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On the rectangle proportion

At the 22nd Symposium on functional equations (Ober-
wolfach, 1984), Alsina stated the problem ([L]) of
finding all the functions T satisfying the following
conditions:

(@) - (@}oo) 2 (0;+00) = (0;+00)2—» [1;+00) ,
@) f(x,x).1,

€) - fy,*)»

u) fe.y) * f(1-.y)-

At the same Symposium the first of the authors of this
paper presented (with proof) the general solution of the
problem (1) - (4, and showed the form of its general con-
tinuous solution (without proof), cf. B]e In the present
paper the missing proof is supplied. Another description
has been given by W.Benz in B].
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The so-called rectangle proportion p(a,b) of the

rectangle of sides a and b, is defined in the following
way':

o) - i &5
The function Ff = p 1is a solution to ) - (@), but It has
also the following properties (RD:
o) T iIs continuous on the set (0}+oo)™,
® fx,y) al=?>x =y,
Q) TQ\x,Ay) = f(*y) for ~>0,
® X 4min(y,z) =>f(x,y) + f(x,z2) = f(x,y + 2),

2
©® fxy) = f(x, 1),

(10) f(x,y) =f(y.J-),
(11) fuy2) = ff(x,y)]2.

In the second part of the pxesent paper the above pro-
perties are compared to each other and the rectangle pro-
portion is characterized by means of some of them.

I Llet E» {&WY50<x<l and y™l} and let
g: E —t*[1]+0o0) be an arbitrary function.

As It has been proved in p] the function T defined as
follows

teger n = n(x,y) , such
1) fuy) * ¢ ’

that
1 for z=vy
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and besides fx,y) = f(y,X)
are well defined and are the only function for which the
conditions O - (¥ hold.
How we are going to prove the following

THEOREM 1. The function ¥, defined above In (12), is
continuous If and only if the function g is continuous
in the set E and

a3) lim g(u,v) s g(x,1) for O<x<M,
E *(u,v)->-;D

and

14) (u,v) =1.

E 9D
Pro0Of. A Let us assume that the function f of
the form (12) 1is continuous. Since M\E = g, the function
g 1s continuous on E. We also have, for O<x<1,

V) eE,
lim f(u,v) = f(;))-
(u,v)-»(1}j)
Since O E* from the definition of f we dbtain:

=s[(HHA) 1=6C:D-
Hence (13) Is satisfied.
Moreover, again by the continuity of f, we have

lim f(u,v) 1.
(U 7V)'A(171)

But f(,v) = g(u,v) whenever (u,Vv) FE, which means that
condition (14) is satisfied.
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B) Let us assume that the function g 1Is continuous
in E and it has the properties (13) and (14). Because of
the symetry of the function T we can restrict the proof
of 1ts continuity to the points (X,y) such that y>Xx.
It is evident that the set of these points is the union
over 3 of the disjoint non-empty subsets

n »= {1 JAD

Let us also notice that

Hence
1 - 1.1
2PT
Zn 1= {(=5?) 5 »er 1 470c g5
for nc N, whereas for n<.-1
Zn ta {Co)I x * X Y

Obviously ZQ =E, and Z”™ ="XYy)J x>1 and y>x2J.
Three kinds of points can be distinguished here:

a (x ,y ) 1is an interior point of a set Z ,
di) X .y )&zn and is not an interior point of Z
am -0 - 70*

Case ()= There exists a neighbourhood V of (*0.y0)
contained in ZQ. Therefore for all the points (X,y) ofYV,
n s n(x,y) in the formula (12) is constant. Prom the defi-
nition of the function F, we obtain for (X,y)eV,

fx.y) = s[e>@ J
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Since g 1is continuous, the function ,iIN
iIs continuous at (O»y0) and n = n(X,y) Is constant
on V, therefore the oomposed function f 1is also conti-
nuous at (x0,y0).

