M, g) is not
conformally flat and it admits a non-homothetic conformal change of metric
g+— g = (exp2p)g such that (M,g) is conformally symmetric, then dim M > 5
and (M, g) is a locally reducible locally symmetric manifold.
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Throughout this paper, all manifolds under consideration are assumed to
be connected and of class C'°°. Their metrics, unless stated otherwise, are
assumed to be positive definite.

2. Preliminaries
In the sequel we need the following results:

LEMMA 1
The Weyl conformal curvature tensor satisfies the well-known equations:

Chiji = —Cinjit = —Chit; = Cjini (3)

Chijt + Cnii + Cniij =0, Clijr = iy = 07y = 0, (4)
- n—3 1

Chitr = m(sz‘j,l = Sitj — m([(,lgij — K jgu))- (5)

LEMMA 2 ([6], p. 89-90)
Let g;; = (exp2p)gij . Then we have:
Yy, =Tl + 8ipr + 01p; — p'gjn (6)
C_’hijl = Chijl ) (7>

where T' denotes Christoffel symbols, p; = p,; and p" = g""p,..

LEmMMA 3
Let §;; = (exp2p)gij. Then we have:

Cwijk;r =C"gr + (0 =3)p:C" (8)
where the semicolon denotes covariant differentiation with respect to g.

Proof. Differentiating (7) covariantly, using (6) and Lemma 1, we obtain

~h _ h h T h hev o . h . h
¢ ikl = ¢ ijkt T o'prC ijk 2pC ijk — P Ciiji — piC ik piCh

)

— pkCly + gup"C" . + giup"Cp + grap”CPy,
Equation (8) follows from (9) and Lemma 1. This completes the proof.

LEMMA 4 ([4], Theorem 2)
Let (M, g) be a Riemannian conformally symmetric manifold. If it is not con-
formally flat, then (M, g) is locally symmetric.
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LEMMA 5 ([11], Theorem 3)

Let (M, g) be a pseudo-Riemannian conformally symmetric manifold. If it
admits a conformal change of metric g — g such that (M,g) is conformally
symmetric, then both (M,g) and (M,g) are conformally flat or the conformal
change of metric is a homothety.

REMARK 1
It is known ([12], p. 286) that a Riemannian manifold is locally decomposable
if and only if it admits a symmetric parallel tensor field of type (0,2) which is
not a multiple of the metric tensor.

If (M, g) is locally decomposable and dim M = n, then coordinates (z, ...,
gt gt 2" can be locally chosen so (see [13], p. 414 ) that
its metric takes the form:

Gi1ja

Gisj
272 , (10)

Gie i

where iy, j1 = 1,..., 71, 49,2 = T1H 1, oy 14T, ey ity e = LE ) Tls ey 10
and the tensors g5 (s = 1,...,t) given by g1 = [gi;, (z},...,2™)], g2 =
[Ginjo (™ o 2™ F72)] L are irreducible. M can be therefore locally writ-
ten in the form My x ... x M; and its metric is the direct sum of the metrics
on M;’s. Obviously, if one or more of the M;’s are 1-dimensional, then, by a
renumeration of coordinates, (10) can be modified so that (M1, g1) is Euclidean
and that all g (k = 2,...,m < t) are irreducible and no one of the My’s is
1-dimensional. Moreover, (10) implies

l9:5] = [g“b ; (11)

gAB]

where a,b=1,...,r, A,B=r+1,...,n, ga are functions of z!,..., 2" only,
and gap depend on 2”1 ... a™ only. Clearly, in a matrix of the form (11) the
tensors g7 and gs can be reducible.

LEMMA 6
In the metric (11), the only components of the Weyl conformal curvature tensor
and its covariant derivative which may not vanish are those related to

1

Cabcd = Rabcd - m(gbcsad - gdeac + gadSbc - gachd)

Q+N
m(gbcgad - gacgbd) 5

(12)
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1
CaBcp = Rapep — r(chSAD — 9BDpSACc + 9AaDSBC

2
N L0 A
JACOBD (n — 1)(n — 2) 9BCIAD — JACYIBD),
1 1
CaABC i — Sac - —anc 9gAB
n—2 n—1 (14>
1
+ (SAB - —NQAB> gac) )
n—1
1
C = — 15
ABODa = T ) Q.a(9BcY9aD — 9acyBD), (15)
1
Cobedn = ———— N - , 16
abed, A (n—1)(n—2) A(9vcGad = Gacgbd) (16)
1 1
e Sy — —— 1
Caapea = ———5(8ac.d = ——7@.dgac)9as . (17)
1 1
wABe,D = ——— - ——N ac s 1
CaaBe,D —(Sap.p = —N.pgas)g (18)
1
Cabcd,e = Rabcd,e - m(gbcsad,e - gbdsac,e + gadSbc,e - gachd,e)
1 (19)
+m@,e(gbcgad = Yacgbd);
1
CaBcp,E = RABCD,E_m(gBCSAD,E — 9BpSAC,E + 9ADSBC.E
, (20)
—garS - - N _
9acSep,E)+ =1 =2 E(9BCc9AD — 9ac9BD),

where a,b,c,d,e =1,2,...,7r, A,B,C,D,E=r+1,...,n, and Q and N denote
the scalar curvatures of the metrics [gap] and [gap], respectively.

The proof is obvious.

LEMMA 7
Let (M, g) be conformally symmetric with a possibly indefinite metric. If the
metric can be locally written in the form (11), then (M, g) is locally symmetric.

The proof follows easily from equations (15)-(20).

The following two results seem to be well known:
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LEMMA 8
Let M = My x My be an n-dimensional (n > 4) pseudo-Riemannian mani-
fold, where My and My are of constant sectional curvature, dim My, =1 > 1,
dimMs = s > 1 and r +s = n.! Denote by Q and N the scalar curvatures
of M1 and My, respectively. Then M is conformally flat if and only if the
condition

s(s—1)Q+r(r—1)N=0 (21)
holds.
LEMMA 9
Let M = My x Ma X ...x My be a pseudo-Riemannian manifold, M; (dim M; =
¢ >1,1=1,2,...,t) being Einstein manifolds with scalar curvatures Q;. De-

note by Q the scalar curvature of M and let ¢ = dim M. Then M is Finsteinian
if and only if

1 1
-Q=—0; (i=1,2,...,t).
q qi

LeEmMA 10
Let (M, g) be an n-dimensional (n > 2) Riemannian locally symmetric manifold
whose curvature tensor satisfies the condition

v R = Bigi; — Bjga (22)

for some covector fields v and B. If (M, g) is locally irreducible and if at least
one of the covector fields v or B does not identically vanish, then (M,g) is of
constant sectional curvature.

Proof. Obviously, (M, g) is an Einstein manifold with constant scalar cur-
vature and its curvature tensor satisfies the condition

RMIy Ryiji = Tgm (23)

where 7 = constant. Transvecting (22) with RY?, and making use of (23), we
easily obtain

2
Tvg = —KBy. (24)
n
On the other hand, condition (22) yields

1
—K”Ul = (Tl — 1)Bl
n

which, together with (24), implies

IThroughout this paper, 1-dimensional manifolds are ass med to be of constant sectional
curvature.
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(7~ ey =0 >

Assume that v; does not vanish at least at some point of M. Since 7 and
K are constants, (25) gives

2
r=———K2
n?(n—1)

But, by (23), we have R""* R,;;;. =|| R ||* = n7, which, together with the last
result, implies

2
| RIP= = K (26)

n—1)

Now, let T be given by

Thiji = Rhjt — n(T(gijghl — Gnjgit)-

1)

Then, in view of (26), we get || T||> = 0. Thus, T = 0, which completes the
proof in the case v # 0. If B; does not identically vanish, then the proof is
quite similar.

3. Locally decomposable manifolds

We are now in a position to prove Theorem 1.

Proof of Theorem 1. By (2) and (5), we get

Crijl,r =0, (27)
which, in view of (8) and (7), yields

But (28), together with
C_'hijlc_'hijk- = UGk -

which holds for every 4-dimensional manifold [9], implies up; = 0. Hence, C =0
at some point. Since C' is parallel, it vanishes therefore everywhere, a contra-
diction. Thus dim M > 5.

Assume that (M, g) is locally irreducible. By (7) and Lemma 4, (M, g) is
locally symmetric and, in consequence, it must be Einsteinian. Thus, in view
of (28), we have

_ 1
WRriji = ————=K(gs; — pga),
PR = ST (P95 — piGan)
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which, by Lemma 10, shows that (M, g) is of constant sectional curvature.
Consequently, (M,g) is conformally flat, a contradiction. The last remark
completes the proof.

LEMMA 11

Let (M, g), dim M > 5, be of harmonic conformal curvature admitting a non-
homothetic conformal change of metric g — g = (exp2p)g such that (M, g) is
conformally symmetric. Assume that (M,g) is in some coordinate neighbour-
hood U decomposable into My x My, dmM; =r > 1, dimMs =s=n—r > 1.
(The metric of (M,g) is therefore in U of the form (11)). If one of the M/s,
say M, is either irreducible or Euclidean and there exists a point in U at which
the gradient of p does not vanish in the direction of My (i.e. po = p,q # 0 for
some a € {1,2,...,1}), then

(i) My is of constant sectional curvature (with constant scalar curvature)
and Ms is Finsteinian with parallel curvature tensor.

(ii) Condition (21) holds, where Q and N denote the scalar curvatures of My
and Ms, respectively.

Proof. Both M; and Mj are locally symmetric since M; x Ms does so (cf.
Lemma 7). On the other hand, because of (28), equations (12)-(14) imply

PaC%%pa =0, PaC%qa=0, paCpcp =0, paC?,5=0, (29)

whence, by (14), Sap = %anb, VC =0 and p, # 0, we get

_ 1 —1
Spp = —— (N -2 Q> JBD - (30)
n—1 r

The last result shows that M, is Einsteinian and that condition (21) holds.
Moreover, (12) yields

_ _ 1 2 +NY ,_ _
Cabed = Rabed — -Q— et (GadGbe — GacGod),
n—2\r n—1
which, because of (29), implies
_ 1 /2. Q+N
RY.g——— | -Q— Gbe — PeGbd) = 0. 31
Pl — (TQ — > (Pagve — Pegba) (31)

But from the last result, we have

EQ_T—l (EQ_Q—I—N>:07

T n—1
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which shows that in the case dim M > 1 equation (31) takes the form
na 1 — _
PaR%eq = m@(pdgbc — PeGbd)-

Since p, does not identically vanish, the assertion is therefore an immediate
consequence of Lemma 10. This completes the proof.

