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Asymptotical interval stability 
for a linear homogeneous functional equation

1. INTRODUCTION

This paper is a continuation of [l] and it is devoted 

to investigation of asymptotical interval stability for a 

linear homogeneous functional equation 

I'D [fU)] = g(x) vf (x ) ,

where f and g are given functions and ^ is an unknown 

function. We shall be interested in real, continuous solu

tions of equation (1).

G.A.Shanholt has proved in [4] stability theorems for 

a difference equation. Similar re'sults for a nonlinear 

functional equation of first order are presented in [2], [5j» 

In this paper we will use the definition of asymptotical 

stability given in [4] and we shall give some necessary and 

sufficient conditions for asymptotical interval stability 

for equation (.1).
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2. PRELIMINARIES

The given functions f and g will he subjected to 

certain conditions.

Hypothesis (Ĥ ). The function f is defined, strictly 

increasing and continuous in an interval I = (o,d), d>o 

and it fulfils the condition

o < f(x) < x for . xfc I.

Hypothesis (H2). The function g is defined and con

tinuous in the interval I and g(x) 4 o for xfe-I.

The following theorem from [3j will be useful in the 

sequel:

THEOREM 1. If hypothesis (Ĥ ), (H2) are fulfilled then 

equation (1) has in I a continuous solution ^ depending on 

an arbitrary function. More precisely, for any xfltl and 

an arbitrary continuous function f̂o1 Iq -*1 Rt where 

IQ := [f(x0),xQ], fulfilling the condition

t2) *orf<*o>] = 8<̂  W *
there exists exactly one continuous solution ^ of equation

(1) in I such that ^(x) = ^ 0(x) for xtI0*

We will denote this solution by (• *x0,vfo) and the 

class of continuous functions fulfilling the condition

(2) by B(xQ). Moreover, we adopt the following notation: 

P(a,b) is either an open interval (a,b) or a semiclosed in

terval [a,b) or (a,b] or a closed interval [a,b] where

- <x> < a < b < oo . Similarly we will denote the infinite in

tervals by P(a,oo), P(-oo,b). If a = b, then the interval
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[a,b] we denote by {a}. Moreover by Gn we will denote

the functional sequence 
n-1

G (x) := JL g[fi(x)] for xtl, nćN.
i=o

Now we will accept the following definition of interval 

stability for equation (1) (see [l]).

DEFINITION 1, Let -oo<a^b<c<3 . P(a,b) is stable 

if for every £>o and xQS I there exists a £ =

= S(xq,£)> o such that for an arbitrary function 

6 B(xq) fulfilling the inequalities 

-(3) ^0(x) < b + £  for xfel0,

U) >̂0(x) > a -£ for xtl0,

the solution >̂(»,x0, 'fo) of equation (1) fulfils the

inequalities

(5)  ̂(x,x0, ^Q) < b +Ł for . xfe (o,x0] ,

(6) ^(x»x0, ^0) > a -6. for x fc (o.xj .

DEFINITION 2. Let bfc R. P(-oo,b) is stable if for

every £>o and xQ&I there exists a £ = £(x0,l)>o

such that for an arbitrary function BCxq) fulfilling

(3) the solution 4)(*»20» v$>0) of equation (1) fulfils (5).

DEFINITION 3. Let afcR. PCa.oo) is stable if for 

every £>o and xQ6 I there exists a 5= £(xQ,£.)> o

such that for an arbitrary function >̂0GB(x0) fulfilling

(4) the solution >̂(»,x0, ̂ Q) of equation (1) fulfils (6).