Case (iD). Now (0»J0) Hlies on the graph of the

power function y * xt “ ST which means that
1--1-
to) CO0.yO0>“(vxo 5?2T)*
IT (y) tends to (COty0)* the investigations can be
restricted to the cases
a) &.y) £2n,

b) xXy)* zn+l.
a If U,y)fczn, then 0.y)(f)

and (x,y)—lirgxo ,yo)(*»y)(l)n = (o) 9 T8
Cx0,y0)fen .
Using the definition of f and the continuity of g we
obtain:
I fu *
Zn9 (x, y\7vn;<0 ,y0) ¥) V o )9**[0*0 yO)yL) (3) ]J

B «[(xo»y0)(5*“ n] = Fxowy0)*
b) Let (x,)) 2Znh+l. Hence (X,y)(])n+l feB. However,



Prom (5) «e obtain

W < W r’r(--i),
n+¥T1
whereas
1
an CwWNr *
If

zn+1 9 (F»*) -** 6 O fe ZR>

then (in view of (6)) , we have
,. N+l /7y, \n+l

1
" 57T

Making use of this and of the formulas (12), (15) and (@7),
we obtain:

lim fx,y) =
Ci0.y0) W
* lim 6(u,v) * ,(,=*.1)
E3UW,Vv)-UA; ™)
Sn-

sOo0”™oKIj)"] 1
Case (ilD) Prom the definition (12) of the function T

we obtain for x<y:

fCy) * <.y 13 sV)i
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where

as u=uy = vV =Vv(X,y) =27—-
X X

and n 1is an integer-valued function of X and y such
that (uU,v)&3S. Let us notice that

uUWtE (Mu<l and 1<v<d).
Thus for u(x,y) and wv(x,y) fTorm (18) we obtain:
| <ulx,y) <1 and 1”Mv(X,Y< |-
IT nov  (X,y)-"(x0,y0), then UX,Y) V(X)) -» (L,D).
From this fact and from (14) we have

I fCx. 1 VP =1 = fi(x X)),
Ly I?XB,XB) " (u,vWET,l) o} (XO O)

according to (12).

ITf x=y =y ,then fX,y) s1l-*1» Ff(xn,y).

In this way we have proved the continuity of the function f
in all the cases (1) - (D).

I1. The properties of the rectangle proportion we
mentioned iIn the introduction are not iIndependent. In par-
ticular, the properties (?) and (7) follow fron (4, (©)
and (10} ®) is the consequence of (7) and (9) or (7) ad
(4. Rurther, the properties (4), (9) and (10) are equiva-
lent to eaoh other whenever the function 0j+00)*1-* ©
satisfies (3% as well as the conditions (1), (7) and (A1)
imply (2). We omit the simple proofs of these relations.
In view of these relations a question arises which ones
from among the properties (D<) may characterize the
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rectangle proportion p. We shall prove here the following
theorem to this effect.
THEOREM 2. If the function fs (0;+00)2—» E satisfies
one of the following conditions
a) @ 3, ® and either (M) or (5)
b) @D. ®. . &, W
then T is the reotangle proportion.
The proof of the theorem will be proceded by some lemmas.
LTOMA 1. If a function fs (0j+o0)2—-"mE has the
property (8 and a>0, then the function fa = f(a,»)
satisfies the Jensen functional equation for z”a.
Proof. Let a>0. By (8) we obtain
a9 a ™ min(z,y)=5> ffi(z2) + Q) = fa@z + y).
This is Cauchy®s conditional equation. Inserting here

ZsSys we have

a<?=**_(8) - S ra«>-
IT a<min (z,y), then a4* |~ and we get (.putting here
z=2z+Yy)s

a $ min(z,y) =S =\ *a(x+?)e
Hence and from (19) we obtain
) a A min@z,y) = fA-"2)= —————2——— »

which completes the proof.
LMMA 2. If a function fs (0;+00)2-*.JR has the pro-
perty 8 and let a>0, then the function fa: f(a,.) can
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be extended to an additive function g &X) onE.
Proof. The function f& satisfies Cauchy’s con-

ditional equation (19)= Prom lemma 1 we know that fﬁ. sa-

tisfies Jensen’s equation (20) for x”a. Hence, according

to Theorem 1 in [4], p-315* there exist a function

gft E —*>E, and a constant cfit E, such that

(¢24)) faQ) = gaX) + ca for j>ab
and
@2) gaC#y) = ga® + ga®y).-

IT we substitute (21) in (19), we obtain
gal) + 6a(y) + 2ca = Sa(*ty) + ca*
Prom (22)we conclude that c. =0, which means that
falu) = ga(*) for 3c>a,
i.e. the additive function g0 onE 1is actually an extension
of fa.

