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Some properties of extensions of loops

The paper is a kind of sequel to the paper [?]. In the 

paper we shall analyse some aspects of the construction of 

extensions of loops given, in [3]. Moreover, we shall con

sider this construction in the case when loops are groups.

Definitions of quasigroup, loop, subloop, normal sub

loop, coset, quotient loop are used according to Bruck [2].

DEFINITION 1. (cf. [3]). A loopE is said to be an 

extension of a loop K by a loop L if the following condi

tions hold:

(i) K is a normal subloop of the loop

(ii) the quotient loop E / K and the loop L are isomorphic.

Let K be a normal subloop of a loopE • A mapping 

s: E/K “*• E  is called a selector if it satisfies the fol
lowing condition:
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Let L and K be loops. Let f,g: L **” K be arbitrary 

mappings. By & product fg of the mappings f and g we mean 

a mapping fgs L-* K defined as follows:

(fg)(l) = f(l)g(l)

for 16L.

THEOREM 1. Let 22 and L be loops. Let K be a normal 

subloop of the loop 22 . The loop 22 is an extension of the 

loop K by the loop L if and only if there exists a mapping 

S' : L -*■ 22 fulfilling the following conditions:

/ \  . V  x =rf(l)k, 
xe22 < l,k>fc LxK

(w2.) A  [cS'Cl̂  12)K = (tfa,)x)(tf(l2)l)].

»*2 L
P r o o f. If the loop 22 is an extension of the loop 

K by the loop L, then the mapping <S- so f, where 

s: E/K-*-Z] is a selector and f: L-*- £/K is am iso

morphism, satisfies conditions (ŵ ) and (»2) (c i * [?])•

Let a mapping S': L-“*2E satisfies conditions (ŵ ) 

and (*2)* We define a mapping f: L - * E A  as follows:

f(l) = <5(l)K

for lfcL.

As an easy consequence of conditions (ŵ ) and (»2) we ob

tain that the mapping f is an isomorphism.

Then the loop 22 is an extension of the loop K by the loop L.
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THEOREM 2. let a loop 22 "be an extension of a loop K 

by a loop L. A mapping <5 : L -*■ £  satisfies conditions 

(»1) and (w2) if and only if (S’ = sof, where s: 

is ą selector and fs I** C/K is an isomorphism.

P r o o f ,  Let S' : L-*H satisfies conditions (ŵ ) 

and (*2). We define a mapping f: !-*• I]/K as follows:

f(l) = d(.l)Z

for lfc-L. The mapping f is an isomorphism of the loops Ł 

and U/K, Define a selector s: EI/K-^ID by the rule:

s(f (D) = (S (1) 

for lei. Hence d = sof.

If <Ss a«f, where s: H/K •**■12 is a selector and 

f: L-ZZ/K is an isomorphism, then conditions (ŵ ) and 

(,w2) are fulfilled (cf. [3]).

LEMMA 1, Let a loop ZZ be an extension of a loop K by 

a loop L. Let <5̂ = ŝ  • f^, where ŝ : is a se

lector and f̂ : L“* ZZ/K is an isomorphism. Then for an

arbitrary automorphism "XeAutCl) and an arbitrary mapping 

£: 1 K the mapping d = (<Ŝ  • satisfies condi

tions C*̂ ) and C»2)•

P r 0 o f. At first, we shall prove that the mapping d

we can represent in the form d = so  f, where s: CA-^12

is a selector and f: L-^ZT/K is an isomorphism.

The mapping <5" can be written as d * (s>j <» . Put

f = f̂ o'at. Of course, f: !-♦ I2/K is an isomorphism and 

S' = (s,, of)S .
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A mapping s: 5D/E-•■£!) defined by tbe following rule:

s(fCl')) = s1( f ( l) )  5(1)

for l&L is a selector.

Thus tfOO = s1(fCD) 5(1 ) = s(fCD) = (s o f)(l) for an 

arbitrary It L, hence d  = so f. Applying Theorem 2 we 

get that the mapping d  satisfies conditions (w,,) and («2).

THEOREM 3. Let a loop ZD be an extension of a loop K 

by a loop L. Let <5̂ = ŝ  o f^, where ŝ s C/E-*-E is 

a selector and f̂ : L -** ZZ/K is an isomorphism. Let 

(S : L-*»ID be an arbitrary mapping. The mapping d satis

fies conditions (ŵ ) and Cw2) if and only if there exist an 

automorphism 'X.t Aut(L) and a mapping 5" s L -*■ K such 

that d  = (<5Z|»‘3?.)5 .

