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To Andrzej Zajtz, on the occasion of his 70th birthday
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For a product preserving bundle functor on the category of fibe-

red manifolds we describe subordinated functors and we introduce the
concept of the underlying functor. We also show that there is an affine
bundle structure on product preserving functors on fibered manifolds.

] ^S_W`[a0b0c0d[_We a0^

LetMf be the category of all manifolds and all smooth maps, FM be the
category of fibered manifolds and all fiber preserving maps and FMm be the
category of fibered manifolds over m-dimensional bases and fibered manifold
morphisms with local diffeomorphisms as base maps. It is well known that the
product preserving bundle functors on Mf coincide with Weil functors and
their natural transformations are in bijection with the algebra homomorphisms,
[6]. In particular, for every product preserving bundle functor F onMf there
exists a Weil algebra A such that F is a Weil functor of the form F = T A.
Further, W.M. Mikulski [9] has clarified that all product preserving bundle
functors on FM are of the form T µ, where µ : A → B is a homomorphism of
Weil algebras. Finally, I. Kolář and W.M. Mikulski have characterized all fiber
product preserving functors on FMm in terms of Weil algebras, [7].

Recently it has been also pointed out that one can introduce an affine
bundle structure on product preserving bundles. The first general result from
this field is the paper [4] by I. Kolář, who described the affine structure on
product preserving bundles onMf . In particular, he introduced the underlying
k-th order Weil functor T Ak for every r-th order Weil functor T A and proved
that T AM → T Ar−1M is an affine bundle. Further, in [2] we introduced the
general concept of a subordinated functor and we showed that there is an affine
structure on the fiber product preserving functors on FMm.

The aim of this paper is to define underlying functors for every product
preserving bundle functor on FM and to describe affine bundle structure on
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such functors. In Section 1 we recall some properties of product preserving
functors on FM and we describe natural transformations between such func-
tors. In Section 2 we study subordinated functors on FM and in Section 3 we
introduce the concept of an underlying functor on FM. Finally, in Section 4
we show that there is an affine bundle structure on product preserving functors
on FM.

All manifolds and maps are assumed to be infinitely differentiable. Unless
otherwise specified, we use the terminology and notation from the book [6].

ywz|{ `[a0b0c0d[_~}0`[�0�0�0`w��e ^0���0c0^0b0� ���Wc0^0d[_Wa0`[��a0^��We �0�0`[�0b�����^0e �Wa0� b0�

First we recall the result by W.M. Mikulski, who has characterized all pro-
duct preserving bundle functors defined on the category FM of fibered mani-
folds in terms of Weil algebras, [9]. A product preserving bundle functor F on
FM determines a homomorphism of Weil algebras µ : A→ B in the following
way. Denote by i, j : Mf → FM two canonical bundle functors defined by
i(M) = idM : M → M , i(f) = (f, f), j(M) = pt

M
: M → pt, j(f) = (f, idpt),

where pt denote one element manifold. Then tM = (idM , pt
M

) : i(M)→ j(M)
is the identity natural transformation. Applying functor F , we obtain two
product preserving functors F ◦ i, F ◦ j on Mf and a natural transformation
F ◦ t : F ◦ i→ F ◦ j. By the theory of product preserving bundle functors [6],
there exist two Weil algebras A and B such that F ◦i and F ◦j are Weil functors
of the form F ◦ i = T A, F ◦ j = T B and we have a Weil algebra homomorphism
µ : A→ B such that F ◦ t = µ.

On the other hand, consider an arbitrary homomorphism of Weil algebras
µ : A→ B. Then µ induces a bundle functor T µ on FM in the following way.
First, µ determines two bundle functors T A and T B on Mf and a natural
transformation (denoted by the same symbol) µ : T A → T B . If p : Y →M is a
fibered manifold, then T Bp : T BY → T BM and we can construct the induced
bundle T µY as the pull back T µY = µ∗

M
T BY with respect to µM : T AM →

T BM . In other words,

T µY = T AM ×
T

B
M

T BY
= {(U, V ) ∈ T AM × T B(Y ); µM (U) = T Bp(V )}.