LEMMA 12

Let (M, g), dimM > 5 be of harmonic conformal curvature admitting a con-
formal change of metric g — g = (exp2p)g such that (M,g) is conformally
symmetric. Assume that (M,g) is in some coordinate neighbourhood U de-
composable into My x My x ... x My, where My is Fuclidean or irreducible
and the others of the Mis (j = 2,...,t) are irreducible and no one of them
is 1-dimensional (the metric of (M,g) is therefore in U of the form (10), cf.
Remark 1). If p # constant on U, then (M, g) is conformally flat or there is
only one of the M!s (i = 1,...,t) in the direction of which the gradient of p
does not identically vanish (i.e., there exists s € {1,2,...,t} such that for any
q # s the condition p;, = p;, = 0 holds everywhere on U, where (x%a) denote
coordinates in M;.)

Proof. Let t > 3. Suppose that among M/s there exist at least two such
in the direction of which the gradient of p does not identically vanish on U.
Without loss of generality, we may assume (it is enough to change the nu-
meration of coordinates if it is necessary) that the metric is in U of the form
(10) and that among (1) and (z) there exist at least two coordinates z1
and z*¢ such that both componets py, = p ., and py, = p., do not vanish
identically on U. Lemma 11 shows that both M; and M; are of constant sec-
tional curvature (with constant scalar curvatures), Ny = My x ... X M; and
Ny = My x ... x M;_; are Einsteinian and condition (21) holds.

Denote by @Q; the scalar curvature of M; and let ¢; = dim M;. Then, in
view of (21), we have

¢ ¢ ¢
a(l—q)> Qi+Q1> ¢ (1—2%‘) =0, (32)
i=2 i=2 i=2

t—1 t—1 t—1
@3 (1 - qu-) fall—0) Q=0 (59
i=1 i=1 i=1
On the other hand, Lemma 9 implies
1 . 1 .
QZ:q_QtQZ (2227at), leq_lQ1QZ (’l:l,,t—l), (34)
t

which, together with (32) and (33), yields
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0,

q1(1—q1)Q¢ + ¢ Q1 (1 - Z%)

t
=2

t

1
qt(1 = q)Q1 + 1 Q¢ (1 - Z%)

=1

0.

Consequently, we have

Q1 ((1—2%‘) (1—2_:%‘) —(1—611)(1—%)) =0,

whence it follows Q1 = @; = 0. Thus, both M; and M; are Euclidean, a
contradiction. Assume now that ¢ = 2 and that there exist py, b € {1,2,...,r}
and pp, B € {r+1,...,n}, which do not vanish on U (cf. Remark 1). Then, by
Lemma 11, both M; and M> are of constant sectional curvature and condition
(21) holds. Hence, in view of Lemma 8, M; x My is conformally flat. Since C
is parallel and it vanishes on U, it does so everywhere. Consequently, (M, g) is
conformally flat. The last remark completes the proof.

4. A local structure result

We are now in a position to prove the following result:

THEOREM 2

(i) Let (Mi,91) be of constant sectional curvature K (K = constant), F a
positive non-constant function on My, and (Maz, g2) a locally symmetric
Einstein manifold whose scalar curvature N = —s(s — 1)K, where s =
dim My. If (M2, g2) is not of constant sectional curvature and dim My +
dim Ms > 5, then M = My x My with the warped product metric g =
F2g1 + F?gy = (exp2log F) (g1 @ g2) is of harmonic conformal curvature
and it admits a non-homothetic conformal change of metric g — g such
that (M, g) is locally symmetric. Moreover, (M, g) is neither conformally
flat nor locally symmetric.

(ii) Let (M,g), dimM > 4 be of harmonic conformal curvature admitting
a non-homothetic conformal change of metric g — g = (exp2p)g such
that (M, g) is conformally symmetric. If (M, g) is not conformally flat,
then dim M > 5 and for each point x € M satisfying (gradp)(xz) # 0
coordinates can be chosen in a neighbourhood of x so that the metric of
M takes the above stated warped product form with properties described

Proof. (i) Obviously, coordinates can be locally chosen so that the metric
of M can be written as
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_ _—2p gab
il =e _ , 35
[9:5] [ gAB] (35)
where gap(z!, ..., 2") denote the components of g1, gap(z"*!, ..., 2™) the com-
ponents of go, 7 = dim M} = n— s and p = — log F' # constant is a function of
z',...,z" only. Thus,
(93] = €*gi;]- (36)

Since (M3, g1) is of constant sectional curvature (with constant scalar curva-
ture), (Ms,g2) is a locally symmetric Einstein manifold and condition (21)
holds, (M,g) is locally symmetric and equations (12)-(14) imply Cupea =
Cuape =0 and

_ _ 1
Capcp = Rapep — )N(QBCQAD — GBDJAC)- (37)

s(s—1

Moreover, one can easily check that condition (28) is satisfied. Hence, in view
of (36), (7), (8) and VC = 0, we obtain (27), which shows that (M, g) is of
harmonic conformal curvature. On the other hand, by virtue of (36) and the
definition of g it follows that (M, g) admits a non-homothetic conformal change
of metric g — g such that (M, g) is locally symmetric. Because of (37) and (7),
(M, g) is not conformally flat and, by Lemma 5, it cannot be locally symmetric.
The last remark completes the proof of (i).

(ii) Theorem 1 shows that dim M > 5 and (M, g) is a locally reducible
locally symmetric manifold. Consequently, its metric has locally the form (10),
where (M, g1) is either Euclidean or irreducible, and any other (M;,g;) is
neither reducible nor of dimension 1.

Denote by U a coordinate neighourhood in which gradp does not vanish
identically. Whithout loss of generality we may assume (it is enough to renu-
merate the coordinates if it is necassary) that (M7, g1) with g1 given by [gas],
a,b=1,2,...,r,is either Euclidean or irreducible, and that p.(z) # 0 for some
x € U and ¢ € {1,...,r}. Obviously, the metric (10) can be written in the
form (11), whence, by Lemma 11, it follows that (M7, g1) is of constant sec-
tional curvature (with constant scalar curvature), (M3, g2) is Einsteinian with
parallel curvature tensor and condition (21) holds. Moreover, Lemma 12 shows
that p is a non-constant function of z',...,z" only.

Assume now that (Mo, g2) is of constant sectional curvature. Then, because
of (37) and Caped = Caape = 0, the Weyl conformal curvature tensor C would
vanish on U. Since C is parallel by assumption, it would vanish everywhere
on M, a contradiction. Hence, in view of (35), (M, g) has in U the required
warped product form with F' # constant and properties described in (i). This
completes the proof.

REMARK 2
The main part of Theorem 2(i) is due to A. Derdziniski (cf. [1], p. 442).
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REMARK 3

In the case B # 0 the assertion of Lemma 10 follows also from a result of
Grycak (cf. [7], Theorem 1).

(1]
2]
3]
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Local analytic solutions of a functional equation
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Abstract. All analytic solutions of the functional equation

|f (rexp(i0))|* + [f(D)* = |£(r)* + | f (exp(i6))|*
in the annulus
P={z€C: 1—e<|z|<1+¢€}
and in the domain

Di={z=re?cC: 1—e<r<l+e 0 (=00},

are found.

1. Introduction

Hiroshi Haruki in [1] studied the following functional equations

|f(rexp(i0))[* + [F(1)[* = | £(r)]* + | f (exp(if))?, (1)
and
| f(rexp(if))[| = [f(r)], (2)

where 7 > 0, 6 are real. Equation (1) can be obtained from (2). In fact, let us
put 7 = 1in (2). Then we have

|/ (exp(i0))| = [f(1)] (3)

for 8 € R. Next squaring (2) and (3) and adding them together we infer (1).
Thus (1) is a generalization of (2), i.e., if f is a solution of (2), then it is a
solution of (1). In paper [1] H. Haruki showed that all analytic solutions in
C\ {0} of (1) which are analytic at 0 or have a pole at this point can be written
as follows

f(z) =AzP + Bz7P, (4)

where A, B are complex constants and p is an integer.

AMS (2000) Subject Classification: 39B32, 30D05.
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We are going to prove that the functions of the form (4) are unique analytic
solutions of (1) in the annulus

P={zeC: 1—-e<|z|<1+¢€},

where 0 < € < 1 is a constant. We shall also find all analytic solutions of (1)
in the domain

D:={z=re®cC: 1-e<r<l+e 0 (-6,0)},

where 0 < € < 1 and 0 < § < 7 are given constants. Moreover, we shall
determinate all analytic solutions in P and in D of (2) and of the equation

| (rexp (i6))| = | f (exp (i0))] - (5)

Of course, (1) is also a generalization of (5).

2. Solutions of (1), (2) and (5) in P

In this section we will be concerned with analytic solutions of equations (1),
(2) and (5) in the annulus P.

THEOREM 1

If f is an analytic solution of (1) in P, then there exist complex constants
A, B and an integer p such that (4) is valid. Conversely, for every complex
constants A, B and for every integer p, f given by (4) is a solution of (1).

Proof. Tt is easy to check that f given by (4) satisfies (1). The function
f(z) =0 1in P is a solution of (1) of the form (4). Suppose that an analytic
function f is a solution of (1) and f # 0. Of course,

Fre®) fre®) + [P = [£(r)]> + £ (6)

for € R and r € (1 —¢,1 + ¢€). Differentiating (6) at first with respect to r
and then with respect to # we successively infer

& (re YT 4 e f(re) T (re) = | )P

and
e (TR — e e ) + P (e T
— e O f(re!) f1re®)
=0.