P r o o f. If a mapping d  : L-^ID satisfies condi

tions (ŵj.) and (w2.)t then according to Theorem 2 d = a ° t, 

where ss ZT/E-^ID is a selector and fs L-* H/K is an 

isomorphism. Notice that the mapping

(1) 'X = f”1o f

is an automorphism of the loop L. And so we have f = f^*X 

and d = s o . Moreover,

(2) a ( ( V * ) ( D ) K  * •1( ( f1«>'3e)(l))K

for ItL. Using equality (2) one can define a mapping 

Si L +  E as follows:

(3) sCCf^atKD) = s1((f1oX)(l))5(l) 

for lfcL. Since (S'= sof̂ o'yt and so (S'(l) =

= ( s o f l0 q t)( l)  = ((8 lo f 1oie.')(l))5(l) = ( ^ o ^ C  1)5(1)
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for leL. Then d  = (c^oX.)5 , where QtfcAutCL) is an 

automorphism defined by rule (.1) and S ! L ^ K  is a map

ping defined by formula C3).

If there exist an automorphism otfeAutCL) and a map

ping S I L +  K such that d = (d^o~&)€ , then from 

Lemma 1 we get that d  satisfies conditions (ŵ ) and (w?)* 

For ease of reference we now write the following defi

nition (cf. [3]).

Let L and K be loops. Let ^ s L^KxLxK-*K be any 

mapping fulfilling the following conditions:

1° . ^(1,1,1, k)» k,

2° (̂*1* , 1» k2) = kjkjt

3° the mapping ^ (l̂  ,ltj ,12, •) : K -*• K is a bijection,

A0 the mapping (̂l,j, •» l2»k2) : K "*■K is a bijection, 

for 1, Lj, 12€ L and k, lCj, k2« K,

DEFINITION 2. An algebraic structure (L x  K,«>) with 

an operation o defined by the formula:

< 1/j »k̂  y 0 ( ^2*^2^ = 2̂ * ''f *̂ 1

for arbitrary pairs <l1,bj>» <l2,k2>tL x K is called 

a product <L ; KXj>»

A product <L i K\f is a loop (cf. [3])*

Let a loop HI be an extension of a loop K by a loop L. 

Let s,s1: XT/E-*!] be selectors such that s(K) = ŝ (K) = 

S 1 and let f.f,,: L -*H/K be isomorphisms.

We define mappins <S, (5̂ : L "*■ H  in the following way:

(S’ = s 0 f and d^ = .
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By means of the mappings Cf and <5̂  we define mappings 

^ , ^ i 1 x K x 1 j K - * K  by the formulas:

(^(^2 )̂ 2) = 'f »̂ 1 ’̂ 2*̂ 2̂  *

(C?/|(l̂ )((5"^ C^)^) = 1 ^ 1 »̂ i *̂ 2 ’̂ 2^

for Lplg^L and k1,k2 €K.

The loops { K>̂ > and (L 5 K>^ are extensions of 

the loop K* = (*<1 ; k>: kfeK̂  by the loop L (cf. [3]). 

The extensions <L ; K>| and <L 5 are isomorphic.

<L ; K><L ; K>^ and P^:I]Indeed, mappings P: £] 

defined by the rules:

P(x) * P( C? (l)k) = <l,k>,

p1Cx ) = P1 (c?1( l 1)k 1) = < i1 ,k1> ,

for an arbitrary x = tf(l)k = <5<j(l1)k^eE are isomor

phisms (cf. [3])* Then the mapping Vp = P^0 P“̂  is an 

isomorphism of the extensions ; K>̂ > and <L ; K>

According to Theorem 2 the mappings <S and satisfy 

conditions (w^) and (w2). It follows from Theorem 3 that 

(5 = (cĴ oX-̂ S for some Aut(L) and mapping 8 : L K

In the quotient loops <L ; /K9 and <L ; K /K* all
<• \

cosets have the same form {1} x K for every lfcL# It is 

easy to see that the loops <L ; K>^i/K* and <L ; K> ̂  /K‘ 

are identical.

A mapping g: L -*■ <̂ L, defined as follows:

g(l) = (li x K

for IfeL is an isomorphism (cf. [3]). By means of the 

mapping g and the automorphism "aLfe Aut(L) we define an

4S|
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isomorphism g^ L -> <L , K>^/K* putting ĝ  = gĉ . 

