MAREK CZERNI

~ Asymptotical interval stability _
for a linear homogeneous functional equation

1. INTRODUCTION

This paper is a continuation of [I] and it is devoted
to investigation of asymptotical interval stability for a
linear homogeneous functional equation
I'D [fU)] = g(x) ¥(x),
where ¥ and g are given functions and © is an unknown
function. We shall be interested in real, continuous solu-
tions of equation (1).

G.A.Shanholt has proved in [4] stability theorems for
a difference equation. Similar re"sults for a nonlinear
functional equation of first order are presented in [Z], [5»
In this paper we will use the definition of asymptotical
stability given in PB] and we shall give some necessary ad
sufficient conditions for asymptotical interval stability

for equation ().
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2. PRELIMINARIES

The given functions ¥ and g will he subjected to
certain conditions.

Hypothesis (HY). The function T is defined, strictly
increasing and continuous in an interval 1 = (o,d), d>o
and i1t fulfils the condition

o <f(X) <x for .xfcl.

Hypothesis (H2). The function ¢ 1is defined and con-
tinuous in the interval | and g(xX) 4 o for xfe-l.

The following theorem from [3J will be useful in the
sequel:

THEOREM 1. IFf hypothesis (HY), (H2) are fulfilled then
equation (1) has in I a continuous solution ™ depending on
an arbitrary function. More precisely, for any xfitl and
an arbitrary continuous function ol Iq-*1 Rt where
1Q = [F(x0),xQ], fulfilling the condition
7 *af2p] =8¢ W *
there exists exactly one continuous solution ~ of equation
@ in 1 such that MX) = "0X) for xtl0*

We will denote this solution by (**0M0) and the
class of continuous functions fulfilling the condition
(@ by B(xQ). Moreover, we adopt the following notation:
P(a,b) is either an open interval (a,b) or a semiclosed in-
terval [a,b) or (a,b] or a closed interval [a,b] where
-<se<a <b<oo . Similarly we will denote the infinite in-
tervals by P(a,00), P(-00,b). If a=b, then the interval
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[a,b] we denote by {a}. Moreover by Gn we will denote

the functional sequence
n-1
G = %zo g[fix] for xtl, néN.

Now we will accept the following definition of interval
stability for equation (1) (see [I]D)-

DEFINITION 1, Let -oo<a”b<c<3 .P(a,b) is stable
iIf for every £>0 and xQS1 there exists a £ =
= S(xg,£)> o such that for an arbitrary function

6B(xq) fulfilling the inequalities
-3) NOX) <b+£ for xfelO,

u) M) > a-£ for xtlo,
the solution 7>(»,x0, "fo) of equation (@) fulfils the
inequalities
(©) N (x,x0, ~Q) <b +t for .xfe(o,x0] ,
®) ~(x»x0, N0) >a 6. for x £ (0.Xj -

DEFINITION 2. LetbfcR. P(-00,b) is stable if for
every £>0 andxQ&l there existsa £= £(X0,1)>0
such that for an arbitrary function BCxq) fulfilling
(3 the solution 4(>20»¥0) of equation (O fulfils G).

DEFINITION 3. Let afcR. PCa.oo) 1is stable if for
every £>0 andxQ6 lthere existsa 5= £(XQ,E.)> o
such that for an arbitrary function ~>0GB(x0) Tulfilling
@ the solution ~>(,x0,”"Q) of equation (O fulfils (6).

We will, adopt the following definition of attractor
and of asymptotic interval stability (see R], M)*
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DEFINITION 4. Let -oo<a ™ b<oc> * P(a,b) is an attrac-
tor if for every XxQ€ 1 there exists an >0
such that for an arbitrary function ~0&B(x0" fulfilling
the inequalities

@ NOQ) <b +N for xfelO,

® ~"NOQX) > a for J610,

the solution viCH»x t”) of equation () fulfils the con-
dition

lia diet (*(fhat),* M),P(ath)) = o for xfcl.
n -»°o

DEFINITION 5> Let bf E, P(-00,b) Is an attractor if
for every x0&1 there exists an tj]= ~(Xg) ™~ 0 8uCr
that for an arbitrary function B(xQ) Tulfilling (7)
the solution »xotkP) of equation (1) fulfils the con-
dition

lim diet (> ,x0,f),P(~<b)) =o for xtlo.
n->»a

DEFINITION 6. Let atR. P(afoo) is an gttractor if
for every xOfcl there exists an ™ x”N > 0 such
that for an arbitrary function ~~QfeB(x0) fulfilling (8)
the solution ™"sH*»x0*Y0) of equation (1) fulfils the con-
dition

nlimoodiet ("Cx) x 40),P(ato))= 0 for x61Q.