We will, adopt the following definition of attractor 

and of asymptotic interval stability (see [2], M)*
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DEFINITION 4. Let -oo <a ̂  b<oc> * P(a,b) is an attrac

tor if for every xQ€: I there exists an > o

such that for an arbitrary function ^0&B(x0̂  fulfilling 

the inequalities

(7) ^0(x) < b + ̂  for xfel0,

(8) ^0(x) > a for J6l0,

the solution vfC#»x t ^ )  of equation (1) fulfils the con

dition

lia diet (^(f^at),* ,vf ),P(atb)) = o for xfcl. 
n -►°o

DEFINITION 5» Let bf E, P(-oo,b) Is an attractor if 

for every x0&I there exists an t|= ^(Xg) ^ 0 8UC  ̂

that for an arbitrary function B(xQ) fulfilling (7)

the solution »xot>ł0) of equation (1) fulfils the con

dition

lim diet (̂ >(fnCx) ,x0,fQ) ,P(-«̂ b)) = o  for xtl0. 
n-» oo
DEFINITION 6. Let atR. P(afoo) is an ąttractor if 

for every x0fcl there exists an t^ x^  > o such

that for an arbitrary function >̂QfeB(x0) fulfilling (8) 

the solution '■H* »x0*̂ 0) of equation (1) fulfils the con

dition

lim diet (^(^Cx) ,x ,4>0),P(atoo)) = o for x6lQ. 
n oo
DEFINITION 7. Let - o o < a 4 b < « .  P(a,b), P(-oo,b), 

P(a,c») are asymptotically stable a.s. if P(a,b), 

P(-oo,b), P(a ,oo) are stable and they are attractors res

pectively .
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In the end of this section we present theorems from [1] 

on interval stability which will be useful in the sequel.

At first we will assume that f fulfils hypothesis ( )  

and g fulfils the following:

Hypothesis (Hj). The function g is defined and con

tinuous in the interval I and g(xV> o for xfcl.

LMMA 1. Let hypothesis (Ĥ ) be fulfilled and 

o < a 4 b <oo or - o o < a 4 b < o .  Then the inequality

min{§ » a] < max{§ » |J for xfcl

is a necessary and sufficient condition that for every 

xQ fcl and $">0 there exists a yQ fc(a -S,b + 5) such 

that g(*0)y0fc(a -S ,b + S).

THEOREM 2. Let hypotheses (H^)f (H^) be fulfilled and 

either o <~a < b<°© or -oo<a < b < o. P(a,b) is stable 

if and only if one of the following conditions is fulfilled:

(9) ✓"N K II for xfcl,

(10) g(x) < max(§ , |1 for xfcl,

(11) g(x) > min{f , |] for xfcl.

THEOREM 3. Let hypotheses (&,) , (Hj) be fulfilled and

a 4  <o. [a} is stable if and only if one of the following

conditions is fulfilled:

(12) There exists an xQ£I such that g(x) = 1 for

x fc(o,xQ] and g(x) 4  1 for * (xo'd)»

(13) g(x) = 1 for xfcl,

(14) g(x) <1 for Xfc I,

(15) g(x) >1 for xfcl.



THEOREM 4. Let hypotheses (Ĥ ) , (Hj) be fulfilled and 

-co<b < o < a < « o # p(-oo,b) or P ( a f co ) is stable if and 

only if

(16) g(z') > 1 for xfcl.

THEORIM 5. Let hypotheses (Ĥ ), (Hj) be fulfilled and 

either -oo^a ( o  < b < “  or -oo <a <o < b < c*> . p Ca,b) 

is stable if and only if

(1 7) g(z) for atI.

Now we define the following function:

for rt I.M(x) := sup 
n fe N war Gn ^  f 

.t«-[f(x),x] -*

THEOREM 6. Let hypotheses (Łj), (.Ĥ ) be fulfilled.

The inequality

C18) M(x)<<*> for xfcl

is a necessary and sufficient condition for {o]t P(o,<»)

and P(— °°»o) to be stable.

Lastly we will assume that f fulfils hypothesis (Ĥ ) 

and g fulfils the following:

Hypothesis (Ĥ ). The function g is defined and con

tinuous in the interval I and g(x) < 0 for xfcl.

THEOREM 7. Let hypotheses (Ĥ ), (Ĥ ) be fulfilled. 

Then the intervals P(o,b) and P(a,o) where 

-<*>^a < 0 < b < <*> and P(-oo,b) and P(af«°) where 

- 00 < a < 0  <b<c© are unstable.

We define two functions:
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P(x) : =  sup max G-  (t)i

“‘“U *&<*-).*] J
for xtl,

THEOREM 8. Let hypotheses (H^)» (Ĥ ) be fulfilled,.

