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On the rate of convergence theorem

for the alternate Poisson integrals for Hermite
and Laguerre expansions

Dedicated to Professor Andrzej Zajtz on his 70th birthday

Abstract. The aim of this paper is the study of a rate of convergence of
alternate Poisson integrals for Hermite and Laguerre expansions. We
state some estimates of the rate of convergence of these integrals using
the classical moduli of continuity.

1. Introduction

Let LP(exp(—z2)), p > 1 denote the set of functions f defined on R =
(—00, 0) such that

/ |f(t)[P exp (—t?) dt < o0 ifl1<p<oo

and f is bounded a.e. on R if p = cc.

Muckenhoupt in [2] studied Poisson integrals and alternate Poisson inte-
grals for Hermite polynomial expansions. He considered the Poisson integral
A(f)(r,z) of a function f € LP(exp(—2?2)) for Hermite expansions defined by

A(f)(r,z) = A(f;rx) = /_OC P(r,x,z)f(z) exp (—zQ) dz, 0<r<1, z>0,

where

> " H,(x)H, (2
P(r,z,z) = z_:o —\/;2)”71!( )

1 <7'2:L'2 + 2rzz — 7'222>
= exp >
(1 —1r2) 1—r

and H, is the nth Hermite polynomial, n = 0,1, ... .
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The alternate Poisson integral is defined by

1

F((e.w) = F(fig) = [ T@.n)A(firg)ar
:/OO (/OlT(x,r)P(r,y,z)dr) f)exp(—?)dz, Y

— 00

x>0, yeR,

where

2
T exp (—ngn )
T(z,r) = ——F——%5 ! <.
(2m)zr(—1Inr)?

Muckenhoupt obtained the following result.
If f € LP(exp(—2?)), then F(f;x,-) € LP(exp(—2z?)) for z > 0 and:
(@) 1F(f52,)lp < [1FC)llp, 1<p < oo,
(b) IF(fs2,) = f()llp = 0 as @ — 0 for 1 <p < oo,
(¢) limy,_ o+ F(f;z,y) = f(y) almost everywhere, 1 < p < oo,

(d) 2L +

2
%y —2y‘9F =0in Q={(z,y): >0, y € R},
where || ||, denotes the norm in L? (exp(—z?)).

By LP(z%exp(—2z)), p > 1, a > —1 we denote the set of functions f defined
on R} = [0, 00) such that

o
/ |f(&)[Pt% exp (—t) dt < 00 ifl<p<oo
0

and f is bounded a.e. on Ry if p = co. In [2] the Poisson integral of a function
f € LP(z*exp(—=z)) is also considered. This integral is defined by

B(f)(r,x):B(fgr,x):/OOOK(r,m,z)f(z)zanp(—z)dz, 0<r<l1,z>0

with the Poisson kernel
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where Lg is the nth Laguerre polynomial, n = 0,1,... and I, is the modified
Bessel function ([1]),

0o
Sa+2n

1, = .
(5) Z 20+2np D +n + 1)

n=0

We define the alternate Poisson integral by
1
G(Pw) = Glfizw) = [ UlanB(firp)dr
0

0 1
:/ (/ Uz, r)K(r,y, z) d?“) f(2)2% exp(—2) dz,
0 0
x>0, y=>0,
where

Ulz,r) :T(%,r>.

It was proved in [2] that if f €LP (2® exp(—2z)), then G(f;z, ) €LP(2* exp(—2))
for > 0 and:

(@) [IG(fiz,)llp < I1fC)llp, 1 <p < o0,
(b) ||G(fvw,)_f<)”p_>0 as ¢ — 0% for 1 <p< oo,
)

(¢) lim,_ o+ G(f;2,y) = f(y) almost everywhere in [0,00), 1 < p < o0,

(d) %1? +y%z§ +(a+1—y)% =0in Q={(z,y): >0, y >0}
The symbol || ||, is used here to denote the norm in LP(z® exp(—2)).

This note contains some estimates of the rate of convergence of the alternate
Poisson integrals F'(f), G(f). We state these estimates using the moduli of
continuity, severally for F'(f) and G(f).

2. Auxiliary results

In this section we shall give some properties of the above operators, which
we shall apply to the proofs of the main theorems.
First we prove

LEMMA 1
Let x > 0. For each y € R the following equalities hold

F(Lyz,y) =1,
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F(z—yiz,y) =y (exp(*\@r) - 1) ,
F((z— y)2; x,y) = y? (1 — 2exp(—\/§x) + exp(—2x))
+ %(1 - exp(anc)).

Proof. Using equality (3.9) in [2]

1
/ T(xz,r)r"™ dr = exp (—(Qn)%m), n=01,...
0
and [3, Lemma 2.3]
Az —xyryx) = —z(1 — 1),

Az = 2)%ma) = (1—7) (m2(1 S %(r + 1))

we obtain from (1) and by elementary calculations the assertion of Lemma 1.