(1)

Given a fibered manifold morphism f : Y → Y over a base map f : M → M ,

we have T Bf : T BY → T BY and we can construct the induced map

T µf = T Af ×
T

B
f

T Bf : T µY → T µY .

This defines a product preserving bundle functor T µ on FM. W.M. Mikulski
has deduced that every product preserving bundle functor F on FM is na-
turally equivalent to T µ for some Weil algebra homomorphism µ : A → B, [9]
(see also [3] for a simplified proof).



�h�p� vpkmo �pj �p�~� t � xm� l?kmnOl �F� j �pvpkmv ��� q � j � l?o � n�fhf

Consider two algebra homomorphisms µ : A → B, ν : C → D and two
bundle functors T µ and T ν on FM. W.M. Mikulski has also proved that
natural transformations T µ → T ν are in bijection with couples of algebra
homomorphisms f1 : A→ C, f2 : B → D such that

ν ◦ f1 = f2 ◦ µ. (2)

The algebra homomorphisms f1 and f2 induce natural transformations (de-
noted by the same symbols) f1 : T A → T C and f2 : T B → T D. Then we can
construct a map

(f1M , f2Y ) : T AM × T BY → T CM × T DY.

We have

Proposition 1

Natural transformations T µ → T ν are of the form (f1M , f2Y ).

Proof. Consider an element (U, V ) ∈ T µY ⊂ T AM × T BY . Then

(f1M (U), f2Y (V )) ∈ T CM × T DY ⊃ T νY.

By (2), νM (f1M (U)) = f2M (µM (U)). Further, the following diagram commutes

T BY T DY

T BM T DM

f2Y

f2M

T
B

p T
D

p

Thus, we have νM (f1M (U)) = f2M (µM (U)) = f2M (T Bp(V )) = T Dp(f2Y (V )),
which yields (f1M (U), f2Y (V )) ∈ T ν(Y ).

By [6], the order of a bundle functor on FM is determined by three numbers
(q, s, r) and is based on the concept of (q, s, r)-jet, s ≥ q ≤ r. Consider two
fibered manifold morphisms f, g : Y → Y with base maps f, g : M → M . We
say that f and g determine the same (q, s, r)-jet at y ∈ Y , jq,s,r

y
f = jq,s,r

y
g, if

jq

y
f = jq

y
g, js

y
(f |Yx) = js

y
(g|Yx) and jr

x
f = jr

x
g, x = p(y),

where p : Y →M is a fibered manifold projection. A bundle functor F on FM
is said to be of the order (q, s, r), if jq,s,r

y
f = jq,s,r

y
g implies Ff |FyY = Fg|FyY .

In such a case the integer r is called the base order of F , s is called the fiber
order of F and q is called the total order of F , see [2].

Consider a bundle functor F = T µ determined by µ : A→ B and denote by
NA and NB the ideals of all nilpotent elements of A and B, respectively. The
nilpotency implies µ(NA) ⊂ NB . For t ≥ 1 we have N t

B
⊂ NB , which yields

µ(NA)N t

B
⊂ NB . So there exists the smallest integer t such that µ(NA)N t

B
= 0.
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By A. Cabras and I. Kolář [1], the smallest integer t satisfying µ(NA)N t

B
= 0

is called the order of µ and is denoted by ord(µ). A. Cabras and I. Kolář have
also deduced that the order (q, s, r) of a bundle functor T µ on FM is of the
form

q = ord(µ), s = ord(B), r = max(ord(A), ord(µ)),

see [1]. Obviously, we have µ(NA)Ns

B
⊂ Ns+1

B
= 0, which implies the condition

s ≥ q ≤ r.