Let us multiply the obtained equality by r and replace re by z. Then
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_ Pf1(2)f(2) =2 f(2) ] (2) + 2 () (2) = 2f (2)F'(2) = 0,
ie.,

S f"(2)f(2) + 2f'(2)F(2)] = 0 (7)
for all z € P. Since f # 0, we can find a disc V' C P such that f(z) # 0 for all

z € V. The equality f(z) = %, valid in this disc, and (7) imply

NEUOESIND
f(z)
for all z € V. Since an analytic function preserves domains, there exists a real
constant k such that

=0

2f(2) +2f'(2) — kf(z) =0 (8)

for all z € V. By the Identity Theorem formula (8) remains valid in P. (The
above part of the proof is due to H. Haruki, see [1], pp. 130-131). We can find
complex numbers a,, n € Z such that for all z € P,

flz)= Z anz".

n=—oo
Since
oo oo
f(z)= Z nanz"" (z) = Z n(n —1)anz""?
n=-—oo n=-—oo
we conclude that
o
0=22f"(2)+2f'(2) — kf(z) = Z [n(n—1)+n — kla,2",
n=—oo
whence
(n®* —k)a, =0  forallncZ (9)

We choose p € Z such that a, # 0. It is possible as f # 0. From (9) we get
that p? = k and

(n2 pr) an =0 for all n € Z.

So, if n? # p?, then a,, = 0, whence it follows that a, = 0 for all n # p and
n # —p. Thus

flz) =apz? +a_pz™?
for z € P, as desired.

The following two lemmas are quite obvious.

LEMMA 1
If the equality

Ae" 4 Ae 0 = A+ A
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holds true for all 6 € (=4,0), where A is a complex constant, a # 0 is a real
one, then A =0.

LEMMA 2
If the equality

aeaG +56—a9 _ Oé+ﬂ

holds true for all 8 € (=4,8), where a # 0, «, B are real constants, then
a=06=0.

Now we will consider equation (2). As we mentioned above, every solution
of (2) is a solution of (1). Thus if f is an analytic solution of (2), then f has to
be of form (4) for some complex constants A, B and some integer p. Assume
that p # 0. Substituting (4) to (2) we get

ABe??? L ABe~ 2" — AB + AB, 6 € R.
Lemma 1 yields A =0 or B = 0. Thus we have

THEOREM 2
If f is an analytic solution of (2) in the annulus P, then there exist a complex
constant A and an integer p such that

f(z) = AzP. (10)

Conversely, for every complex constant A and for every integer p, the function
f given by (10) is a solution of (2).

THEOREM 3
Every analytic solution of (5) in the annulus P is a constant function.

Proof. Suppose that f is a solution of (5). Then f has to be of form (4).
We may assume that p # 0. Combining (4) with (5) we obtain

|A|?r?P + |B|*r—2P = |A|? + | B|? forallr € (1 —¢€,1+¢).

Lemma 2 shows that A = B = 0, which completes the proof.

3. Solutions of (1), (2) and (5) in D

In this part of the paper we shall find all analytic solutions of equations
(1), (2) and (5) in the domain D := {re’? : 1 —e<r <14¢, 6 € (=6,0)},
where 0 < e <1 and 0 < § < 7. In the sequel z® denotes the principal branch
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of the power in D and log z is the principal branch of the logarithm of z, i.e.,
z% = exp (alog z) and log z = log |z| + i arg z for z € D, where argz € (=46, 9).

THEOREM 4
If an analytic function f satisfies (1) in D, then there exist complex constants
A, B and a € R or a € iR such that

f(z)=Az*+ Bz"“ (11)

Conversely, every function f of form (11) with arbitrary complex constants A,
B and arbitrary real or purely imaginary constant a is a solution of (1).

Proof. We may repeat the argument of the proof of Theorem 1. Thus we
observe that if an analytic function f satisfies (1) in D , then it has to be a
solution of the differential equation

2f"(2) +2f'(2) —kf(z) =0,  z€D, (12)
where k is a real constant. Let
G={logz: z € D}.

Of course, G is a domain. We define a function g : G — C as follows

g(u) = f(e").
g is analytic, f(z) = g(log z) for z € D and
ef(e") =g'(w), € f"(e")=¢"(u) =g (u), ued. (13)

It follows from (12) that
2t (e") + e f(e") —kf(e*) =0  forallu € G,
whence by (13)
g"(u) — kg(u) =0, ueG.
Solving this differential equation we get
g(u) = Ae®™ + Be™ ",

where A, B are suitable complex constants and a? = k. So a is a real constant
or a = ic, where ¢ € R. Putting u = log z we obtain (11). The first assertion
of the theorem follows.

For the second conclusion, let us take arbitrarily a € R, A, B € C and let f
be given by (11). We observe that

f(rew) = Ar@eifa +Br—ue—i9u7 f(ew) = Aetfa _|_Be—i9a7
flr)y=Ar®+ Br—, f(1)=A+ B.
Thus
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[f(re”) P+ 1 F(D)?
= (Ar®e"® 4 Br=%e= %) (Arte=%e 4 Br=") 4 (A + B)(A + B)
= |A]*r®* + |B]*r72% + ABe** 4 ABe™%%* 1 |A]? + |B]* + AB + AB
and
F(e) + 1)
= (Ae™® + Be ") (Ae"* 4 Be'®) + (Ar® + Br—®)(Ar® 4+ Br=%)
= |A> 4+ |B]* + ABe*" 4 ABe %" 1 |A>r®* + |B|*r 2" + AB + AB.
Now we assume that a = ic, where ¢ € R. Then
f (7,61’9) — Agicllogr+if) | po—ic(logr+if)
— Ae~f¢iclogr | pecd —iclogr
f (eiG) — Ae= + Be,
F(r) = Aeiclos™ 4 Be-iclogr,
f(1)=A+ B.
These formulas lead to
£ re™)? +1F ()P
= (Ae~feiclogr | Becfe—iclogry(fo—cOoiclogr | Pecboiclogry 4|4 4 |2
— [A]2e20 4 |B|2e20 4 ABe¥elosT 4 ABe-2iclogr
+|A*+ |B|* + AB+ AB
and
[FED)P +1f ()P = (Ae™ + Be?)(Ae™ + Be™)
4 (Aeiclogr 4 pe—iclogr)(fp—iclogr | Peiclogr)
= |A2e™2 +|B|*e** + AB + AB + |A|? + |B)?
1 ABericlogr | Ape-2iclogr
So in both cases the function f given by (11) satisfies (1), as required.

THEOREM 5
All analytic solutions of (2) in D are of the form

f(z) = Az°, (14)

where A is a complex constant and a is a real one.

Proof. Suppose that f is a non-constant analytic solution of (2) in D.
Since (1) is a generalization of (2) we can apply Theorem 4. Thus there exist
complex constants A, B and real or purely imaginary a # 0 such that f is
given by (11). At first we assume that a is real. Substituting (11) in (2) after
some easy calculations we obtain
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ABexp (—2iaf) + ABexp (2ia) = AB + AB
for 6 € (—4,d). Lemma 1 yields A = 0 or B =0 and f is of the form (14), as
required.
Now, we assume that a = ic, where c is real. Replacing in (2), f(z) by (11)
we infer the equality

|A|? exp (—2¢0) + | B|? exp (2¢) = |A]* + |B|?.
This together with Lemma 2 yields A = B = 0.

THEOREM 6
All analytic solutions of (5) in D are given by the formula

f(z) = Az', (15)

where A is a complex constant and ¢ is a real one.

Proof. We argue as in the preceding proof. Suppose that f is a non-
constant analytic solution of (5) in D. f has to be given by (11). Assume that
a is a real constant. Substituting (11) in (5) we get

|A|?r?® + |B]*r—2* = |A]? + |BJ?

forall r € (1 —¢,14¢€). From Lemma 2 we infer that A = B = 0. It remains to
consider a = ic, where c is real. Again substituting (11) in (5) we can obtain

ABexp (2iclogr) + ABexp (—2iclogr) = AB + AB.
The above formula and Lemma 1 yield (15).
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Dedicated to Professor Dr. A. Zajtz

Abstract. The aim of this paper is to show that for any ruled surface X
with a unisecant polarization L = Co + pof the Seshadri constant of L
at every point of X is equal 1.

1. Introduction

We investigate Seshadri constants of ample line bundles on ruled surfaces.
In general it is difficult to calculate Seshadri constants and their values are
known only in few examples. As for lower bounds, if a line bundle L is very
ample, then we have always e(L;2z) > 1. Ein and Lazarsfeld proved that on
any smooth surface X with arbitrary polarization L, the previous bound is
somewhat surprisingly valid in almost every point of X, more exactly: we have
e(L;x) > 1 for x very general (see [2]). On the other hand Bauer proved that if
L is very ample and there is a line passing through a point z, then e(L;z) =1
(see [1]). Here we investigate unisecant polarizations on ruled surfaces. In this
situation there is a line passing through every point of x but the polarization is
usually not very ample. Our main result states that nevertheless the Seshadri
constant at every point is equal 1.

MAIN THEOREM
If X is a ruled surface with a unisecant polarization L = Coy + pof, then the
Seshadri constant of L at every point of X is equal 1.

We follow the notation and terminology used by R. Hartshorne in [4]. All
facts recalled in the introduction to theory of ruled surfaces are taken from [4]
V section 2, and we use them here without proofs.

Throughout this paper we work over the field C of complex numbers. For
any coherent sheaf on a (smooth, projective) variety X, we write H*(F) instead
of HY(X,F), and we denote by h'(F) the dimension of the cohomology group

AMS (2000) Subject Classification: 14C20.
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H'(F). As customarily we use additive notation for tensor powers of line
bundles.

2. Ruled surfaces

2. Basic definitions and properties

DEFINITION 1

A geometrically ruled surface, or simply a ruled surface, is a surface X, together
with a surjective morphism 7: X — C to a (nonsingular) curve C, such that
for every point y € C, the fibre X, is isomorphic to P!, and such that 7 admits
a section (i.e. a morphism s: C' — X such that 7 o s =id¢).

EXAMPLE 1
If C is a nonsingular curve, then C' x P! with the first projection is a ruled
surface.