DEFINITION 7. Let -oo<a4d4b<«. P(a,b), P(-00,b),
P(a,c») are asymptotically stable a.s. if P(a,b),
P(-00,b), P(a,00) are stable and they are attractors res-
pectively .
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In the end of this section we present theorems from []
on interval stability which will be useful iIn the sequel.
At first we will assume that f fulfils hypothesis ()
and g fulfils the following:

Hypothesis (Hj). The function g is defined and con-
tinuous In the Iinterval 1 and g(xV> o for xifcl.

LMMA 1. Let hypothesis (H) be fulfilled and
0O<adb<oo or -oo<a4d4b<o. Then the inequality

{8 » a] <8 »J for xrml

IS a necessary and sufficient condition that for every
xQfcdd and $">0 there exists a yQ fo(@ -S,b +5) such
that g(*0)yOfc(a -S ,b +S).

THEOREM 2. Let hypotheses (HM)f (H") be fulfilled and
either o<~a < b<®°© or -oo<a <b <o. P(a,b) is stable
if and only if one of the following conditions is fulfilled:

(©) A = for xfcl,
@ g <max(§ , |1 for xfcl,
(i) g®) > min{f , |] for xfcl.

THEOREM 3. Let hypotheses (&,) . (Hj) be fulfilled and
a4 o [a} is stable if and only if one of the following
conditions is fulfilled:
(12) There exists an xQf£1 such that g(x) =1 for
x fc,Q] and g() 4 1 for » (xo"d)»
@) g =1 for xfcl,
@ g <1 for xfc I,
n) g >1 for xfcl.



THEOREM 4. Let hypotheses (H) , (Hj) be fulfilled and
-co<b < 0 <a<«o# p(-00,b) or p(afco) Is stable if and
only if
a5) azH > 1 for xfcl.

THEORIM 5. Let hypotheses (HY), (Hj) be fulfilled and
either -oo0™a (0 <b<* or -oo<a <0 <b<cs.pCab)
is stable if and only if
an) g®@ for atl.

Now we define the following function:

M) = nsgﬁ -t«_\,\l,:?{x),xzfn N _:: for rtl.

THEOREM 6. Let hypotheses (Lj), (HY be fulfilled.
The inequality
C18) MO)<<*> for xfcl
IS a necessary and sufficient condition for {o]tP(0,<»)
and PE°°»0) to be stable.

Lastly we will assume that f Tfulfils hypothesis (HY)
and g Tulfils the following:

Hypothesis (HY). The function g is defined and con-
tinuous iIn the interval I and g(xX) <0 for xfcl.

THEOREM 7. Let hypotheses (HY), (HY) be fulfilled.
Then the intervals P(o,b) and P(a,0) where
-<*>"Na <0 <b<< and P(-00,b) and P(af) where
-00<a <0 <b<c® are unstable.

We define two functions:
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P(X) := sup (t)|
cet “l chgk)ﬂ
for xtl,

THEOREM 8 . Let hypotheses (H“)» (HY) be fulfilled,.
{0} 1is stable if-and only if the following conditions are
fulfilled!
(@1°)) P@ > -00 for x&l,
20) P(X) < 00 for xirl,

THEOBEM 9, Let hypotheses (HY), (H) be fulfilled and
-00<a < 0 <b<«« . P(a,b) is stable if and only if

QD max {8 *a] s g&) for x€rl*

3. NECESSARY AND SOEEICIENT CONDITIONS
FOR ASYMPTOTICAL INTERVAL STABILITY
3.1, The case rOS > 0 for xfcl. In this section we
will assure that F fulfils hypothesis (HY) and g Tfulfils
hypothesis ().
We define the following functions:
100 F _inf {1linG (D],
te[f(0)
LX) = sup (limG tt)d,
i)

E*) = sup ( linsupG @I
teff ()

Notice that (B) or (17) implies that 1im G GO exists
n-»%.

for xfcl.
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At first we consider P(a,b) where either
-oo™a”o<b<c>0 or -m<a< 04 b

THEOREM 10. Let hypotheses QLj), (Hj) be fulfilled and
either -«o”a<o<b<co or <*><a<o”b™e.P(a,b) is
a.s. if and only if the following condition is fulfilled
@ gl N 1, L) <1 for xGI.