� z|�"c0�0a0`[b0e ^0��_W�0b��Wc0^0d[_Wa0`[��a0^��We �0�0`[�0b�����^0e �Wa0� b0�

Let A = R × NA be a Weil algebra of order r, where NA is the ideal of
all nilpotent elements of A. I. Kolář has recently introduced the underlying
algebra of order k as the factor algebra Ak = A/Nk+1

A
. The corresponding

Weil functor T Ak is said to be the underlying k-th order functor of T A, [4].
In [2] we have introduced the more general concept of a subordinated functor.
In general, G is called a subordinated functor of a functor F , if there exists a
surjective natural transformation

t : F → G.

In such a case we also say that G is dominated by F . A Weil algebra ˜A is said

to be dominated by A, if the Weil functor T Ã is dominated by T A. By [2], ˜A is

dominated by A if and only if we have an algebra epimorphism A → ˜A. This
yields

˜A = A/I

for some ideal I ⊂ A. Clearly, for I = Nk+1
A

we obtain the particular concept
of the underlying algebra Ak from [4]. In [2] we have also proved

Lemma 1

Every k-th order Weil algebra ˜A, which is dominated by A, is also dominated

by Ak. So there is an epimorphism ϕ : Ak → ˜A.

Proposition 2

Let F = T µ and G = T ν be two bundle functors on FM determined by algebra

homomorphisms µ : A → B and ν : C → D. The functor T ν is dominated by

T µ if and only if the following conditions are satisfied:

(i) C = A/I is dominated by A,

(ii) D = B/J is dominated by J ,

(iii) the ideals I ⊂ A and J ⊂ B satisfy µ(I) ⊂ J .
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Proof. Suppose first that G is dominated by F . Then there are algebra
epimorphisms f1 : A→ C and f2 : B → D such that

ν ◦ f1 = f2 ◦ µ. (3)

Hence the Weil algebra C is dominated by A and D is dominated by B, so
that we may write C = A/I and D = B/J for some ideals I ⊂ A and J ⊂ B.
Further, we have f2(µ(I)) = ν(f1(I)) = ν(0) = 0 which reads µ(I) ⊂ ker(f2) =
J .

On the other hand, consider a bundle functor F = T µ, µ : A→ B and two
ideals I ⊂ A, J ⊂ B satisfying µ(I) ⊂ J . Clearly, we can define an algebra
homomorphism

ν : A/I → B/J by ν(a + I) = µ(a) + J (4)

such that (3) is true. So the functor T ν is dominated by T µ.

Let T A and T Ã be two Weil functors such that T Ã is dominated by T A. By

[2], if the order of T A is r, then the order of T Ã is at most r. A similar result
is true also for bundle functors defined on FM.

Proposition 3

Let T µ and T ν be two bundle functors on FM, µ : A → B and ν : C → D.

Denote by (q, s, r) the order of T µ and by (q, s, r) the order of T ν. If T ν is

dominated by T µ, then q ≤ q, s ≤ s and r ≤ r.

Proof. By [1], the order (q, s, r) is given by q = ord(µ), s = ord(B),
r = max(ord(A), ord(µ)). The condition s ≤ s follows from the fact that
the Weil algebra D is dominated by B. Denote by NA, NB , NC and ND

the ideals of nilpotent elements. From the epimorphisms f1 : A → C and
f2 : B → D it follows NC = f1(NA) and ND = f2(NB). So we have

ν(NC)N q

D
= ν(f1(NA))f2(N

q

B
) = f2(µ(NA))f2(N

q

B
) = f2(µ(NA)N q

B
)

= 0,

which yields q ≤ q. Finally, the algebra C is dominated by A, so that ord(C) ≤
ord(A), which implies r ≤ r.

Example 1

Write Jq,s,r(Y, Y ) for the space of all (q, s, r)-jets of the FM-morphisms of Y

into Y . Denoting by R
k,` = R

k × R
` → R

k the product fibered manifold, we
can define a bundle functor T q,s,r

k,`
of fibered velocities of dimension (k, `) and

order (q, s, r) by

T q,s,r

k,`
= Jq,s,r

(0,0) (R
k,`, Y ).