EXAMPLE 2

Let &£ be a vector bundle of rank 2 over a curve C. The associated projective
space bundle P(£) with the projection morphism m:P(£) — C is a ruled
surface.

The following proposition shows that all ruled surfaces arise as in the above
example.

ProPOSITION 1 ([4] V, 2.2)

If m: X — C is a ruled surface, then there exists a vector bundle £ of rank 2
on C such that X = P(E) over C. If € and E' are two vector bundles of rank 2
on C, then P(E) and P(E') are isomorphic as ruled surfaces over C if and only
if there is an invertible sheaf L on C such that &' 2 E R L.

REMARK 1

A surface X is called a birationally ruled surface if is birationally equivalent to
C x P! for some curve C. Since P? is birational to P' x P!, this means that
every rational surface is a birationally ruled surface.

Let m: X — C be a ruled surface over a curve C of a genus g. By Proposi-
tion 1, we can choose & a locally free sheaf of rank 2 on C such that X = P(&).
Moreover we can assume that H%(Ey) # 0 but for all invertible sheaves £ on
C with deg £ < 0, we have H%(&y @ £) = 0. A sheaf & with this property is
called normalized.

In general &y is not necessarily determined uniquely, but its invariant e =
—deg(&p) is fixed.
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ExAMPLE 3

Let C be a curve with positive genus, and £ = O¢ @ L where deg(L) = 0 but
L 2 Oc¢ . In this case we have two choices of normalized &, namely £ and
E@ Lt

Let ¢ be the divisor on C corresponding to the invertible sheaf /\2 &, then
e = — deg(e). Moreover, there exists a section sg: C — X with the image Cj ,
such that Ox(Cp) = Ox(1), where Ox (1) is the Serre line bundle on X (for
more details see [4] V, 2.8).

PROPOSITION 2 ([4] V, 2.3)
Under above assumptions we have:
Pic(X) 2 Z - Cy & 7" Pic(C).
Also
Num(X)=Z-Co S Z- f,
where f is the class of a fiber. Moreover Co.f =1, f2 =0 and C? = —e (see
Proposition 3).

If b is any divisor on C', then we denote the divisor 7*b on X by bf. Thus
from Proposition 2 we have that, any element of Pic(X) can be written as
aCp + bf with a € Z and b € Pic(C). Any element of Num(X) can be written
as aCy + bf with a,b € Z.

LeMMA 1 ([4] V, 2.20 and 2.11)
Using above notations

(1) the canonical divisor K on X is given by
K~ —=2C)+(t+e)f
where t is the canonical divisor on C.
(2) For numerical equivalence, we have
=-2C0+(29—-2—¢)f
and therefore
K?=38(1—g).

PROPOSITION 3 ([4] V, 2.6 and 2.9)

Let € be a locally free sheaf of rank two on a curve C, and let X be the ruled
surface P(£). Let Ox (1) be the invertible sheaf Opy(1). Then there ex-
ists a one-to-one correspondence between sections s:C — X and surjections
E — L — 0, where L is an invertible sheaf on C, given by L = s*Ox(1).
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Furthermore, if D 1is any section of X corresponding to a surjection & —
L—0, and if L = Oc(D), for some divisor 0 on C, then deg(d) = Cy.D, and
D ~ Co+ (0 —¢)f. In particular, we have that CZ = deg(¢) = —e.

From Proposition 2 and Proposition 3 it follows that Cj is a curve on X
with the minimum self-intersection. Next lemma gives us more information
about a number of such curves.

LEMMA 2 ([3], 2.8)
Let m: X = P(E&) — C be a ruled surface. Then h°(Ox(Cy)) = 2 if X =
C x P! and h°(Ox(Co)) =1 in all other cases.

This means that the curve Cy is unique in its class of linear equivalence,
except when the ruled surface is the product C' x P!,

Decomposable ruled surfaces

DEFINITION 2
A ruled surface X = P(&) is called decomposable if &y is a direct sum of two
invertible sheaves.

THEOREM 1 ([4] V, 2.12)
Let X be a ruled surface over a curve C' of genus g, determined by a normalized
locally free sheaf & .

(1) If & is decomposable, then Ey = O¢ @ L for some L with deg(L) < 0.
Therefore e > 0. All values of e > 0 are possible.

(2) If & is indecomposable, then —g < e < 2g — 2.

Let X = P(&) be a decomposable ruled surface. Geometrically it means
that X has two disjoint unisecant curves Cy and C4 (i.e. C;.f = 1 for each fiber
f). These curves are given by surjections & = O¢(e) ® Oc — Oc — 0 and
&0 =2 Oc(e) ® Oc — O¢(e) — 0, respectively. Moreover from Proposition
3, it follows that C; ~ Cy —ef.

3. Linear systems on ruled surfaces
We start by recalling some basic facts.

THEOREM 2 ([4] V, 2.20 and 2.21)
Let X be a ruled surface over a curve C of genus g, with a fiber f, the section
Co and e = —deg(e) = —C3.

(1) If Y = aCy + bf is an irreducible curve different from Cy and a fiber,
then
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(a) a >0 and b > ae fore >0,
(b) (a=1andb>0) or (a>2 and b > Lae) for e < 0.

(2) A divisor D = aCy + bf is ample if and only if

(a) a >0 and b > ae fore >0,
(b) a>0 and b> Lae for e < 0.

REMARK 2

There are no better numerical conditions characterizing irreducible curves on
ruled surfaces as this property does not depend only on the numerical equiva-
lence class of the considered line bundle.

31.  Elementary transformation of a ruled surface

Let m: X — C be a geometrically ruled surface and let = be a point on X
with 7(z) = P. We denote by Pf the fiber through the point z.

Let 0: X, — X be the blow-up Agf X at z with the exceptional divisor
E = o7 Y(x). We have o*(Pf) = Pf + E, where Pf = o~ 1(Pf\ {z}) is
the strict transform of the fiber Pf. Since ]ij =~ P! and ﬁfZ = —1, this
means that we can blow-down the surface X, along ]3}’ (this follows from the
Castelnuovo’s criterion). We denote by 7: X, — X’ the blow-down of X,

along the exceptional curve E' = Pf.

DEFINITION 3

An elementary transformation of X at the point z is the birational map
v: X' — X where v = o o 7~'. The surface X' is called the elementary
transform of X at x. For a curve C' on the surface X we define its strict

transform as C' = 7,.(C).

Note that (Pf)’ is zero as T contracts PF to a point. We observe furter
that:

REMARK 3
If X' is an elementary transform of X at x, then X is the elementary transform
of X" at 7(y), where y is the intersection of the exceptional divisors E and E’

on Xy . Moreover, if Pf' is the fiber through the point 7(y), then ]37’ =F.

Assume that 7: X — C' is a geometrically ruled surface over a curve C' of
genus g with the invariant e. Let v: X’ — X be the elementary transformation
of the surface X at a point  with m(x) = P. The question is: how the
elementary transformation v changes properties of X?
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PROPOSITION 4 ([3], 4.4)
With above assumptions we have:

(1) If b is a divisor on C, then v*(bf) =bf’.
(2) If D is a curve on X, then v*D = D’ 4+ (mult, D) - Pf’.

(3) If D is a n-secant curve on X (i.e. D = nCy + bf for some b € Z) and
G is a m-secant curve on X, then

D'.G' =D.G+nm—n-mult, G —m-mult, D.
Therefore, if D and G are unisecant curves on X then:

(a) if € DNG, then D'.G' = D.G — 1.
(b) if ¢ DUG, then D'.G' = D.G + 1.
(¢) ifx € D but x ¢ G, then D'.G' = D.G.

(4) If D is a unisecant curve on X, then v,v*D = D + Pf.

Let Cy be the minimum self-intersection curve on X. We know that CZ =
—e and for any other curve D on X, we have D2 > —e. Moreover assume
that z € Cy. Let C{ denote the strict transform of Cy by the elementary
transformation X at z. From Proposition 4 it follows that C{? = CZ — 1, but
for any other unisecant curve D we have D'? > D?—1. It means that D'? > C{?
and C} is the minimum self-intersection curve on X’. Since Cf? = —e — 1, then
e =e+1.

In this way we gave the idea of the following

THEOREM 3 ([3], 4.9)

Let m:P(&) — C be a ruled surface. Fiz a point x on the minimum self-
intersection curve Cy on X, with w(x) = P. Let X' denote the elementary
transform of X at x. Then X' is a ruled surface corresponding to a normalized
sheaf £, with \* £} = Oc(¢') satisfying ¢ ~ ¢ — P (¢! = e +1). Furthermore,
the minimum self-intersection curve on X' is C{ .

Let Xy be an indecomposable ruled surface over a curve C of genus g and
invariant e. If we apply an elementary transformation to X at a point on Cj,
then we obtain a ruled surface Xy with invariant e; = e+ 1 (from Theorem 3).
We can take n such transformations so that e, = e + n > 2g — 2. This means
that after n steps the surface X, is decomposable (see Theorem 1). Applying
Remark 3 to surfaces X and X,,, we have that X can be obtained from X, by
elementary transformations. We proved the following

REMARK 4 ([3], 4.10)
Any indecomposable rTuled surface is obtained from a decomposable one by a
finite number of elementary transformations.
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We can say more, namely

REMARK 5 ([3], 4.11)
Any ruled surface over the curve C' is obtained from C x P! applying a finite
number of elementary transformations.

From Remark 5 follows that every ruled surface is birationally ruled surface
(compare with Remark 1).

Remark 3 and Theorem 3 give us useful tools to study numerical properties
of transformed divisors.

PROPOSITION 5
Let v: X' — X be the elementary transformation at x € Cy .

(a) Let D be a divisor on X. If D = aCy + bf with integers a and b, then
v*D = aCl + (a + b) f', where C} and f' generate Num(X’).

(b) Let Y be a divisor on X'. If Y = pC{ + qf’ with integers p and q, then
v.Y =pCoy+qf.

Proof. We are using the notation introduced in the definition of an ele-
mentary transformation and in the previous propositions.