{0} is stable if- and only if the following conditions are 

fulfilled!

(19) P(z) > - 00 for x&I,

(20) P(x) < 00 for xfrl,

THE0BEM 9, Let hypotheses (Ĥ ), (Ĥ ) be fulfilled and 

-oo<a < 0 <b<«« . P(a,b) is stable if and only if

(21) max {§ * a] ś g(x) for x€rI*

3. NECESSARY AND SOEEICIENT CONDITIONS 

FOR ASYMPTOTICAL INTERVAL STABILITY

3.1, The case rCVS > 0 for xfcl. In this section we 

will assume that f fulfils hypothesis (Ĥ ) and g fulfils 

hypothesis (Ĥ ).

We define the following functions:

100 j= inf { lim G (t)j,
tfe[f(x)

L(x) := sup ( lim G tt)J,
tfc[f(x)

E(*) := sup ( lim sup G (t)_l •
tfe[f (x)

Notice that (lb") or (17) implies that lim G GO exists
n - » 5o

for xfcl.

25



At first we consider P(a,b) where either 
-oo^a^o<b<c>o or - oo < a < o 4 b

THEOREM 10. Let hypotheses QLj), (Hj) be fulfilled and 

either -«o^a<o<b<co or -<*> <a <o ̂ b^ eo . P(a,b) is 

a.s. if and only if the following condition is fulfilled

(22) g(x) ^ 1, L(x) < 1 for xGl.

P r o  of. Suppose that (22) holds. According to 

Theorem 5» P(a,b) is stable. Thus it is sufficient to prove 

that P(a,b) is an attractor. At first we consider the 

case where o <L(x) <1 for 2 (1, Let xQ&I and we put

T|(x0) := min
a(L(xn') - 1) b(l - L(xQ))o'

"LT̂ T . From (22) we

have /r((20) > o* Then for ^0feB(x0) such that (7) and

(8) hold we have the inequalities:

o^ lim v^Cx) ,x0,̂ 0) = lim Gn(x)^Q(x) <
n-^oo

< LCX0) b +

IlH* oO

b (l - L(xJ) '

TIx̂ T

a < L(xo)
[m -

a(L(x0) - 1)

~ ^ r ~

< b, when ^Q(x)^o,

< lim GnCx) ̂ >0(x) »
n-»co

= lim ̂ (f^x) ,x ,̂  ) < o, whereas for ^ c(x) < o.
n ^ o o

Thus P(a,b) is an attractor and, consequently, it is a.s.

The case where there exists an xQel such that

L(x0) = o is very simple. Then for every T^>o and

B (x q ) such that (7) and (8) hold we have

lim ̂ (fn (x) ,xQ,i|0) = o for xfeIQ and, consequently, 
n-»«o
P(a,b) is a.s.
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Now let us suppose that P(a,b) is a.s. Prom Theorem 5

we have (1?) which implies inequalities o ̂  L(x) 4 1 for

x«I. Suppose that there exists an xQfe I such that

L(xq) = 1. Because L is a semi-continuous function there

exists a t&IQ such that L(xQ) = lim GnCt), Without any
n-*«»

loss of generality we may assume that tt(fCxQ),xQ). Let 

us fix an 0. We may take ^ 0 fcB(xQ) fulfilling (7) 

and (8) and condition ^Q(t) /[a,b], Then we have*

lim ^(fnCt),x0,vfQ) = v?0tt) <f [a,b], 
n-*«>

This condition contradicts the a.s. of P(a,b).

THEOREM 11. Let hypotheses Ch )̂, (h )̂ be fulfilled and 

-00 <b, < 0 <a<oo. Each of sets P(-°°tb), P(a,<») is a.s. 

if and only if

(23) g(x)>1, lCx) > 1 for xtl.