Similarly, using the formula established in [2]

/01 U(x,r)r™ dr = exp(—v/nz), n=0,1,...
and [3, Lemma 2.4]
Bz —aima) = (1—1)(1+a—a),
B((z—2)*r2) = (L—7r)(2*(1 =) + 2(a + 2)rz — 2(a + 1)z
+ (@+2)(a+1)(1—1)),
where a > —1, we can prove

LEMMA 2
Let x > 0 and o > —1. For each y € Ry

G(Liz,y) =1,
Glz—yz,y) = (L+a—y) (1 —exp(—z)),
Gl(z — )% ,y) = y* (1 — 2exp(—2) + exp(—V2x)
+2(a+2)y (exp(—z) — exp(~v22))
+2(a+ 1)y (exp(—z) — 1)
+(a+2)(a+1) (1 —2exp(—x) + eXp(—\@x))

hold.
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3. Rate of convergence

In this part we shall give some estimates of the rate of convergence of the
integrals F(f) and G(f). We shall use the classical modulus of continuity

defined by
w(f,0) = sup [f(z+1) = f(z)],

T €Q
where Q = R or @ = R, respectively.
Let C(Q) be the set of all continuous functions on @ = R or @ = Ry.
By C'(Q) we denote, for @ = R or Q@ = R, the set of all continuously
differentiable functions on Q).

THEOREM 1
Let f € C(R) N LP(exp(—22)). Then

[F(f;zy) = f)] < 3w ([, pa(y))
for x >0 and y € R, where

pa(y) = (.UZ (1 - 2€Xp(*\/§x) + exp(72x)) + %(1 — exp(2x)))

Proof. First we suppose that f is continuously differentiable on R. We
have

6= 1w+ [ Cf(r)dr.

Hence by equality (3.7) in [2]

/ P(r,y,z)exp(—2%)dz = 1,

—00

Definition 1, Lemma 1 and the Hélder inequality, we obtain
|F(f;2,y) — f(y)]
1
| T @iy - fwyar
0

IN

/0 T(ax,r) |A(f;7y) — F(y)| dr

IN

/01 T(m) (/_Z P(r,y, z) exp(=2%) |f(2) = f(y)] dz) dr

IN

sup |7(2)| /_0; (/01 T(z,r)P(r,y, ) dr) exp(—22)|z — y|d=

z €R
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N
N

IN

sup |f'(2)| (F(p;2,y))? (F(1;2,y))

z €R

sup |f'(2)] pz(y)
z€R

for x > 0, y € R, where ¢(z) = (z — y)2.
Let f € C(R) N LP(exp(—2?)). We have

o
)= ) = 5 [ 1) = f+ )

fit) = 5 1Fw+0) ~ f)],

where
1 /9
f&(y)ZS/ fly+7)dr, §>0, y €R.
0

This implies that fs is continuously differentiable on R. Moreover

ZSlél%U(Z) — fs(2) <w(£,0),  sup [ f5(2)] <67 w(f,0). (2)

z€R

Observe that
[F(fiz,y) = W < [F(f = fssz,p)| + [F(fssz,y) = s+ 1fs(y) — fF)l-
From (2) and the first part of this proof we get
[F(f5;2,y) = f5(y)] <07 w(f,6) pa(y)-
By (2) we have

\F(f = fs;zy)l < F(f = fslizy) < Slel%|f(z) — fs(2)] < w(f,9),

[fs(w) = F(y)l < w(f,0).
Hence
F(f5,9) = F)| £ 20(6,8) + 54, 0) a(v)

forx >0,y € Rand § > 0.
Setting § = . (y) we obtain the assertion of Theorem 1.

Similarly we can prove the following theorem for the operator G(f).

THEOREM 2
Let f € C(R4) N LP(2* exp(—2)). Then

|G(f;2,9) — f(y)|l < 3w (f, tae(y))
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for x >0 andy > 0, where

fae(y) = (y? (1 — 2exp(—z) + exp(—v/2z))
+ 2(v + 2)y (exp(—z) — exp(—v/2z))
+2(a+ 1)y (exp(—z) — 1)

(

+(a+2)(a+1) (1 —2exp(—z) + exp(— \/_x)))

N

Now we prove

THEOREM 3
If f € CH(R) N LP(exp(—2?)), then

F(fi2.9) = F) < 1 W |y (exp(—v22) = 1)| + 2 may)w (s ()
forx >0 andy € R.
Proof. Let f € C'(R) N LP(exp(—2?)) and 9(z) = |z — y|. Observe that

z

)~ F) = F) (= —y) + / (F'(s) — f'(w)) ds 3)

Y

and

[ - rwnas
Let § > 0. We have
w(f 0(z) < (L4060 ") w(f,6).

<

/ C17(s) — Pl ds

<P()w (f,9(2)).

Hence we get

/ ) - P ds| < v@w (L) + 6 R w (). @

Applying the Holder inequality and Lemma 1 we obtain

Plsa,y) < (F (05a.y)) ! (F (L) = (). )
From (3), (4), (5) and Lemma 1 we have

|F(f;2,y) — f(y)
— P ()= — )9 + \F ( / () - ) ds;x,y)]

< AP @FG =20 +0 (70 FWiw,p) + 5 (10 F (4% 2,1)

< 1@ |y (1 - exp(—vER) |+ (,6) wely) + 50 (720) #(0)
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forx >0,y € Rand § > 0.
Setting § = p,(y) completes the proof of Theorem 3.

For G(f) we obtain a similar result.

THEOREM 4
If f € CY(Ry) N LP(2%exp(—2)), then

\G(f;2,y) — fy)]
< FWNA+a—y) (1= exp(=2))| + 2 pae(¥) w (f; pla,z(¥))

forx >0 andy € R,.
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