Part (a). Let
v*D = pCh +qf’, with p,q € Z. (1)
From Proposition 2 we have that for any fiber f’
(v*D).f" =p,
but
(v*D).f" = (1.0*D).f = (a*D).(7* ).
Let 7(y) € f’. In our notation it means that f' = Pf’. Then
(v*D).f' = (0*D).(Pf' + E') = (6" D).E + (c*D).Pf
= (0"D).(c*(Pf)) = (¢"D).E = D.(Pf)
=a.
If 7(y) ¢ f’, then
(v*D).f' = (6" D).(* ') = (6" D).f = (¢*D).f = (¢*D).(c*f) = D.f = a.
In this way we proved p = a.
To show that it holds ¢ = a+1b, it is enough to test the intersection product

(v*D).C} .
Since z € Cy, then 7(y) ¢ C{. Moreover from Theorem 3 it follows that

Cr=0c2—1. (2)
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By Proposition 2, conditions (1) and (2)
(v*D).Cy = pCi +q=pCi —p+q. (3)
On another hand
(v*D).C) = (¢ D).(r*C}) = (6" D).C}, = (¢*D).Co
= (¢*"D).(¢"Cy) — (¢*D).E = D.Cy (4)
= aC3 +b.
Applying the equality p = a for conditions (3) and (4) we have ¢ = a + .

Part (b). Let Pf’ denote, as before, the fiber through 7(y). Moreover
assume that

v.Y = aCy + bf. (5)
The idea of the proof for this part is the same as in the part (a). In particular,
it is not difficult to see that a = p. We concentrate more on the second
intersection product i.e. (v.Y).Cy.
From conditions (2) and (5) it follows
(1.Y).Co = aC? + b =aCP + a +b. (6)
We have also
(Y).Cy = (0«(77Y)).Co = (77Y).(6%Cp) = (T*Y).(E'g +E)
= (7*Y).C}) + (7*Y).Pf’
= (7'Y).(7*C)) + (T*Y).(r*Pf' — E') (7)
=Y.C,+Y.Pf
= pCg* +q+p.
Applying the equality a = p to (6) and (8) we see that b = q.
PROPOSITION 6

For any n-secant curve D on X its strict transform D' on X' is still an n-secant
curve.

Proof. Let D =nCy+ bf be an n-secant curve on X and let v: X' — X
be an elementary transformation at a point x. From Proposition 4 it follows
that

D' =v*D — (mult, D) - Pf’.
Hence by Proposition 5 we have:
(a) if z € Cp, then D' =nC{ + (n+ b — mult, D) f’;
(b) if z ¢ Cp, then D' = nC§ + (b — mult, D) f’.
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Let G = Cy+po f be an ample divisor on X. The question is: what happens
with ampleness of the strict transform G’? Is G’ still ample? In general G’
need not to be ample. More precisely we can formulate the following

PRropPOSITION 7
With above assumptions, the strict transform G’ is ample except when

(i) in the case e > 0 we have G = Cy+ (e +1)f and we apply an elementary
transformation at a point x € Cy which is also a base point of |G|,

(ii) in the case e < 0 and e odd we have G = Co + (e +1)f and we apply
an elementary transformation at a base point of |G|.

Proof. Let X be a ruled surface with invariant e, and let D € |G|. As
before, by v : X’ — X we denote the elementary transformation at a point
reX.

Case (1). If © € Cp, then by Theorem 3 the surface X’ is ruled with
invariant ¢’ = e + 1. Moreover by Proposition 5 the strict transform D’ =
Cy+ (po + 1 — mult, D) f'.

From Theorem 2 it follows that:

(a) for e > 0 we have ug > e+ 1 and
po +1 —mult, D > ¢ 4+ 1 — mult, D,
hence D’ is not ample if up = e+ 1 and = € D;

(b) for e < 0 and e even, po > e+ 1 and
1
o + 1 —mult, D > E(e’—&—1)—1—1—1rnultxD7

then D’ always is ample;
(c1) for e = —1 we have po > 0 and

po+1—mult, D >1—mult, D;
(c2) for e < —1 and € odd, o > £(e + 1) and

1
po + 1 —mult, D > Ee/—&— 1 —mult, D.

It means that D’ is not ample if 19 = £(e + 1) and z € D.

Case (2). If z ¢ Cy, then by Theorem 3 and Remark 3 the surface X’ is the
ruled surface with invariant ¢’ = e — 1. By Proposition 5 the strict transform
D' = C) + (po — mult, D) f'.

Using the same technique we have:
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(al) for e > 0 the coefficient

po — mult, D > e’ + 2 — mult, D,

(a2) for e = 0 we have po > 1 and po — mult, D > f%,
it means that for e > 0 the strict transform D’ is always ample;

(b) for e < 0 and e even,
1, 3
o — mult, D > 56 + 3~ mult, D,

and D’ is always ample;

(c) for e < 0 and e odd
1 /
o — mult, D > 56 + 1 —mult, D,
and D’ is not ample if ug = 1(e + 1) and z € D.

L. Seshadri constants

The concept of Seshadri constants was introduced by Damailly. He asso-
ciated a real number e(L;x) with an ample line bundle L at a point x of an
algebraic variety X. This number in effect measures how much of positivity of
L can be concentrated at z.

In this section we calculate Seshadri constant for a ruled surface X with a
unisecant polarization i.e. an ample line bundle of type L = Cy + o f.

Let us recall the definition and some properties of Seshadri constants.

DEFINITION 4

Let L be a nef line bundle on a smooth projective variety X. Fix a point z on
X. Let 0: X, — X be the blowing-up of X at the point x with the exceptional
divisor E = o~ !(z). The Seshadri constant of L at z is the non-negative real
number

e(Lyz) =sup{e € R| ¢"L —¢F is nef}.

From Kleiman’s nefness criterion it follows that e(L;z) < “™3/LdmX Tf
the value of e(L;x) is less than the previous upper bound, then we say that
the Seshadri constant is L-submazimal (or simply submazimal).

REMARK 6
We can define the Seshadri constant of L at x as
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e(Lix) = inf {i}

D>z | mult, D
where the infimum is taken over all (irreducible) curves D (see [5] 5.1.5).

L.D
If mult, D
constant.

Assume moreover that L is an ample line bundle. For a fixed point x € X,
we denote by m, C Ox its maximal ideal.

= ¢(L;x), then we say that the curve D computes the Seshadri

DEFINITION 5
We say that the complete linear system |L| separates s-jets at x, if the natural
map

HY(L) — H° (L ® Ox /m3*1)

taking sections of L to their s-jets is surjective. By s(L,z) we denote the
maximal number such that |L| separates s-jets at x.

Using above terminology we have the following

PROPOSITION & ([5], 5.1.17)
For an ample line bundle L on X

e(L;x) = limsup M
k—o0 k

THEOREM 4 (MAIN THEOREM)
If X is a ruled surface with an invariant e and a polarization L = Cy + pof,
then for every point x € X the Seshadri constant e(L;x) = 1.

Proof. Since L = Cy + pof is ample, then from Theorem 2 it follows that:
(a) pp > e+ 1 for e > 0;
(b) po > te+1for e <0 and e even;

(c) po > 1(e+1) for e <0 and e odd.

Fix a point z € X. Let D = aCy+bf with a,b € Z, be an irreducible curve
on X different from Cj and a fiber f. By m we denote the multiplicity of D at
the point x. Since D is a-secant it must be m < a.

To calculate the Seshadri constant in cases (a) and (b), it is enough to study
the Seshadri quotients i.e. % = W.

By assumption D is an irreducible curve. By Theorem 2 we have two cases

to consider.

Case a > 0 and b > ae.
This implies
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Case (a=1and b>0) or (e >2andb
If a = 1 then also m = 1 and we have
L.D 1

—— >1—=ze>1.
m 26

A%
tol»—-
\_/

Also it is easy to check that for @ > 2 and b > %ae the Seshadri quotient
satisfies

L.D a
—2>—2>1
m m
Thus we showed that e(L;x) > 1.
For any ruled surface X and a unisecant line bundle L we have mfl'tp J; 7= 1

where Pf is the fiber through z. Thus ¢(L;z) = 1 and Pf computes the
Seshadri constant.
Using the same method in the case (c) we have:
for a =1 and b > 0 the quotient
LD _ 1 1
m 2 2
but for ¢ > 2 and b > %ae it follows only that:
LD _1
== >
m 2
and it means that we still do not know the value of the Seshadri constant at
the point x.
To prove that (L;z) = 1 for e < 0 and e odd, we use a different method.
Let p be a point on X such that p # = and p not a base point of |L|. Apply
the elementary transformation at the point p. Since x # p, then v=1(z) = .
Moreover from Proposition 7 it follows that L’ is an ample line bundle on the
surface X’ with even invariant e¢’. By (2) we have that ¢(L’;z) = 1. Separating
s-jets at z is a local property of L at x and the elementary transformation
change the surface X only in the neighborhood of the fiber through p. It
means that we can choose p such that s(L;x) = s(L’;x). Note that there is
an obvious isomorphism H°(X, L) = H®(X’, L’). Then Proposition 8 implies
e(Lyz) =e(L;2) = 1.

Y
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Abstract. 'We show that small Seshadri constants in a general point of
a surface have strong geometrical implications, the surface is fibered by
curves computing the Seshadri constant. We give a sharp bound in terms
of the selfintersection of the given ample line bundle and discuss some
examples.

Introduction

Seshadri constants were introduced by Demailly [2] in the late 80’s in con-
nection with attempts to tackle the Fujita Conjecture. They express, roughly
speaking, how ample a line bundle is locally. Seshadri constants quickly gained
considerable interest on their own.

Recently Nakamaye [5] showed that these local invariants when studied at
a general point of a variety carry interesting global geometric information. In
particular he was interested in to which extend Seshadri constants capture
existence of morphisms to lower dimensional varieties. This problem was con-
sidered also by Hwang and Keum [3]. In both papers it is shown that a small
Seshadri constant in a generic point of a variety forces a fibration structure on
the variety. Here we prove that in case of algebraic surfaces the bound from
[3, Theorem 2] is in fact the optimal one. One could hope that on the contrary
a large Seshadri constant in a generic point prohibits in turn a fibration struc-
ture on the variety. We show that this need not to be the case and we answer
to the negative two related questions from [5].

