ANTONI CHRONOWSKI

Some properties of extensions of loops

The paper is a kind of sequel to the paper [7]. In the
paper we shall analyse some aspects of the construction of
extensions of loops given, in B]. Moreover, we shall con-
sider this construction in the case when loops are groups.

Definitions of quasigroup, loop, subloop, normal sub-
loop, coset, quotient loop are used according to Bruck [2]-

DEFINITION 1. (cf. BD- A loopE is said to be an
extension of a loop K by a loop L if the following condi-
tions hold:

() K is a normal subloop of the loop
(i) the quotient loop E/ K and the loop L are isomorphic.

Let K be a normal subloop of a 100pE = A mapping

s: EIK*®E is called a selector if it satisfies the fol-

lowing condition:



A  s@6M

M6C/K

Let L and K be loops. Let f,9: L*’K be arbitrary
mappings. By & product fg of the mappings f and g we mean
a mapping fgs L-* K defined as follows:

U)ORERIO (L)
for 16L.

THEOREM 1. Let22 and L be loops. Let K be a normal
subloop of the loop22 . The loop22 1iIs an extension of the
loop K by the loop L if and only if there exists a mapping
S - L-w22 fulfilling the following conditions:

/\ .V x =rf(Kk,
Xe22 < 1,ksfc LxK M

W2) A STV = (tha, ) EFID)D].
»2 L
Proof. Ifthe loop22 IS an extension of the loop

K by the loop L, then the mapping <S- so f, where
s: E/K-*-Z] is a selector and T: L-*~ £/K 1s an iso-
morphism, satisfies conditions WY and (»2) (ci* [?D=

Let a mapping S': L-“*2E satisfies conditions (W)
and (*2)* We define amapping f: L-*EA as follows:

f() = S

for IfcL.
As an easy consequence of conditions (W) and (»2) we ob-
tain that the mapping f is an isomorphism.
Then the loop22 iIs an extension of the loop K by the loop L.
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THEOREM 2. let a loop 2 'te an extension of a loop K
by a loop L. A mapping <5 : L “m£ satisfies conditions
1) and (W2) if and only 1If (S = sof, where s:
iIs g selector and fs I** C/K 1is an isomorphism.

Proof, Let S :L-*H satisfies conditions (W)
and (*2). We define a mapping T: I IJ/K as follows:

) = d(.H)Z
for Hcl. The mapping f is an isomorphism of the loops L
and U/K, Define a selector s: EI/K-~ID by the rule:
s(FO® = SO
for lei. Hence d = sof.

IT <Ss a«f, where s: H/K <*®W2 is a selector and
f: L-ZZ/K iIs an isomorphism, then conditions (W) and
@) are fulfilled (cf. [3D.

LEMMA 1, Let a loop ZZ be an extension of a loop K by
a loop L. Let K = e A phere s IS a se-
lector and : L*“* ZZ/K 1isan isomorphism. Then for an
arbitrary automorphism *XeAutCl) and an arbitrary mapping
£: 1 K the mapping d = he satisfies condi-
tions C*) and C»2)e

Proof. At first, weshall prove that the mapping d
we can represent in the form d =so f, where s: CA-"12
iIs a selector and f: L-~ZT/K 1is an isomorphism.

The mapping €' can be writtenas d * &= . Put
f = fo'at. Of course, T: I-e I2/K is an isomorphism and
S= G,,0f)S .



A mapping s: 5S5D/E--s£r) defined by tbe following rule:
s(fCI")) = s1(f(l)) 5(1)

for 1&L 1is a selector.

Thus  tfOO = s1(fCD) 5(1) = s(fCD) = (sofH)(1) for an

arbitrary It L, hence d = so f. Applying Theorem 2 we

get that the mapping d satisfies conditions (W,,) and («2).

THEOREM 3. Let a loopZD be an extension of a loop K
by a loopL. Let <& =gs*of?, where ss C/E-*- is
a selector and f: L**ZZ/K 1is an isomorphism. Let
(S: L-*»ID be an arbitrary mapping. The mapping d satis-
fies conditions (WY and Ow2) if and only iIf there exist an
automorphism "Xt Aut(L) and a mapping 5's L -“mK such
that d = (&»3P.)5.

Proof. If amaping d : L-~ID satisfies condi-
tions @Yy.) and (W2t then according to Theorem 2 d = a“°t,
where ss ZT/E-~ID is a selector and fs L-* H/K is an
isomorphism. Notice that the mapping
(@)) "X=Ff1o F
IS an automorphism of the loop L. And so we have T = fA*X
and d=so - Moreover,

(2) a((V*)(D)K = «1((fle>3e)()K

for 1tL. Using equality (2) one can define a mapping
St L+ E as follows:

(3) sCCfratKD) = s1((FL.oX)(1))5(1)

for IfcL. Since = sofo'yt and so (@) =

= (sofloqgt)(l) = ((8lofloie.")())5(1) = (~o™C 1)5(1)
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for leL. Then d= (c"oX.)5 , where QtfcAutCl) is an
automorphism defined by rule () and S ' L~K 1is a map-
ping defined by formula C3).