Clearly, the functor T q,s,r

k,`
has a subordinated functor T q,s,r

k,`
for every q ≤ q,

s ≤ s and r ≤ r. Moreover, A. Cabras and I. Kolář have deduced, [1], that
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for every product preserving bundle functor T µ on FM of the order (q, s, r)
there exists a velocities functor T q,s,r

k,`
and a surjective natural transformation

T q,s,r

k,`
→ T µ. Hence every bundle functor T µ of the order (q, s, r) is dominated

by a velocities functor T q,s,r

k,`
.

Example 2

If A = B and µ = idA, then T µY = T AM ×
T

A
M

T AY = T AY → Y . Clearly,
the order of T µ is (r, r, r), where r = ord(A). Further, if C = D and ν = idC ,
then T νY = T CY → Y . If the Weil algebra C is dominated by A, then the
functor T ν is dominated by T µ.

Example 3

Consider a product preserving functor T µ, µ : A→ B and write Am = A/Nm+1
A

for the underlying algebra of order m. Further, for ` ≥ k we can define a factor
algebra Bµ

k,`
= B/

〈

µ(NA)Nk

B
, N `+1

B

〉

. If m ≥ k, then we have µ(Nm+1
A

) ⊂

µ(NA)Nk

B
, so that there is an induced algebra homomorphism (4)

µk,`,m : Am → Bµ

k,`
, µk,`,m(a + Nm+1

A
) = µ(a) +

〈

µ(NA)Nk

B
, N `+1

B

〉

.

By [8], the functor T µk,`,m is dominated by T µ.

Example 4

Consider a product preserving functor T µ, µ : A → B and write I = Nm+1
A

,

J = N `+1
B

, Am = A/I , B` = B/J . If m ≥ `, then we have µ(I) ⊂ J . By
Proposition 2, for m ≥ ` there exists an induced algebra homomorphism (4)

µ`,m : Am → B`, µ`,m(a + Nm+1
A

) = µ(a) + N `+1
B

such that the functor T µ`,m is dominated by T µ. One evaluates directly that
if the order of T µ is (q, s, r), then the order of T µ`,m is (q, `, m).

Example 5

Consider a product preserving functor T µ, µ : A → B. Write I = 0 and let
J ⊂ B be an arbitrary ideal. Then A = A/I and the Weil algebra D = B/J
is dominated by B. Clearly, the condition µ(I) ⊂ J from Proposition 2 is
satisfied for an arbitrary ideal J ⊂ B. So we can define an induced algebra
homomorphism (4)

ν : A→ D = B/J by ν(a) = µ(a) + J.

By Proposition 2, the functor T ν is dominated by T µ.

Example 6

Write J = NB in Example 5. Then we have D = B/NB = R and the induced
Weil algebra homomorphism (4) ν : A → D = R is of the form ν(r, n) = r. So
the subordinated functor T ν is of the form T νY = T AM ×M Y . Clearly, the
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order of T ν is (0, 0, ord(A)) and the surjective natural transformation T µ → T ν

is of the form

(T AM ×
T

B
M

T BY )→ (T AM ×M Y ), (U, V ) 7→ (U, qB

Y
(V )),

where qB

Y
: T BY → Y is the bundle projection. Moreover, one can verify di-

rectly that the fiber order of an arbitrary functor T α on FM is zero if and
only if T αY = T AM ×M Y .

Example 7

Write J = N `+1
B

in Example 5. Then we have D = B` = B/N `+1
B

. By
Proposition 2, there is an induced algebra homomorphism (4)

µ` : A→ B`, µ`(a) = µ(a) + N `+1
B

such that the functor T µ` is dominated by T µ. Denote by f : B → B` the
algebra epimorphism given by f(b) = b + N `+1

B
and suppose that the order of

T µ is (q, s, r). We can write

µ`(NA)N t

D
= f(µ(NA))(NB + N `+1

B
)t = (µ(NA) + N `+1

B
)(NB + N `+1

B
)t

= µ(NA)N t

B
.