1. Seshadri fibrations

Let us first recall the following

DEFINITION
Let X be a smooth projective variety, let L be a nef line bundle on X and let
x € X be a fixed point. Then the real number

AMS (2000) Subject Classification: 14E20.
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LC
L =inf{ —————
e(L,o) = n {multh
is the Seshadri constant of L at x.

| C an irreducible curve passing through x}

In case of surfaces, it is well known that (L, z) < v/L2. Moreover, if the
Seshadri constant is submazimal (L, z) < \/ﬁ, then a theorem of Campana
and Peternell (see [1]) assures that there exists a Seshadri curve C, computing
e(L,x) ie.

L.C,
mult, Cy,
Nakamaye shows [5, Corollary 3] that if the Seshadri constant at every point

e(L,x) =

of X is sufficienly small, namely e(L,z) < 4/ %LQ, then Seshadri curves form a
fibration on X i.e. they are fibers of a non-trivial morphism f: X — Y onto
a curve Y. We speak in this situation of a Seshadri fibration on X. Our main
result strengthens that of Nakamaye.

THEOREM
Let (X, L) be a polarized surface and suppose that

e(L,z) < %LQ (1)

at every point x € X. Then there exists a non-trivial morphism f: X — Y
to a curve Y whose fibers are Seshadri curves. Moreover the above bound is
sharp.

The proof of our result builds upon the following Lemma due to Xu
[7, Lemma 1].

LEMMA
Let X be a smooth projective surface, let (Cy,x¢) be a one parameter family

of pointed curves on X and let m > 2 be an integer such that mult,, Cy > m.
Then

C?>m(m—1)+1.

Proof of Theorem. Let C, be a Seshadri curve at x € X and suppose that
for x € X general we have mult, C,, > m.

If m > 2, then the assumption (1), the Hodge index Theorem and the
Lemma yield

3
Zm2L2 > (L.C,)* > L*C%2 > (m(m — 1) + 1)L?,
which is easily seen to be equivalent to (m — 2)% < 0, a contradiction.

If m = 1 then again by the assumption (1) and the Hodge index Theorem

we get
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%LZ > (L.C,)? > C2L2.

Since C, moves in a family we have C? > 0 and thus the above inequality
implies C2 = 0. Then a standard argument (see e.g. [5]) shows that for some
positive integer k& > 0 the linear system |kC,| gives the desired fibration.

2. Examples
The following examples show that our Theorem is optimal.

ExaMPLE 2.1
Let (X, L) be a smooth cubic in P3. Then

3 3
Loa)=2—.,/212
elba) =5 =3
for x € X general. Indeed, the hyperlane tangent at x cuts on X a curve
C, € |L|, which for x general is irreducible and has multiplicity 2. Of course,
the curves C, do not define a fibration on X as they belong to a very ample
line series.

It may well happen that for (L, z) = ,/%L2 one gets a Seshadri fibration
on X.

ExXAMPLE 2.2

Let (X, L) be the Hirzebruch F; surface with polarization L = 6Cy+ 7 f, where
as usual f denotes the class of the fiber in the projective bundle P(Op1 @
Op1(—1)) and Cy its zero section. In this case the fibers compute the Seshadri
constant of L at every point of X and we have

/3
€(L7.'17> =6= ZLQ

One might ask whether there is a converse to our Theorem i.e. if the exis-
tence of a Seshadri fibration imposes some constrains on the Seshadri constant
at a general point. The following example shows that this is not the case, the
Seshadri constant can be arbitrarily close to its maximal possible value V2.

ExXaAMPLE 2.3
Let f: X — P2 be the blow up of P? at a point P € P? with the exceptional
divisor E and let L = H — AE be a Q-line bundle with H = f*Op2(1). Then

e(Lyz)=1—A

for x € X\ E. Indeed, the quotient 1 — A is computed by the proper transform
of the line through P and z.
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Moreover, if C' C X is another irreducible curve through z, then C' is of the
form C = dH — mE with m <d —1 and m + mult, C < d. Then

LC _d=m) _ e ifom > mult,
mult, ¢ mult, C' — _d*rg‘inlttfltczc if m <mult,C | ~ e

Hence (L, z) = %LQ.

3. Answers

Finally, we answer two questions from Nakamaye’s paper. First we address
the question if the existence on a surface X of a nef real class y with x2 =0
implies that X admits a surjective morphism to a curve [5, Question 9].

ExAMPLE 3.1

Let (X,0) be a principally polarized abelian surface with the endomorphism
ring End(X) 2 Z[Vd], where d is a square free positive integer. Let M €
NS(X) be a line bundle with M? = —2d corresponding to the endomorphism
v/d under the group homomorphism

NS(X) 5N — @61 o YN € End(X).

Then © and M form an orthogonal basis of NS(X') and a line bundle a® + bM
is ample if and only if

(a® 4+ bM)* >0 and (a® 4 bM).0© > 0.
It follows that
Nef(X) = Rsg - (VO + M) + R - (VdO — M)

and VdL £ M are the only real nef classes with selfintersection 0. This shows
that there is no non-trivial morphism from the abelian surface X to a curve,
which in turn answers the above question negatively.

The last problem concerns pairs (X, L) consisting of a smooth projective
surface X and an ample line bundle L with selfintersection 1. On such a surface
e(L,z) = 1 for x very general by the result of Ein and Lazarsfeld [4]. Nakamaye
asks, obviously motivated by P2, if the Seshadri curves computing (L, x) on
X can be forced to form a fibration when one passes to a blow up of X at a
single point. The answer to this question is also negative.

EXAMPLE 3.2
Let (X,0) be a principally polarized abelian surface with Picard number
p(X) = 1. Let f:Y — X be the blow up of X at a point P € X with
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the exceptional divisor E. Then L = f*© — E is ample and L? = 1. Its
Seshadri constant at every point x away of E is computed by the proper trans-
form of a translate of the ©-divisor passing through x and P. Indeed, there
are exactly two such translates and since p(Y) = 2 the claim follows from
[6, Proposition 1.8]. Of course there doesn’t exist any point y € Y such that
the translates of the ©-divisor form a fibration on the blow up of Y at y.
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Wtodzimierz Waliszewski
Oriented angles in affine space

To Andrzej Zajtz, on the occasion of His T0th birthday

Abstract. The concept of a smooth oriented angle in an arbitrary affine
space is introduced. This concept is based on a kinematics concept of a
run. Also, a concept of an oriented angle in such a space is considered.
Next, it is shown that the adequacy of these concepts holds if and only
if the affine space, in question, is of dimension 2 or 1.

0. Preliminaries

Let us consider an arbitrary affine space, i.e. a triple
(E,V,7), (0)

(see [B-B]), where E is a set, V is an arbitrary vector space over reals and —~
is a function which to any points p,q € E assigns a vector pg  of V in such a
way that

1) pg + qr = pr forp,q,r € E,
2) pg =0iff p=gqforp,qeE,
3) for any p € E and any vector  of V there exists ¢ € E with pg’ = .

The unique point ¢ for which pg° = z will be denoted by p + x. The set of
all vectors of the vector space V will be denoted by V. The fact that W is a
vector subspace of V' will be written as W < V. For any sets M, N, X, Y, P
such that MUN CR, XUY CV,PC E,anybeR,yeV and p € E we set

M+N={a+b;aeM&be N}, M+b=M+{b},
MN = {ab; ac M & be N}, bM = {b} M,
MX ={ax; ae M &z € X}, bX = {b} X,

X+Y={zs+y;z2eX &yeY},

P+X={p+x;peP&zreX}, p+X ={p}+X.

AMS (2000) Subject Classification: 51N10, 51N20, 51L10.
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A subset H of E is a hyperplane in an affine space (0) iff there exist p € E
and W <V such that

H=p+W. (1)

The subspace W of V' for which (1) holds will be denoted by V. The affine
space

(H, Vi, —H), (2)

where —# is the restriction of the function — to the set H x H, is called the
subspace of (0) determined by the hyperplane H. The triple (2), where H = (),
Va <V, Vg = {0} and —H — () is an affine space and will be treated as a
subspace of (0) as well. Also, the set () will be considered as a hyperplane in
(0). We will write W <, V instead of to state that a vector subspace W of V is
of codimension k in V. In particular, W <; V means that W is of codimension
1in V. We say that H is a hyperplane of codimension k in the affine space (0)
iff Vg < V.
Any set P of points of the affine space (0), i.e. P C E, such that

P=H+Rye, (3)

where H is a hyperplane of codimension 1 in (0), e € V.\ Vi, Ry = (0;+00),
is said to be a halfspace of (0). The hyperplane H in (3) uniquely determined
by P is called the shore of the halfspace P and denoted by P°. The set P\ P°
will be called the interior of the halfspace P and denoted by P,. It is easy to
check that the set P~ of the form E \ P, is also a halfspace and the equalities

(P7)’=P° and (P7), =E\P (4)

hold. The set E\ P will be denoted by P_. The halfspace P~ is called the
opposite one to P. It is easy to verify that (3) yields also

P, =P°+ (0;+0)e, P"=P°4+Ry(—e), P_=P°+(—c0;0)e (5)

where e € V\ Vi and H = P°.
Let B be a base of a vector space V. For any v € V there exists a unique
real function vp defined on B such that {e; e € B & vp (e) # 0} is finite and

V:ZVB (e)e, (6)

where the sign of addition in (6) denotes of course a finite operation. This
formula will be very useful.

For any topology T (see [K]) the set of all points of T will be denoted by T,
i.e. by definition we have

T=J7T. (7)
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For any set A C T the induced to A topology from the topology T will be
denoted by T|A, i.e. TJA={BnNA; Be T}.