Notice that g(l) = [<l,k>: kfc k} and g1Cl) - 

s [CLj,k}>: l,j =OL(i) a keK^ for every 16L. We shall 

prove that 4>(g(l)) = g1U) for l^L. If <l,k>fcg(l) 

then ^(<l,k>) = P1(P"1 (<l,k») a P ^ ó ( l ) k ) . Since 

<5(l) = (l)<5(l) s 6^Cl/|)(SCl)» where 1̂  = X(l)

and so ^(<l,k>) = F^dCDk) = F,, CCcŜ Cl-,) SCD) k) =

= P1 (cS1( l 1)S C l))  O P1(k ) = OLp S (l)>  0 < 1»k> a

=  ̂ <j i) t 1 *k) y g/j (i).

Since the mappings ip , g, ĝ  are isomorphisms, then the in

clusion W(gU)) c ĝ Cl) implies the equality (̂g(l)) a 

a ĝ (l) for every 16 L. Notice that (̂.<1, k>) a 

a P^p"1 (<1, k>)) = P1(<S(l)k) = P^tf^Dk) = <1,k> 

for every keK.

In the grup theory is known the following definition of an 

extension of groups (cf. [4]).

DEFINITION 3. A group HI is said to be an extension 

of a group K by a group L if the" following conditions holds

(i) K is a normal subgroup of the groupH ,

(ii) the quotient group H/K and the group L are isomorphic;

Let a group 2  be an extension of a group K by a 

group L. Let s: H A -*!} be a selector such that s(k) a 1 

and let f: L -*• I?A be an isomorphism. We define a map

ping 6 : L-^C as follows:

<$ a s o f.

Let ^ s L x K x L x K - ^ K  be a mapping defined by the
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following rule:

O ) (< *(1^ * ,) (C?(l2)k 2) = ^ ( l^ ip ^ C l^ lL j .lg .k g )

for arbitrary and k1,k2SK,

We shall prove that the mapping ^ has the form:

'■ł (^1 *^1 * ^ 2 * ^ 2^  =  ^  (kj »^2 )^ (^1  ^2
for arbitrary Lplg^l and Lpkg&K, where mappings

O w  L x L -> K and j i i K i L ^ K  satisfy the following 

conditions:

U,) A(l, 1) = 7,(1, 1) = 1,

(ag) p.(k, 1) = k,

(a3) 1) = »

(â ) the mapping (•, l): K -*■ K is a bisection,

(85) iiĈ |̂ 2 ł = t^C^]» ^  »

Cag) = *̂Cl-] »12) 'XCL, *L2̂  *

(â ) (̂l̂ j tl2l̂ ) ̂ X(l2»l̂ ) = ^(^CLj *12)

for 1,L, tl2,lj e L and k,k^,k2CK.

In view of Theorem 2 the mapping Ó satisfies condi

tion (.Wg.) which may be written in the forms

(5) (<*(L,) <*(l2))x  = ^ ( ^ lg )*

for arbitrary LplgfcL.

Using C5) *® can define a mapping /\ ! 1 x 1 -» i in the 

following way:

c? (i^)cs'(i2) = t fC ^ i^ -X O p ig )  

for arbitrary 1^,12€L.

A mapping ^ : K x L -► K we define by the rule:

tx(k, 1) = <̂ (l)“1k6(l) 

for arbitrary 1£L and kfcK.
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We shall prove that the mappings \  and (j. satisfy  

conditions (a^) -  (.a,-,).

I t  is  easy to check that conditions (a^) -  (a^) hold.

I f  k^jk-jEK and l^ L , then ^(k^kg* l) =

= Ó ( l ) - \ k 2 Ś ( l )  = ( 6 a r \ < S ( i ) )  (d ( l )“1k2 rfCD) =

= (U-ClŁpl) <u.(k2, l )  and so condition (a^) is fu lf ille d .

I f  kfcK and 1^,12 &L, then 

£*-Ck» = k ̂Cl.«jl2) =

* [<*(i1)<*(i2)X i1 ,i2)“1Ĵ ,k CtfCL,) ^(^'xciv^r1] =
= <*ci2r 1 (cscv^dc^)) ^(i2)^(i1fi2r 1 =
= ,X(i1Ji 2)C<J(l 2)"1 ii(k ti 1)<i<i2) ) /XCi1ti 2r 1 =

a ^.(l̂ ,l2) jU.( ̂L(_ktl̂ ) ,12 ) ̂X̂ l̂  , lg)

and so condition (a&) is  fu lf ille d .

I f  L p l2 6L and k^kgfcK, then

(6)^(1̂  Ił,) (<S(l2)k2) = dCl1l2)̂ Cl1,l2^(k1il2̂ k2*
Indeed, (6 (1 ^ )^ ) (tfCl^kg) =

= ( ś ( i^ ) 6 i i2)(60 .2y \ 6 C l 2))k2 *

= Ĉ (̂ l̂ ) d (,12) »^2 ) k2 B ^ Ĉ '|l2) ̂  (l-i »12) ̂ Ck-, »l2)k2.