This yields ord(µ`) = ord(µ) = q. Thus, we have proved: If the order of T µ is
(q, s, r), then the order of T µ` is (q, `, r).

In what follows we shall write T ν ≺ T µ if the functor T ν is dominated by
T µ. Consider now the functors T µk,`,m , T µ`,m and T µ` from Examples 3, 4 and
7, respectively.

Proposition 4

Let T µ be a functor on FM of the order (q, s, r), which is determined by an

algebra homomorphism µ : A→ B. Then we have:

T µk,`,m ≺ T µ` ≺ T µ for any ` ≥ k ≤ m,

T µk,`,m ≺ T µ`,m ≺ T µ` ≺ T µ for any ` ≥ k ≤ m, m ≥ `.

Proof. Clearly, all the functors T µk,`,m , T µ`,m and T µ` are dominated by
T µ. First we prove T µk,`,m ≺ T µ` . Consider a diagram

A B

A B`

Am
Bµ

k,`

µ

µk,`,m

f1

µ`

f2 f3
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where f1 and f2 are algebra epimorphisms defined by f1(b) = b +B`+1
B

and

f2(a) = a + Nm+1
A

. Write J =
〈

µ(NA)Nk

B
, N `+1

B

〉

. The inclusion N `+1
B
⊂ J

defines an epimorphism f3 : B` → B/J . Further, we have

µk,`,m(f2(a)) = µk,`,m(a + Nm+1
A

) = µ(a) + J

and

f3(µ`(a)) = f3(µ(a) + N `+1
B

) = µ(a) + J.

Hence the diagram commutes and we have T µk,`,m ≺ T µ` . Using an analogous
diagram chasing, we prove directly the remaining relations.

¤0z|¥"^0b0�0`[� ¦0e ^0���Wc0^0d[_Wa0`[��a0^��We �0�0`[�0b�����^0e �Wa0� b0�

In [2] we have introduced the concept of an underlying functor onMf and
on FMm, which can be modified also for bundle functors on FM. Let F be a
bundle functor on FM.

Definition

A bundle functor F f

a
is said to be the underlying functor of F with the fiber

order a, if:

(1) F f

a
is dominated by F ,

(2) The fiber order of F f

a
is a,

(3) Every functor ˜F on FM with the fiber order a, which is dominated by
F , is also dominated by F f

a
.

Roughly speaking, the underlying functor F f

a
is “the greatest” subordinated

functor among all subordinated functors of F with the fiber order a. Replacing
the fiber order with the base order (or with the total order), we obtain the
underlying functor F b

a
with the base order a (or the underlying functor F t

a

with the total order a). Clearly, the concept of a subordinated functor is quite
general. On the other hand, the definition of an underlying functor depends on
the order. As the order of a bundle functor on FM depends on three integers,
we have three types of underlying functors on FM. We prove

Proposition 5

Let F = T µ, µ : A→ B be a product preserving functor on FM and let T µ` be

the functor from Example 7. Then the underlying functor of F with the fiber

order ` is of the form F f

`
= T µ`.

Proof. By Example 7, T µ` is dominated by T µ and has the fiber order `.
Consider an arbitrary functor T ν , ν : C = A/I → D = B/J of the fiber order
`, which is dominated by T µ. Obviously, ord(D) = `. By Lemma 1 there is an
epimorphism ϕ : B` → D, ϕ(b + N `+1

B
) = b + J . Further, consider a diagram
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A B`

C = A/I D = B/J

µ`

ν

f1 ϕ

where f1 : A→ A/I is an epimorphism defined by f1(a) = a + I . We can write

ν(f1(a)) = ν(a + I) = µ(a) + J

and

ϕ(µ`(a)) = ϕ(µ(a) + N `+1
B

) = µ(a) + J.