IT there exist an automorphism otfeAutCl) and a map-
ping SIL+ K such that d = @@"~&)€ , then from
Lemma 1 we get that d satisfies conditions (W) and W?)*

For ease of reference we now write the following defi-
nition (cf. [B])-

Let L and K be loops. Let ™ sLMKXLxK-*K be any
mapping fulfilling the following conditions:
1° - MN(1,1,1, k)» kK,
2° N1, I» k2) = kjkjt
3° the mapping ™ (",l§,12, ¢ : K #=K 1is a bijection,

A0 the mapping ~(1,j, = 12>k2) : K™K 1is a bijection,
for 1, j, 12€L and k, I, k2« K,

DEFINITION 2. An algebraic structure (L x K<) with

an operation o defined by the formula:

< Wkry 0 (~2<nen = N*TF
for arbitrary pairs <I1.,bp>» <12,k2>tL x K 1is called
a product <L ; KXj>»

A product <L i1 K\f 1is a loop (cf. BD*

Let a loopHlI be an extension of a loop K by a loop L.
Let s,sl: XT/E-*!] be selectors such that s(K) = s™"K)=
S1 ad let f.f,,: L-*H/K be isomorphisms.

We define mappins <S, @™ L ™aH iIn the following way:
G=s0f and dN =
11



By means of the mappings CF and <" we define mappings
NL,NilxKx1jK-*K by the formulas:

M2)Y2) = L NN E
Cc71IaAd (")) = 1IN N2 72N
for Lplg”L and Kkl ,KR€K.
The loops {K> and (L 5K>~ are extensions of
the loop K* = (<1 ; k> kfekK™ by the loop L (cf. [3])-
The extensions <L ;K>] and <L 5 are isomorphic.

Indeed, mappings P: £] <L ;K>" and P™:I] <L ;K>
defined by the rules: N
PO * P(C(DK) =<I,k>,
pl&) = P1(c?1(l11)k1) =<il,kl>,

for an arbitrary x = tf(Dk = &J(1) k"eE are isomor-
phisms (cf. [3]D* Then the mapping \p=P~0 P** 1is an
isomorphism of the extensions ; K> and <L ; K>
According to Theorem 2 the mappings <S and satisfy
conditions (W) and (W2). It follows from Theorem 3 that
6= (oX"S for some Aut(L) and mapping 8 : L K
In the quotient loops <L ; /K9 and <L ;K /K> all
cosets have the same form fl}\» x K for every Ifcl# It is
easy to see that the loops <L ; K>"i/K* and <L ; K>~ /K
are identical.
A mapping Q- L -“m<\, defined as follows:
g = (i xK
for IfeL 1is an isomorphism (cf. B])- By means of the
mapping g and the automorphism ‘dfAut(L) we define an
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isomorphism g~ L =><L ,K>"/K* putting g" = gct.
Notice that g(l) = [<l,k>: kick} and glCl) -
s [CL),Kp>: Lj =0L(i)a keK™ for every 16L. We shall
prove that 4>@()) =glu) for I~L. If <l,k>fcg(l)
then ~(<l,k>) =P1(P1 (<l,k») aP”6(l)k). Since
S = (OB s 6~ CIPDCECH)» where 1™ = XD
and so ~(lI,k>) =F~dCDk) =F, G&S¥I-,)SCD) K) =
= P1 (cSL(11)SC1)) OP1(k) = OLp S(I)> 0< 1»k> a
=" 9 Dt1*k)y @)
Since the mappings P, g, ¢" are isomorphisms, then the in-
clusion W(gU)) c gCl) implies the equality ~(@g(l)) a
ag™l) for every 16L. Notice that ™N(.<1, k) a
a PMp"1l (<1, k) =P1(S(DK) = P tf~Dk) = <1,k>
for every KkeK.
In the grup theory is known the following definition of an
extension of groups (cf. [4]D)-

DEFINITION 3. A group HI 1is said to be an extension
of a group K by a group L if the'” following conditions holds
(1) K is a normal subgroup of the groupH ,

(i) the quotient group H/K and the group L are isanorphic;
Let a group 2 be an extension of a group K by a
group L. Let sz HA -*1} be a selector such that s(k) al
and let f: L *=I1?A be an isomorphism. We define a map-

ping 6 :L-~C as follows:
$asof.
let "sLXKxLxXxK-~K be a mapping defined by the
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following rule:
0) (<*(17™*,) (C?2(12k2) = ~(I™ip~rCINILj.lg.kg)
for arbitrary and Kk1,k2SK,
We shall prove that the mapping ~ has the form:
ML 2..20 - . (Kj)A(ML 2
for arbitrary Lplg”™l and Lpkg&K, where mappings
Ow LxL ->K and jJiiKiL”"K satisfy the following
conditions:
u,) All, D=7 D =1,
@ p-& D=k
@3) D= »
@ the mapping (=, I): KZmK 1is a bisection,

@5) 12+ =t C"]» Ny
Gag) = *0H] »I2) "XCL, 2™ *
@ U2 AR = A(ACLj*2)

for 1,L,d2,ljeL and k,kMk2CK.