P r o o f .  Suppose that (23) holds. According to 

Theorem 4, P - fb and P a, are stable. We will prove 

that P(-°°tb) and P(a,oo) are attractors. At first we 

consider the case where 1 < l(x)<oofor xfel. Let x0&I

a(l(x ) - 1)
and let us put ) ■■ for P(a,<*>) and

b(l - l(x )) . v ,
T̂ (_X0) := --- 1̂% ')"—  for pC“°°ib)» We have H^o^ * 0

from (23). Then for a ^0 feB(x0) such that (8) or (7) holds

respectively, we have the inequalities

a(l(x ) - 1) a
> --------i(x0y ~ = rĉ 7  for 2 °
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or
b(l - lCxj) h

^ 0(x)<b + — ^ —  = r ^ r  for xfeIo»

(24) lim^C^Cxi.x ,vf ) = lim G (x>f (x) ^ l(x (x) > a,
n-»oo n-»«>o

(25) x ,*0,% ) = lim Gn(x)^0(x) ̂  lCx )4> (x) < b.
n-*oo n-*oo

Conditions (24) and (25) imply that

lim dist(vf(fn(x),x ),P(-oo,b)) = o- = 
n-*«»

= lim dist(^(fn(x),x0,̂ o),P(a,oo)).
n-fcoo

In case where there exists an xQfe I such that l(x0) = 00 ,

it is sufficient to take an fulfilling inequalities

either o<o^<a or o<T|̂  < -b, respectively.

Now let us suppose that p(-oo,b) and P(a,oo) are

a.s. From Theorem 4 we have (16) which implies inequalities

1 $ l(x)<°© • Suppose that there exists an xQel such

that l(xQ) = 1. Because 1 is a semi-continuous function

there exists a t€I such that l(x ) = lim G (t). With-
0 0 n -*•<*> 11

out loss of generality we may assume that t fe (f (xQ)»xQ).

Let us fix tj>o and we may take ^04B(x0) fulfilling 

conditions either >̂Q(x) > a - ̂  , v̂Q(t) < a or 

<̂0(x) < b +T| , >̂0(t) > b respectively. Then we have

lim ^(fn(t),x ) = lim G (t)^0(t) =
n-»oo n-»oo

= i(*0H 0(t) = % i* ) <

lim ^(*“(0,1 ,.f) = lim ®nW>f0lt) =
n-*-oo n-*-oo

= U X q W o O )  = H’ o ^  >  b »
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which implies that P(-oo,b) and P(a,oo) are not 

attractors.

An immediate conclusion from Lemma 1 and Theorem 2, 3 

is the following:

THEOREM 12. Let hypotheses (Ĥ ) , (Ĥ ) he fulfilled and 

either o < a ^ b <oo or -oo < a ̂  b < o. P(a,b) is a .s . 

if and only if (10) and (ill) hold.

In the end of this section we give a necessary and 

sufficient conditions for asymptotical stability (o], P(o,co) 

and P(-oo,o). The following lemma will be useful in the 

sequel:

LEMMA 2. Let { yQ k |j be a double sequence of reals. If

JLim sup yn k = yk and lim y. = y , 
n-*oo n*K K k-̂ oo K 0

then there exist sequences (n^J, {k̂ } of positive inte

gers such that

lim y
i-*oo ni,ki

This lemma is a simple generalization of lemma 4 from [6]. 

Now we may prove the following:

LEMMA 3. Let hypotheses (H^), (Ĥ ) be fulfilled and 

xQfc I. Then there exist sequencets (n^t (k^ and 

tj, [f(xQ) ,x0] such that

(26) E C O  = lim G (tk ) .
0 i-̂ oo ni Ki

P r o o f. By the definition of function U, there

ex ists a { t, \ such that E(x_) = l in  i lim sup G (t. H 
1 0 k-»ooln-»= n



It is sufficient to put yn k := Gn(tk) and from Lemma 2 

we have (26).

THEOBEM 13. Let hypotheses (H^), (Hj) be fulfilled. 

Each of sets (o)-, P(-oo,o), P(o,oo) is a.s. if and only if

(27) M(x) < 00 , E (x) = 0 for x I.

P r o o f .  Suppose that (27) holds. Prom Theorem 6,

(ô  P a n d  PC-00,0) are stab le . Let xQfcI and 

t̂ >o. Then we take ^ t B ^ )  such that for

K -o ° .o ) , vf0( x ) > - ^  for P(o,oo) and - \ < ^0(x) < ^

for [o ] . From C27) we have

lim sup ^ (f^ a c ) ,* ^  ) = lim sup Gn(*H 0(x) = 0 for x 61 , 
n-»oo n-»<>o
which implies that the intervals are a.s.