So the diagram commutes and the functor T ν is dominated by T µ` .

Denote by T the class of functors T ν , ν : C → D of the order (k, `, m),
` ≥ k ≤ m, which are dominated by F = T µ and satisfy the condition

ord(C) ≥ ord(D). (5)

For example, the functor T µ`,m from Example 4 is an element of T . Further,
if the algebra D is dominated by C, then (5) is true.

Lemma 2

Let T ν be a functor of the order (k, `, m) from the class T . Then we have

ord(C) = m ≥ `.

Proof. The relation ord(C) ≥ ord(D) = ` ≥ k implies ord(C) = m.

Proposition 6

Let F = T µ, µ : A→ B be a product preserving functor on FM and let T µ`,m

be the functor from Example 4. On the class T of subordinated functors of F ,

the underlying functor with the base order m is of the form F b

m
= T µ`,m.

Proof. By Example 4, the functor T µ`,m has the order (q, `, m) and is
dominated by F . Consider now an arbitrary functor T ν ∈ T , where ν : C → D.
Then we have C = A/I and D = B/J , where ord(D) = `. Further, Lemma 2
implies ord(C) = m. By Lemma 1, there are epimorphisms ϕ1 : Am → C and
ϕ2 : B` → D. We can write

ν(ϕ1(a + Nm+1
A

)) = ν(a + I) = µ(a) + J

and

ϕ2(µ`,m(a + Nm+1
A

)) = ϕ2(µ(a) + N `+1
B

) = µ(a) + J.

Thus, the functor T ν is dominated by T µ`,m .
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Write µ : A→ B, ν : C → D and suppose that the functor T ν is dominated
by T µ. Obviously, if µ is an epimorphism, then ν is an epimorphism too.
This implies, that if µ is an epimorphism, then every functor T ν of the order
(k, `, m), which is dominated by T µ, is an element of the class T . Thus, we
have

Corollary 1

Let F = T µ, µ : A → B be a product preserving functor on FM. If µ is an

epimorphism, then the underlying functor of F with the base order m is of the

form F b

m
= T µ`,m for some ` ≤ m.

©"z|ª"� �We ^0���0c0^0b0� �«�S_W`[c0d[_Wc0`[��a0^�}0`[a0b0c0d[_~}0`[�0�0�0`w��e ^0���Wc0^0d[_Wa0`[��a0^
FM

Let F = T µ be a functor with the fiber order b, which is determined by a
homomorphism µ : A→ B. By Proposition 5, the underlying functor with the
fiber order (b− 1) is of the form F f

b−1 = T µb−1 . We have

Proposition 7

T µY → T µb−1Y is an affine bundle, whose associated vector bundle is the pull

back of TY ⊗N b

B
over T µb−1Y .

Proof. By [4], T BY → T Bb−1Y is an affine bundle, whose associated vector
bundle is the pull back of TY ⊗N b

B
over T Bb−1Y . Consider now the expression

of T µY in the form (1). For (U, V ) ∈ T AM × T BY and v ∈ TY ⊗N b

B
we can

define the addition by

(U, V ) + v := (U, V + v) ∈ T AM × T BY.

We have T Bp : T BY → T BM , so that T Bp(V + v) ∈ T BM . As T BM →
T Bb−1M is also an affine bundle, we can write T Bp(V + v) = T Bp(V ) + w for
some w ∈ TM ⊗N b

B
. Clearly, w is of the form w = (Tp⊗ id

N
b
B
)(v). Further,

w = 0 iff v ∈ V Y⊗N b

B
. In such a case we have T Bp(V +v) = T Bp(V ) = µM (U).

So for (U, V ) ∈ T µY and v ∈ V Y ⊗N b

B
, the sum (U, V ) + v is an element of

T µY .

As a particular case we obtain the result by I. Kolář and W.M. Mikulski
from [8], who have proved that T µq,s,rY → T µq,s−1,rY is an affine bundle.
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