Pro of. Suppose that (22) holds. According to
Theorem 5> P(a,b) is stable. Thus it is sufficient to prove
that P(a,b) is an attractor. At first we consider the
case where o<L(X) <1 for 2 (1, Let xQ&l and we put

T|CO) = min a(l-_-?i(-?-.,)\-l: Db - Le) - From () we

have A4((20) > o~ Then for ~0feB(x0) such that (7) ad
(8) hold we have the inequalities:

o™ lim v~ACx) ,x0,70) = Tim Gn(GO™MX) <
IH* O

b@ - L(xJ) "
<LCO) b+ TIAT <b, when ~Q()"o,
a < L(x0) a(LEXO) "D i GNOY S0 G) »
[m- ~ r-~ n-»co
= 1lim~"(f*x) x ,~ )< o, whereas for "~c(X) < o.

n“oo
Thus P(a,b) is an attractor and, consequently, it is a.s.
The case where there exists an xQel such that
L(x0) = o 1is very simple. Then for every T~>0 and
B(xq) such that (7) and (8) hold we have
Iim "(fn ) ,xQ,il0) = o for xfelQ and, consequently,
n-»«o0

P(a,b) 1is a.s.
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Now let us suppose that P(a,b) 1is a.s. Prom Theorem 5
we have (1?) which implies inequalities o”™ L(X) 4 1 for
x«l. Suppose that there exists an xQEl such that
L(xq) = 1. Because L is a semi—-continuous function there
exists a t&l1Q such that L(xQ) = lim GnCt), Without any

N=*<o>
loss of generality we may assume that tt(fCxQ),xQ) . Let
us fix an 0. We may take ~0TcBCGQ) fulfilling (V)

and (8) and condition ~Q(®) /[a,b], Then we hawe*

lim ~(fnC),x0 M) = votd) < [a,b],
=%

This condition contradicts the a.s. of P(a,b).

THEOREM 11. Let hypotheses "), (" be fulfilled and
-00 <b, <0 <a<oo. Each of sets P(-°°tb), P(a,<») is a.s.
if and only if
(€5)) g(x)>1, I) > 1 for xtl.

Proof . Suppose that (23) holds. According to
Theorem 4, P - T and P a, are stable. We will prove
that P(-°°tb) and P(a,00) are attractors. At first we
consider the case where 1 < I(X)<oofor xfel. Let x0&l

and let us put ) ) 12 for P.<>) and
b(l - I(x ) Y ,
™O0) = —"M% Yy~ for pC‘°°ib)» We have H”o™ * 0

from (23). Then for a N0 fB(x0) such that (8) or (7) holds
respectively, we have the inequalities

a(lx) -1) a
e iXy~=rcr7 for 2 °
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or
b(1 - ICxj) h
"oO(x)<sb +—- N~ - =r"r for xfelo»

@D 1in"CACxi.x M) =1imG CoF G~ Ix (> a,
=00 ex&0

@ ., X ,*0,%) = 1in 6nGOMNEY N 10 ¥ () <b.

Conditions (24) and (25) imply that
lim dist(vF( (X),x ),P(-0,b)) = o=

N=*o>
= rll—%gnd iIst(*"(fnh (¥),x0,M0),P(a,00)) -

In case where there exists an xQfl such that 1(x0) =00 ,
It is sufficient to take an fulfilling inequalities
either o<o”™<a or o™ < -b, respectively.

Now let us suppose that p(-oo,b) and P(a,o00) are
a.s. From Theorem 4 we have (16) which implies inequalities
13$ 1(X)<°© e Suppose that there exists an xQel such
that 1(XQ) = 1. Because 1 1is a semi-continuous function

there exists a t€l such that I(x ) = limG (©. With-
0 0 n fe<*> 11

out loss of generality we may assume that t €T Q0Q)»XxQ).-
Let us fix tj>o and we may take ~04B(x0) Tulfilling
conditions either ™M) >a -~ , vQ® < a or

<O < b +T] , SO0 > b respectively. Then we have

lim "(fn(®),x ) = 1lim G (DO® =
=00 =00

i(*OH 0(D) =%i*) <

Ihim ~(*“(0,1 ,. Lim GnW>FO0IY) =
lim ~(*( = Lin )
= UXgWoO) =Ho "™ > b»
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which implies that P(-00,b) and P(a,o0) are not
attractors.