Now let us suppose that (o), P (o ,o o ) and pQ-00, 0) 

are asymptotically stable. From Theorem 6 we have (18). 

Suppose that there exists an i06l such that E(xQ) > 0. 

From Lemma 3 there exist sequences (n̂ ), {k^} and 

r«»o^o] such that tki'*‘to C1 -*oo) and 

E(x„) = lim (t. ). We take fulfilling condi-
0 j  . .  U i 1 o o

tions <̂ 0(t0) 9* 0 for {0], vfo(tQ)< 0 for P(o,oo) and 

*#(t ) > o for P(^oo,o). Then we have

*tt*0w.ct0>.
This condition contradicts the assumption that (o), P(-eĄo) 

and P(o,oo) are attractors.
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3.2. The case k(V) < o for xfcl. Now we will assume 

that f fulfils hypothesis (h )̂ and g fulfils hypothesis 

(H4). At first we consider intervals P(a,b)t P(.-oo,b) and 

P(a,oo) where o < a 0 < ° °  or -oo<a^ b < o. If we put 

o<£<a, o<T^<a for P(a,b) , P(af oo) , where o<a^b<c*> 

and o<5 < -bf o<r^< -b for P(a,b) P(̂ -co,b) where 

-oo <a4 b <ot then no B(x0) fulfils inequalities

(3), 00 suid (7)» (8). Thus these intervals are a.s.

Prom Theorem 7 we also have that intervals P(o,b), 

P(a,o) where - o o < a < o < b  , and P^oojb), P(a,oo) 

where -oo <a < o < b <oo are not a.s.

Now we define the following functions

R(x) := sup flim Gp (t)\, 
tfc[f (x) ,x]l n-»» J

rCx) := inf f lim Gp - Ct)l ,
t t[f (x̂  »xj l n-̂ oo J

S(x) := sup I lim sup G,_ (t H ,
te[f Cx) ,x] I n*oo J

r(x) ?= inf | lim inf G? ,, (tjl . 
t*tfC*),x]ln-~ 2n+1 J

Notice that (21) implies that lim Gp (x) and lim G2q+1(x)
n ■♦oo n-»ao

exist for xel. We have a result similar to Lemma 3:

LEMMA 4. Let hypotheses (Ĥ ) , (H4) be fulfilled and

xfl6l. Then there exist sequences (ilJ, {^i » [mi}i (dj)

and tv €- I , t. e I such that 
Ki 0 ii °

(28) R(x0) := ^ ^ n ^ k ^  • 

r(x ) := lim Gp ^  ).
l—co 1 1

(29)
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We have the following

THEOREM 14. Let hypotheses (H^), (Ĥ ) be fulfilled.

The set {oj is a.s. if and only if

(JO) -oo<pCx), P(x)<o o, r(x") = 0 = R(x) for x fel.

P r o o f .  Suppose that (JO) holds. Prom Theorem 8 we

have that £0} is stable. Let xQtI and ^>0. Take a

^0feBU 0) such that • From (30) we have

lim ̂ (f^x) fX0»̂ 0) = 0 which implies that (0} is a.s. 
n*

Now let us suppose that there exists an x04 I such 

that r(xQ) < 0  or R(x0) > 0. Let ^ > 0 and ^ 0fcB(xQ) 

fulfil the condition - <'ło(30 <'v|_ • From Lemma 4 there

exist sequences (n^, (k^, ^m^J, [li] and (t̂ . } , {t̂  J C lQ

such that (28) and (2 9) hold. Without loss of generality

we may assume that t. — * t or t, — *t and0 li 0

v? (t ) > 0 where t0fcl0. Then we have 
2n
i(tki> ,*0,>f0) = =

= > 0

= ^ o W o ^  < °*

This conditions imply that {0} is non an attractor what 

ends the proof of the theorem.

Finally we consider the case P(a,b) where 

-oo<a < 0 <bCoo. We have two following theorems.
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THEOREM 15. Let hypotheses (H^), (Ĥ ) be fulfilled and 

-co < a < 0 < b <00 a 1 -b. P(a,b) is a.s. if and only if 

(2-0 holds.