I f  L plg.ljfcL  and k^.kgjkjfeK, then

(d ( l1)k1)CC<SCl2)k2)(d ( l3)k5)] = [(rt(l1)k1)(d (l2)k2)]((5(l3)k3). 

Using (.6) we have:

(<*0,)*-,) [W a^ k aK tfC ^ k jX l -
= (^(L,)^) [^(l2l3)C^Cl2 ,l5) K k 2 .13 )̂ 3] =

= ^•^2 *̂ 3 ^ ^ 2 *^3^3’

[ ( * 0 , ) * , )  C ^ i2)k2^ (^Ci3)k3) =
* [<̂ (l/jl2) ("̂ (1̂  »12) ,l2)k2)3 (^(l3)k3) =
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= ^Clil2*3^ ̂ *1*2**3^ »̂ 2^^2*^3^3*

Hence, *̂ 2*3 ) ̂ ^ 1 ^*2**3)^^^2’*3) *

= ^C1-! 1 2**3) i*(-^*1 »*2 ) ^ * 1  *12)k2 »13)*

Applying conditions (â ) and (â ) to the left side and the

right side of the above equality, respectively, we get:

^I'j»̂ 2*3 )^*2 **3 **2) »*3 )̂ Cl2 »*3^ Ĉ̂ 2 *I3 )£̂0 2̂ * *3 ) =

= ̂ (*1 *2 **3)^ ^ ^ *1 **2  ̂ i^) »*3)(̂ -0l2,*3)

and this means that condition (â ) holds.

Comparing equalities (4.) i (6) we obtain

l'P(l̂  , 1 2 *̂ 2) = »*2̂  £*̂ 1̂ **2)^2

for LplgfcL and LpkgfeE.

It follows from [3] that the group 2  and the loop ^LjE^, 

where ^ is a mapping defined by formula (4) are isomorphic, 

thus <L 5 E>^ is a group.

If a mapping : L z E z L z E - * - E  has the form

(7) ^0*1 **2 *̂ 2 ) 3 1 »*2  ̂£*^^1 **2^*2

for arbitrary l^jlgtL and k^.kgfeE, where mappings

As L z L -* E and ĵl 3 E z l - *  E satisfy conditions 

Câ ) - (a^), then <L ; E>^ is a group.

It is easy to cheok that conditions 1° -4° of Defi

nition 2 are fulfilled, then <L ; E>^ is a loop.

Ve shall show that the operation o in the loop 

<"L ; E>^ is associative.

If Lpl^ljfcL and k^k^k^tE, then

■̂*1 *̂ 1^° 5-̂ *2 *̂ 2 ^° ^*3 *̂ 3^  3

= <111-213* ^*1 *̂ 1 **2*3* ̂ C*2*k2»*3,k3)>
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and f<'l1 ,k1>«> <l2 ,k2>]o <l^,k^> =

a ̂ ^1^2^3* ^ 1̂ 1 »̂ 2 >̂ 3 *̂ 3)̂ •

Applying tag), (.*7 ) and (â ) we obtain:

'“K^l »k| »^2^3’ vł(l2»^2,̂ 3*^3^ =

= '̂•Cl̂ »̂ 2̂ 3̂  ̂ -Ĉ i »̂ 2̂ 3) ̂ '^2*^3^ ̂ C^2*^3^3 =

= »^2^3^^2*^3^^^1 •■'■2̂,̂ 3^^2*^3^ * 13 ̂ ^ 2  ’ 13̂  k3

a *̂ 2̂ 3̂  ̂ ^ 2 ,‘̂3̂  t^^^i 1 2̂  ̂*̂ 3) <̂ (̂ 2 *̂ 3)^3 = 

s ^ • ^ ^ 2 *̂ 3  ̂ î CXviL̂  »l2^ *̂ 3") ^-C^C^i 1̂ 2̂  *̂ 3-̂  tf '^2 ’ ‘̂3^3  =

= ^<^î 2’̂ 3̂  CLj*̂ 2 ) ^ 1  *^2^2*^3^3 =

* 0̂-1 -*-2* sK*i ,lc1 »12,lc3^,12,lE3)•

Thus <1 . } K>^ is a group.

It follows from the considerations in [3] that the 

group <1 { K>^ , where the mapping has form (7) , is an 

extension up to isomorphism of the group K by the group L.

In this way the problem of determination of all exten

sions of a group K by a group L can be reduced to the 

construction of all products ; K>^ , where the mapping^ 

has form (7).
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