An immediate conclusion from Lemma 1 and Theorem 2, 3
is the following:

THEOREM 12. Let hypotheses (Y, () he fulfilled and
either o<a”™b<oo or -oo<a”™b <o. P(@,b) is a.s.
if and only if (@0) and @I hold.

In the end of this section we give a necessary and
sufficient conditions for asymptotical stability (o], P(0,00)
and P(-00,0). The following lemma will be useful in the

sequel:
LEMA 2. Let {yQ k j be a double sequence of reals. If

Jdimsupynk =yk and lim = .

n-*0o P yn’K yK k’boyK yO
then there exist sequences (MJ, {k~} of positive inte-
gers such that

limy
i-*00 nl

,Ki
This lemma is a simple generalization of lema 4 from [].
Now we may prove the following:

LEMVA 3. Let hypotheses (HY), (HY) be fulfilled and
XQEl. Then there exist sequencets (n~t (kN and

g, [F(xQ),x0] such that

26 ECO =1limG _(tk
(%) 0 1- nl( P
P r o o f. By the definition of function U, there

exists a it, \" such that E(x ) = lin ilim sup G (t. H
k-»00ln-»=



It is sufficient to put yn k = Gn(tk) and from Lemma 2
we have (26).

THEOBEM 13. Let hypotheses (H), (Hj) be fulfilled.
Each of sets (0), P(-00,0), P(o,00) is a.s. if and only if
@n MG <00 , E® =0 for x 1.

Proof . Suppose that (27) holds. Prom Theorem 6,
(P and PC-00,0) are stable. Let xQfcl and
t™>o. Then we take ~ tB ™) such that for
K-0°.0), Jv0O(x)>-~ for P(0,00) and -\ <~0Q(x) <"
for [0]. From C27) we have
lim sup ~(f~ac),*”™ ) = lim sup i (*HO(x) =0 for x61,
=00 <20
which implies that the intervals are a.s.

Now let us suppose that (0), P(0,00) and pQ-00,0)
are asymptotically stable. From Theorem 6 we have (18).

Suppose that there exists an 1061 such that E(xQ > 0.
From Lemma 3 there exist sequences (), {k*} and

r«»o”o] such that tki™to Cl-*00) and

E(xy) = J.Iim‘ u; @ ). We take fulfilling condi-

tions <O(0) 90 for {0], vio(WQ)< 0 for P(0,00) and
*#( )> o for P("00,0). Then we have

*tt*Ow.ct0>

This condition contradicts the assumption that (0), P(-eAo)

and P(0,00) are attractors.
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3.2. The case k() < o for xfcl. Now we will assume
that T fTulfils hypothesis (™) and g Tulfils hypothesis
(H4). At first we consider intervals P(a,b)tP(.-0c0,b) ad
P(@,00) where o<a0<°° or -oo<a”™ b< o. If we put
o<f£<a, o0<T”™<a for P(a,b), P(af), where o<a™b<c*>
and o0<5 < -bf o<r~< -b for P(a,b) P(™co,b) where
-00 <a4 b <ot then no B(x0) fulfils inequalities
@), 00 aud (M)» (8)-. Thus these intervals are a.s.

Prom Theorem 7 we also have that intervals P(0,b),
P(a,0) where -oo<a<o<b , and P”oojb), P(a,o00)
where -oo<a <0 <b<oo are not a.s.

Now we define the following functions

T= Tl \,
R(X) tﬁ:[?u ) ,X]l nl—gl»Gp (t)
) = inf  flimep -cot,
tt[f g I J
S = I1im sup G, (tH ,

te[Sfu&) X] In*00

rex) = inf lim inf G? 1.
O tfiC*) , x]In—~ 2n+1 (tj'

Notice that (21) implies that rI‘i.r‘anp 0 ad rI‘_i)r)goGZqﬂ(x)
exist for xel. We have a result similar to Lemma 3:

LEMVA 4. Let hypotheses (HY) , (H4) be fulfilled and
xfi6l. Then there exist sequences ((1J, {1 » [miy (dj)
and t\léiel , & el such that

0 i °
@) R(X0) =~2"~"n~r k" e
(29) rx) =LimGp )
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We have the following

THEOREM 14. Let hypotheses (HY), (HY) be fulfilled.
The set {oj 1is a.s. If and only if
(0) -oo0<pCx), P(kx)<oo, MXH=0=RX) for x fel.

Proof . Suppose that (JO) holds. Prom Theorem 8 we
have that £0} is stable. Let xQtl and ~>0. Take a
~0feBU 0) such that e From (30) we have
rI]im’\(f’\x) X0»¥0) = 0 which implies that (0} is a.s.