P r 0 of. Prom Theorem 9 condition (21) is necessary 

for asymptotical stalibity P(a,b). We will prove that (21) 

is also sufficient. From Theorem 9, P(a,b) is stable. Let 

k := max kave from (21) that -1 < k < 0. We may

prove by simple induction that

(31) o#°+1« ̂ 2n+1^x  ̂< 0 ^ ®2n^x  ̂^ 00 D xfcl.

Inequalities (31) imply that lim G2n+1(x) = 0 = lim G2n(x).
n-̂ oo n—co

Then for xQfe I, ^ > 0  and <̂>0 B(xQ) such that (7), (8) 

hold we have

(52) lim^(f2n x ,xQ,̂ 0) = lim G2n(xH o ^  = 0 for x£lo» 
n-*«o n-roo

(330 lim ̂ (f2n+1(x),x0,̂ 0) = lim G2n+1(*)^0(x) = 0 for xeJ0- 
n-*» n-*-«>

Conditions (32), (33) imply that P(a,b) is a.s.

THEOREM 16. Let hypotheses (H^), (H^) be fulfilled and 

-00 <a < 0 <b<°o a = -b. P(a,b) is a.s. if and only if 

(34) -1 4 g(j)<o, -1<r(x)$o, o4.E(x)<1 for xfcl.

P r o o f .  Suppose that (34) holds. Prom Theorem 9, 

P(a,b) is stable. We will prove that P(a,b) is an at

tractor. At first we consider the case where 0 < 5(x) < 1 

and -1 < rCx) < 0  for xfel. Let xQe I and we put

t̂ (x )̂ := min ■
a(R(xJ - 1) a(r(x ) - 1)

s u 0) r(x0)

Prom (34) T|> 0. Then for B(xQ) such that (7), (8)
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h o ld  we have

o < lim v?(f2n(x),x ,vj)) £ E(x (x) <
q-»Oo u

<5Cx0) b .+
a(5(x ) - 1) < -a = b

for xtl J (x)> o,

a < r(xQ) b +
a(r(x ) - 1)

sc*0>
< ̂ oHoC*) v<

« lim ^(f2n+1Cx) tx ,vf ) ̂  o
n-̂ oo

for xfcl0, >̂o(x) > o,

a(SŚO - 1)
a < F '.*) |̂a -

S(*o>

lim ^(f2nCx),x ,4> ) « o

< F(xo)^otx)«

n-*oo
for xfel0, ^0(x) < o, 

»2n+1o $ lim ^(f2n+1U),x0^ 0) = r U 0)^0(x)<

< *(x0) [ -
a(rCxp) - 1) 

r(x0)
< -a = b

for xfel0, ^o(x) <o.

These inequalities imply that P(a,b) is a.s. If there

exists an xQ& I such that F(x0) = o or r(xc) = o, then

either lim ^(f2n(x) ,x0,4>0) = o or lim ̂>(f2n+1 (x) ,x̂ > 
n»oo n-»eo

what also implies that P(afb) is a.s.

Now we shall prove that (3h) is also a necessary con

dition. Notice that inequality (21) from Theorem 9 implies



that o a W  41 and -1 4 rOO ^ 0 for xfcl. Suppose 

that there exists an xQfc I such that either r(xQ) = -1 
01 S<*0) = 1. Since r and R are sernicontinuous there exists 

a t I0 such that SCx̂ ) - iim G2n(t) or r(xQ) =

= lim Ggn+I^* Without loss of generality we may assume
n-»oo

that tfc(f(x0),x0). Then for BCxQ) fulfilling con

ditions (7), (8) and <̂Q(t) < a when 5(xQ) = 1, or 

'f0(t)>b when r(xQ) = 1, we have

lim ^ ( f ^ C t ) , * ^ )  = r(x (t) = -vf Ct) < -b = a, 
n»oo

lim (f 2nCt) ,x ,v? ) = 5<x )vf (t) = ^ Ct) < a.

Thus P(a,b) is not an attractor , the theorem is proved.
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