For any affine space (0) the smallest topology containing the set of all sets
P, , where P is a halfspace of (0) will be called the topology of the affine space
(0) and denoted by top(E,V, ). It is easy to check that for any hyperplane
H in (0) we have

top(H, Vg, "H) = top(E,V, 7)|H. (8)

Let f be any function. The domain of f will be denoted by Dy. For any
A C Dy the restriction of the function f to the set A and the f-image of A
will be denoted by f|A and fA, respectively. Any function may be treated as
a set, of ordered pairs, and then

Dy=A{x; Iy ((x,y) € N},  flA={(z,9); (v,y) € f &z € A}
and
fA={y; Jxe A ((z,y) € /)}.
For any set B the f-preimage f~1'B is defined by

f7'B={x; ye B ((z,y) € f)}

or, equivalently, f'B = {z; x € Dy & f (x) € B}.
Let f be a function with Dy C R, fDy C E,t € R and p € E. We say that
f tends to p at t in the affine space (0) and we write
F@)—p (0 (BV.7) )

iff for any U € top(E,V, ) such that p € U there exists § > 0 for which
f(x) € U whenever 0 < |z —t| < §. It is easy to prove the following

PROPOSITION 1
For any function f with Dy CR, fDy CE, anyt € R and p € E we have (9)
if and only if for any base B of vector space V and any e € B we have

-

pf(z) B(e) —>0. (10)

r—t

For any vector space V' we have well defined the affine space aff V' as
(V,V,7), where vw* = w — v for vyvwe V. Let Dy C R and fD; C E.
Setting

f={tv) te D (D)) & S5 FOF(@) —v (i affV)}, (1)

z—t T—t
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where for any set A C R, A’ denotes the set of all cluster points of A, we have
defined the derivative function f’ of a function f. A function f: Dy — E,
Dy C R, is differentiable iff

Denoting the natural topology of R by R we have the topology R|D;. The

function f satisfying (12) and having the continuous derivative function f’ from
R|D; to topaff V' is said to be smooth in (E,V, 7).

1. Runs, o-turns, and smooth oriented angles

Before introducing the concept of smooth oriented angle in an arbitrary
affine space we introduce a concept of a run and a turn. Any function f
smooth in (E,V, ™) with Dy = (a;b), a < b, is said to be a run in (E,V, 7).
Let o € E. Any run f satisfying one of the following conditions:

f(t)= fw)#o0 fortue Dy, (01f)
or
f'(t), of(t) are linearly independent for ¢ € Dy, (02f)

is said to be an o-turn in (E,V, ). The set of all o-turns in (E,V, ™) will
be denoted by T,(E,V, ). In this set we introduce an equivalence =, setting
f=ogiff f,g € T,(E,V,7) and there exist real smooth functions A and ¢
such that

(i) Dy = Dx =Dy and D, = Dy,

—_—

R
(i) A(t) >0, ¢'(t) > 0 and og(p(t)) = A(t)of(t) fort e Dy.
Denoting by T,(E,V, ™)/ =, the set of all cosets in T,(F,V, ) given by
the equivalence =, we may define the set soa(E,V, ™) by the equality
soa(E,V,7) = | To(E,V,7)/ =, .
ocelk
Any element of this set is said to be a smooth oriented angle in the affine space

(B, V, 7).

PropoOSITION 2
Foranyo€ E, a € T,(E,V,7)/ =, and g € a we have

a= | (opo),
pEgDy

where
a= Ufo and (opx) ={o+top’; t>0}.
f€a
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Proof. Let f € a. We have then f =, g. Taking any ¢ € fD; we get
g = f(t), t € Dy. Then there exist functions A, ¢ such that (i) and (ii) hold.
Setting p = g(¢(t)) we get og = ﬁw, which yields ¢ € (opoo), where
p € gDy. Now, let ¢ € (opoo), where p € gD,. We have then oq = sop,
—_—
where p = g (u), u € Dy and s > 0. Setting Dy = D, and f(t) = o+ sog(t)
— —
fort € Dy weget f =, gand g=o0+sop  =o+sog(u) = f(u) € fDy, so
(opoo) C a.

PROPOSITION 3
For anyo € E and a € T,(E,V,7)/ =, if o € U € top(E,V, ), then there
exists g € a such that gDy C U.

Proof. Let f € a and s > 0. Setting Dy, = Dy and
—
fs(t)=o+sof (¢) fort € Dy
we have, of course, fs =, f, so fs € a. We will prove that

for any halfspace P with o € P there exists ¢ > 0 such that (%)
for any s € (0;¢) the relation f;Dy C Py holds.

Let P be a halfspace such that o € P;. Then we have P = o+ W +(—(3; +00) e,
where W <; V, e € V\W and 8 > 0. Then P; = o+ W +(—0; +0o0)e. For any
t € Dy we have of (t) =w(t) + p(t) e. From continuity of f by Proposition 1
it follows that u is continuous. Thus, p is bounded. So, there exists m > 0 such
that |u(t)] < m for t € Dy. Hence it follows that ofs(t) = sw(t) + su(t)e €
W + (—sm;+oo)e, so fs(t) € o+ W + (—sm;+oo)e C Py for t € Dy, as
0<s<Z.

Now, assume that o € U € top(E,V, ). Then there exist halfspaces
Py,...,P, such that o € Py N...N P,y CU. By (%) for any j € {1,...,n}
we get €; > 0 such that f;Dy C P as s € (0;¢;). Setting g = f,, where
0 < s <min{ey,...,e,}, we get gDy C U.

ProposITION 4
Ifo,q € E and a € T,(E,V, )/ =, NTL(E,V, )/ =4, then o =q.

Proof. Let us suppose that o # ¢q. Take any U € top(E,V, ™) such that
g € U. Since a € Ty (E,V, ™)/ =4, by Proposition 3 there exists g € a such
that gDy, C U. From the condition a € T,(E,V, )/ =, it follows that a C
To(E,V,7). Therefore g € To(E,V, ), so gD, C U\ {0}, and by Proposition
2 we get

aCA where A = ﬂ U (0p o).

quetop(E,V,*)) peU\{o}
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Now, we will prove that A C (0qoo). Assume that there exists a point = €
A\ (0qoo). Let us set C = {0q , 0z }, whenever oz  and og are linearly
independent and C' = {0g '} in the opposite case. Then there exists a base B
of V- with C C B. Let W be the vector subspace of V' generated by B\ {e},
where e = og . Let us set

P:O+E+R+6.

So, we have P° = o+ W and Py = o+ W + (0;+o0)e. First, we suppose
that oz  and og are linearly independent. Then z = 0o+ oz € o+ W = P°.
If we assume that « € (J,cp, (0po0), then we get p € Py with z € (opoo).
Then it should be in turn, p = o+ w +te, w € W, t >0,z = o+ uop ,
u > 0, © = o+ uw + ute € P4, which is impossible. Therefore we have
x ¢ UpEP+ (opoo) D A. So, oxr  and og should be linearly dependent. Thus,

or =a-0q,acR. Because of x ¢ (0goo) we get a < 0. Thus z € P_. By
definition of P_ we have

P_n U (opoo) =0,
pEPy

what yields ¢ ¢ A. So, we have A C (0go0). Hence it follows that a C (0qo0)
and similarly a C (gooo). By Proposition 2 we get (opoo) C a for some
p € gDg. This yields (opoo) C (0goo) N (gooo), which is impossible.

The point o € E such that a € T,(E,V, )/ =, is called the vertez of a.
Notice that if f,g € a € To(E,V,7)/ =0, Dy = {(a;b), and Dy = (c;d),
then (o f(a) 00) = (0 g(c) o0) and (o f(b) c©) = (0 g(d) o), where

{opoo) = {o+sop’; s >0} for p € E. (13)

The sets (o f(a) 0o) and (o f(b) co) we called the former side and the latter one
of a, respectively.

2. Oriented angles

Consider any affine space (0) and any o € E. The set of all functions L such
that Dy, is a closed segment in R and there exists a function f with Dy = Dy,
continuous from R|D; to top(E,V, ) such that for any ¢t € D; we have

oF f(t) and  L(t) = {0 f(t)o0), (L)
(o f (t) o0) is defined by (13), and one of the following two conditions
(1L) L(t) = L(u) for t,u € Dy,
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(2L) for any t € Dy, there exists § > 0 for which

LDy N (t— 63t +6)is 1-1,
is satisfied will be denoted by (o; E,V, 7). We set

(B, V,7) =BV, ™)

oel

and L = M iff L, M € (E,V, ) and there exists a real continuous increasing
function ¢ such that D, = Dr, 9D, = Dys and M o = L. It is easy to see
that = is an eqiuvalence.

Elements of the set (E,V, ™)/ = of all cosets of = will be called oriented
angles in the affine space (0). The point o such that the equality in (L) is
satisfied depending only on the oriented angle for which L belongs is called the
vertex of this oriented angle. Any oriented angle for which constant function L
belongs is said to be zero angle in the affine space (0).

PROPOSITION 5
For any smooth oriented angle a in the affine space (0) we have the oriented
angle <a> well defined by the formula

<a> = [f,] (14)

where fo(t) = (0 f(t)oo) fort € Dy, f € a € To(E,V,7)/ =,, L € [L] €
(B, V,7)/ = for L € (E,V, 7). The function

soa(E,V,7) 32 ar— <a> (15)

is 1-1. If dimV > 2, then there exists an oriented angle in (0) which is not of
the form <a>, where a is a smooth oriented angle in (0).

LEMMA

If 11, Iy are real functions, fi, fa are vector ones with Dy, = D;, = Dy, =
Dy, CR, f(x) —¢ (in aff (V') ), j € {1,2}, e1, e2 are linearly independent
iV and

Li(z) (@) +la(2) f2(2) —— v (in aff V),

then there exist reals c1, co such that 1;(x) 7% je{1,2}.
r—

Proof. There exists a base B in V containing {e1,ea}. By Proposition 1
we have g;(z) — vp(e;) where

x

gi(x) = h(z) fr(z)B(ei) + la(z) f2(2) B(€:) (16)



238 Wtodzimierz Waliszewski

and

fi(z)B(ei) — e;p(ei) = 0 (6;i — Kronecker’s delta),

so det [fj(z)B(ei); 4,5 < 2] — 1. Therefore, by (16),
xTr—

L (x) = g1(x) fa(z)B(e1) () —— vp(er) 21 .
YU e@) B@se)| T [vales) o)
and
fi(z)s(e1) g1(x) 011 vB(e1)
lo(z) = m(r) —— = cg,
2() fi(z)p(e2) ga2(x) ( )zﬁt 912 vp(e2) ?
where m(z) = 1/det [f;(x)p(e;); 1,7 < 2] and ¢; = vp(e;).