Now let us suppose that there exists an x04 1 such
that r(xQ) <0 or R(X0) > 0.Let ~>0 and ™O0fcBCQ)
fulfil the condition - <"to(® <¥] = From Lemma 4 there
exist sequences (n™, (k™, "I, [I1] and (. } . {t*JCIQ

such that (28) and (9) hold. Without loss of generality
we may assume that t — *t0 or .- *t0 and

V (t) >0 where tOfclO. Then we have

2n
1 (k> , 0 0) = =

=~"oWo~"N < °*
This conditions imply that {0} 1is non an attractor what
ends the proof of the theorem.
Finally we consider the case P(a,b) where
-oo<a <0 <bCoo. We have two following theorems.
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THEOREM 15. Let hypotheses (H™), (HY) be fulfilled ad
~mw<a<0<b<oo al-b. P@b) is as. if ad only if
(20 holds.

P r 0 of. Prom Theorem 9 condition (21) is necessary
for asymptotical stalibity P(a,b). We will prove that (1)
is also sufficient. From Theorem 9, P(a,b) 1is stable. Let
k = max kave fron (2) that -1 < k < 0. We may
prove by simple induction that

(Bl) o#°+1l« M2nt1™XN < 0 N 2N N 00 D xfcl.
Inequalities (1) imply that lim G2n+1 () = 0 = lim G2n(X).-
0o N—@

Then for xQE&l, ~>0 and <9 B(xQ) such that (7), (B
hold we have

imn =1 AT
& rI}_!k(m0 (f2n x ,xQ,”0) = lim G2n(H o 0 for x£lo»
@0 lip AF2n+1(),x0,70) = 1im GC2n+1(*)N0(X) = 0 for xeJO-
n-"» =

Conditions (32), (R3) imply that P(a,b) 1is a.s.
THEOREM 16. Let hypotheses (H"), (™) be fulfilled and
-00 <a <0 <b<®°0 a=-h. P(@@,b) is as. if and only if
(G4 -l4gd)<o, -1<r(x)$o, o4.E(x)<1 for xfcl.
Proof . Suppose that (34) holds. Prom Theorem 9,
P(a,b) 1is stable. We will prove that P(a,b) 1Is an at-
tractor. At first we consider the case where 0 < 5(X) < 1
and -1 <rcx) <0 for xfel. Let xQel and we put
A6 = min .a(R(xJ -D alrx) - D
su0) r(xo0)
Prom (3 T|>0. Then for B(xQ) such that (), (8
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hold we have
o< c!I—Q(b vAR2n),x M) £ E(xu ) <

abXx ) -1 —
<5Cx0) b + GEI =D <a=p
for xtl J (X)> o,
arx ) - D
a<r(xQ b+ < N"oHoC*) «
sc*C>
Iim "(F2n+1G)tx M )™ o
« 0o ( ) )
for xfclO, ~>o(X) > o,
a(sso -1
a<F"™® jpa- < F(x0)™otx)«
SCo>
lim M(f2nCX),x A ) « o
LU ( ) )
for xfel0, "0 < o,
0$ lim ~(@#U),x0” 0) = rUO)0X)<
. a(rcxp) - D < o=
<O [ - r(x0)
for xfel0, "o(X) <o.
These inequalities imply that P(a,b) 1is a.s. If there

exists an xQ& I such that F(x0) = o or r(xc) = o, then
either lim M(f2n) ,x040) = o or lim">EF2n+l ) x>
n»00 a0

what also implies that P(atb) is a.s.
Now we shall prove that (3h) is also a necessary con-

dition. Notice that inequality 1) from Theorem 9 implies



that oa W 41 and -14 rO0 ~ 0 for xfcl. Suppose
that there exists an xQEl such that either r(XQ =
01 S<0) = 1. Since r and R are semicontinuous there exists
a t 10 such that SV - iim G2n(®) or r(XQ =

= rI]_i)goegn+|’\* Without loss of gererality we may assure

that tfc(f(x0),x0). Then for BCxQ) fulfilling con-
ditions (7), (8 and <Q® <a when 5(Q) =1, or
()>b when r(xQ) =1, we have

lim A(FACE),*~) =r(x (@® =-FCD < -b=a,
00

lim (R2n0) x @) =5x W () = ~ CD < a.

Thus P(a,b) 1is not an attractor , the theorem is proved.
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