In view of Theorem 2 the mapping O satisfies condi-
tion (Y4) which may be written in the forms
() (<*(L) <*(12))x = ~(~1g)™*
for arbitrary LplgfcL.
Using C5) *® can define amapping N ! 1 x1 -» i 1in the
following way:

?(iNM)cs'(i2) = tfCNin-XOpig)
for arbitrary 1M,12€L.
A mapping ™ : K x L -» K we define by the rule:
txk, D = ~MD“1ke(D)

for arbitrary 1£L and kfcK.
1h



Weé shall prove that the mappings \ and (j. satisfy
conditions (@) - (a-)
It is easy to check that conditions (@®) - (a®) hold.
If kNk-JEK and 1ML, then  Mk™kg* 1) =
= O (1)-\k2S(l) = (6ar\<S(i)) (d()“lk2rfCD) =
= (UClpl) «u(k,l) and so condition (@) is fulfilled.
If kfcK and 17,12 &L, then
Bk» k Cl.qg2) =
* [<*(1)<*(|2)X|1 12)" ANk Afa@,) M (N 'xeivArl] =

<teri (cscvhden)) Miz)Miafier: =

= X(11Ji2)C<J(12)"1ii(ktil)<i<i2))/XCilti2r 1 =
a M. (M, 12) ULk 12)7%07 ,19)
and so condition (a&) is fulfilled.
If Lpl26L and k~kgfcK, then
O 1) () = dCILR) CI1, P~ (KLil2Ye*
Indeed, (6(17)") (tfCINkg) =
= ($(in)61i2)(60.2y \6 C |2))k2 *
= od (@2) »2)k2 B A CYI2) N H»L2)0k-, »12)K2.
If Lplg.ljfcL and k~™.kgjkjfeK, then
(d (11)k1)ACcA2)k2) (d (13)k5)] = [(rt(1D)k1) (d (12k2)]1((5(13)k3).
Using (.6) we have:
(<*0,)*-,) [WarkaKtfC kjXI -
= (LM [MizB)CrCI2 ,Ib) Kk2 13)3] =
= NeNY KGN N QHRNAZNI”
[(*0,)*,) C™i2)k2™ (~Ci3)k3) =
* 412 (AN »12) A2)k2)3 ((13)k3) =
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Hence, *9x3 ) A1 AXQIFZYNAND 53)

= ACIH2*M) 1*(ML»2 )M *1 *12)k2»3 )™
Applying conditions (@) and (@) to the left side and the

right side of the above equality, respectively, we get:
N N 75D YaSat Raierc! *42)»*3)CI2 »*3/ T2 *13 )P0 /2 *3 ) =

SA(FL R FF)AANKL TN i) »H(012 ,*3)
and this means that condition (&) holds.

Comparing equalities @) 1 (6) we obtain
P ,12%2) = WIRN EXVN] QNN

for LplgfcL and LpkgfeE.
It follows from [3] that the group 2 and the loop ~LJE™,
where ™ 1s a mapping defined by formula (4) are isomorphic,
thus <L 5 E>” is a group.

IT a mapping :LzEzLzE-*-E has the form
@) NO*L FRFY) 3 1 572N RN RN
for arbitrary I17MjlgtL and k™. kgfeE, where mappings
As LzL-*E and W3 EzIl-* E satisfy conditions
@ - (@), then <L ; E>™ 1is a group.

It is easy to cheok that conditions 1° -4° of Defi-
nition 2 are fulfilled, then <L ; E>* 1is a loop.

Ve shall show that the operation o in the loop
<L ; E> 1Is associative.
IT LpI~ljfcL and kMKk~MKkMEE, then

WY FNC B R NO AKZIGA 3
= <ILIDI3* A*1 # 2HB* ACK2*K2»*3,K3)>
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and K<'I1 ,Kl>e <12 ,K>]Jo <IN, k> =
a MINN3* NI YR >\3*3)Y e
Applying tag), (¢7) and (@) we obtain:
KA K] » 2737 R (I2»"2 N3* N3N =

'/0’\»/\2/\3/\ N\ _C/\i »/\2/\3) /\'/\2*/\3/\ /\C/\2*l\3/\3 =
S NeNNAQFIN OMLN»I2N 3" A-CACN 1NN 3NN 277313 =
/\</\i/\2’/\3/\ CLj*/\Z) N 1 */\2/\2*A3/\3 =
* NO-122 K*i L »12 k8N, 12 D).
Thus <1 .} K> is a group.

It follows from the considerations In B] that the

group <1 {K>" , where the mapping has form (7) , is an

extension up to isomorphism of the group K by the group L.

In this way the problem of determination of all exten-
sions of agroup K by agroup L can be reduced to the
construction of all products ; K>, where the mapping”
has form (7).
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