Proof of Proposition 5. Correctness of the definition of <a> by (14) is
evident. To prove that (15) is 1-1 assume that <a> = <b>, where a €
To(E,V,77)/ =¢ and b € T,(E,V,™)/ =,. We have (14) and

<b> = [g4], where gq(u) = (g g(u) 00) for u € Dy, g € b. (14"

By definition of = we get a continuous increasing function ¢ such that D, =

Dy, 9D, = Dy and gg0¢ = fo, ie. by (14) and (14'), (gg(p(t))o0) =
o f(t)oo) for t € Dy. Hence ¢ = o and for any t € Dy there is
f f

—_—

Alt) >0 with og(p(t)) = A(t)of(t) . (17)

This yields, in turn,

At +s)of(t+s) = og(e(t +5)) — og(p(t)) =At) of ()

and

of (t + s) — of(t) #0.

According to Lemma we get A(t + s)—0> (t). So, A is continuous. We have

§—

also

- =

(p(t+5) = (1) srra—o 9()glp(t +5)) = LAt +5) — A1) of (1)
=A(t+s)- T f(t) flt+5),

|

S 9Dt +5) — o (o(1))

and
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First, we consider the case when o—turns f and ¢ satisfy conditions (02f)
and (02g), respectively. Then by Lemma we have

ot + s) — () At +s) — At)

. — o'(t) and . — N(t).
Thus,
@'()g (p(t) = N () of(t) =At)f'(t)  forte Dy. (18)

From the fact that ¢ is increasing it follows that ¢'(t) > 0. By (02f) we
have ¢’(t) > 0. According to Lemma by (18) and (02f) we conclude that the
functions ¢’ and X are continuous. In other words, ¢ and A are smooth. So,

f =0 g and we have a = b.
B

Now, let us assume (olf). Setting of(t) = e, by (17), we get og(u) =
p(u)e, where p(u) = Me~(u)) for u € Dy. Thus

§ (u(u+5) = p(u) - e = L g(u)g(u+s) —g'(u).

—
By Lemma we get ¢'(u) = p/(u)e. Hence it follows that ¢'(u), og(u) are not
linearly independent. Therefore (olg) holds. Thus, taking any u,u, € Dy by

(17) we get p(ur)e = og(uy) = og(u) = p(u)e, and p(u) = p(uy), which
yields g =, f, i.e. a =b. Therefore (15) is 1-1.

Assuming that dimV > 2 we get three vectors e1, e, e linearly indepen-
dent in V. Let us set
e e1 + u(es — eq), when 0 <u <1,
og(u) = {62 + (u—1)(es —e2), whenl<u<2,
and L(u) = (og(u)oo) for u € (0;2). Let us suppose that there exists f €
T,(E,V,7) such that [L] = [fo], where fo(t) = (o f (t) o0) for t € Dy. Then
there exist a continuous and increasing function ¢ for which D, = Dy, Loy =
fo, Dy = Dy, = (0;2). Thus, for some function A with Dy = D, (17) holds.

—_—
Let us set t; = ¢~ 1(1). Hence it follows that of(t) = ai(t)e; + aa(t)es as
—_
t€ Dy, t <ty and of(t) = Pa(t)es + F3(t)es as t € Dy, t > t1, where a1, ag,
(B2, B3 are real functions. Thus, by Lemma we get
f'(t1) = ai(tr)er + aj(ti)ez = By(tr)ez + Bt )es.
Then o (t1) = 0= B4(t1). So, f'(t1) = ah(t1)ea. On the other hand,

_ _— ;. 1

of (t1) = sy 09(e(t1)) = sy 09(1) = xgyee
—_—
The vectors f/(¢1) and of(t1) are linearly dependent. So, (02f) does not hold.
_— —
Therefore (01f) is satisfied, which yields og(¢(t)) = A(t) of(t1) for ¢t € D,
— —_—
ie. og(u) = A t(u))of(t1) foru € (0;2), which is impossible.
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3. Oriented angles in an Euclidean plane

Let us consider an Euclidean plane, i.e. an affine space (0), dimV = 2,
together with a positively defined scalar product V.x V 3 (v,w) —v-we R.
For any v € V we set |v| = /v - v and for any function f defined on the segment
of R with values in E we set Dy = (a;b) and for t € Dy

k
|f(t):sup{Z‘f(ti)f(ti+1) ; a:to<...<tk:t&k€N}. (19)

The function |f| defined by (19) has values in RU {+o0}, in general.

ProproOSITION 6
In the Euclidean plane for any oriented angle A € (E,V,)/ = there ex-
ists a unique continuous function f: Dy — E such that Dy = (0;¢), ¢ > 0,

(0f (-) o) € A,

-

‘of(s) ‘:1 for s € Dy, (20)
o is a vertex of A, and one of the following conditions

[f[(s) =0 forse Dy, (0; £)

|fl(s)=s  forse Dy (1)

is satisfied. We have f € a € T,(E,V,7)/ =, and A = <a>, where <a> is
the oriented angle defined by (14).

Proof. Let L € A€ (E,V,7)/ =. Then there exists a continuous function
h such that Dy, = Dy, = (a;b) and L(t) = (o h(t) 0o) for t € Dj,. We consider
two cases. First, when (1 L) is satisfied. Then, setting ¢ = b — a and

f(s) =0+ —2——oh(a+s) for s € (0;¢)
‘oh(u—&-s) ’

we see that
f(s)=f(t) for s,t € Dy (21)
and
(0f (") ) =(s— L(a+s)) € A.

The condition (0; f) holds in this case. From (0; f) it follows (21). In the
second case we assume (2 L). Thus, for any ¢ € D, we have d; > 0 such that
the function L|Dy, N (¢t —d;;t+0;) is 1-1. Then there exist 71,...,7, € Dy, such
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Sy 5r
that < ... <m and Dy C U}Zl(aj;bj), where a; = 7; — =%, by = 7; + -,

2
We have then 1-1 functions
L|DLm<CLj;bj>, je{l,,l}

Setting, g(t) = o + ‘_,‘ oh(t) we get ‘og(t) ‘ =1 and L(t) = {(0g(t) o)

for t € Dy, and 1-1 functions g|Dy N {(a;; b;), Dy = Dy. We may assume that
a1 = a and by = b, so Dr, N {a;;b;) = (a;;b;) and setting g; = g| (a;; b;) we get

lg;l (t) <2m  fort € (a;:b;).

Hence it follows that for any t € D, we have

91 (#) < lgl (b Zlgjl ) < 2lm < +oo.

Then the function |g| is finite continuous and increasing. Taking the inverse
function | g\_l to |g| and setting f = g o |g|_1 we get the continuous function
f with Dy = (0;¢), where ¢ = |g| (b). It is easy to see that |f]| is continuous
and increasing and L (|g\_1 (s)) = (0 f(s) o0) for s € Dy. Therefore, we have
(1;f) and (0 f (-) o0) = Lo |g| " = L, so (o f(-)o0) € A. From (20) and (1; f)
it follows that there exist orthonormal vectors ey, es € V such that
—
of(s) =coss-e;+sins- e for s € Dy.

Thus f is smooth. Taking a € T,(E,V, )/ =, such that f € a we get
A= <a>.

To prove that f is uniquely determined we take a continuous function

—
fi: Dy, = B with Dy, = (1), e > 0, {01 () 00) € A [ofa(®) | = 1
for t € Dy, and satisfying (0; f1) or (1; f1). Then there exists a real continuous
increasing function ¢ such that D, = Dy and ¢ D, = Dy, and (o fi(¢(s)) 00) =
—— —
(o f(s)oo) for s € Dy. Thus, ofi1(p(s)) = A(s)of(s) , where A(s) > 0 for
—> —_—

s € Dy. Hence it follows that 1 = ‘ofl ‘ = (s ‘of(s) ‘ = A(s), so
fiop = f. This yields |f1]|o|p| = |f]. If (0; f1) holds, then |f1| = 0, so |f| = 0.
If (1; f1) is satisfied, then ¢ = |f| = id(g;cy. Therefore f; = f.

COROLLARY
If (0) is an affine plane, i.e. dimV = 2, then the function in (15) is 1-1 and
maps soa(E,V, ) onto (E,V, )/ =.

Indeed, taking any positively defined scalar product in V' we get an Eu-
clidean space and we may apply Proposition 6.
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4. Conclusion

The case when the affine space is 1-dimensional is not of importance however
from purely logical point of view the definition of the set (E, V, )/ = is correct.

REMARK
If the affine space (0) is 1-dimensional, then all elements of (E,V,
zero angles and (15) is 1-1 and maps soa(E,V, ) onto (E,V, ™)/ =.

)/ = are

Indeed, for any A € (E,V, )/ = there is L € A, so L(t) = (o f(t) o0) and
o # f(t) for t € D, where f: Dy, — E is continuous and (1 L) or (2 L) holds.
Let 0 #£ e € V. Then of(t) = A(t)e, 0 # A(t) € R. According to Lemma
A is continuous. Thus A(¢t) > 0 for ¢t € Dy or A(t) < 0 for t € Dy. We may
assume that A(t) > 0. Therefore L(t) = (opoo), where p = o+ e. Setting
fi(t) = p for p € Dy, we get a smooth function f; for which L(t) = (o f1(t) 00)
ast € Dr. Then we have (1L). For a € T,(E,V,)/ =, such that f; € a we
get <a> = A.

Proposition 5, Corollary to Proposition 6 and the above Remark allows us
to conclude our consideration by

THEOREM

For any affine space (0) the function (15) is 1-1. This function maps the set
soa(E,V, ) of all smooth oriented angles in the affine space (0) onto the set
(E,V,7)/ = of all oriented angles in (0) if and only if dimV =2 or dimV = 1.
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