LEMMA 3« If a function f: (0;+00)2 *>E satisfies (8)
and has the property () or (B)i then ff) = f(a,x) for
a>0 is linear for x> a.

PrOof. Let ¥ have the property (1), which means
that for any Xx,y>0s f(X,y) > 1. Hence, on the basis of
the theorem of Bernstein-Doetsch (4], p-145), used to the
function -g,,(xX) form the Lemma 2,“g_ is a continuous
function.

IfT T satisfies the condition (6), then the continuity of
f is assured, gn is a function continuous too.
Hence O¢ iIs additive and continuous, thus it is linear

and so is the function () for Xx>a.
123



Proof of Theorem 2. a) Let T have the property (1) or
(5) and the property (8). Prom Lemma 3 we know that
fX,y) =b(X)y for x*y and bX)e E.
IT T satisfies also (2), then
bOOx =1,
which implies
f(x.y) ¥ J oy for x"y,
which is the rectangle proportion for x4y.
Since T is symmetric (condition (3)), it is the rectangle
proportion for 0O<y<x, too.
b) Let f have the properties (1), ), (M, B, ().
Properties (1), (8) and Lemma 3 yield
f(X,y) = b(X)y for x4vy.
Hence and form (3) we have
by for x"y»
@) .y w@)x for x>y.
Let A> 0. Then
£ (%, AY) =1fb(7'X)Ay for x<y,
wb (Ay)Ax for x>y.
Prom the property (7) we have
by * b(Ax)Ay for x<y,
and hence, for x =y =1 we obtain
@) b(A) =
Prom (23) we have T(1,1) = b(1) so that (1)yields
b)) =[b(1)]2, i.e. b(@) =1 because of ().
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Using this In 23) we have from (&)

for *«y»
fU.y)=

<N NN

for 2>y,
which means that

which was to be proved.
As we have seen, condition (8) is essentially used in the
proof of Theorem 2. But condition (8) alone does not imply
the thesis of the Theorem 2, which can be showmn on the fol-
lowing amples
E2 ample. Let us consider the function
f: (0;+00)2— given by
for 2<y,
L 8% for 2>
Y,
where atE and a/0, 1,-1.
It is evident that f satisfies condition (8), but It is not
the rectangle proportion. Note that f does not satisfy
any of the conditions CI) - (7)), (© - ().
On the other hand, the function f: (0;+00) —» E

Hi)\z for
fu,y) =

Id)2 for

satisfies the conditions O - (7)), (9X11)» but no longer
condition (8). This shows that Alsina®s conditions (D - &
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are not sufficient for a function to be rectangle propor-
tion p. However, from Theorem 2 it follows that conditions
@O - @ together with (8) do characterize the rectangle
proportion p.

Remark. W.Benz proved ([3]) that if a function f
satisfies the conditions (1) - (6) and if for every t>0

there exists lim. f(x,txX) then
X-*0+

(€3)) f(x*y) = h(p.y)) .

where hi [ij+co) —» [ij+oo) is a function such that

h() =1 and p 1is the rectangle proportion. In this
theorem the assumption of the continuity of the function F
iIs superfluous. For let us put

h® = lin fo0),  (GY)eE, t=

X X

We have then t>1. Moreover, tho function g in formula
(12 satisfies for an arbitrary integer n the condition

aC.y) = *My A = h@®,

because 2--HK) as n>>00 . Hence
m

9.y) = h() = h(px,y)) for x<y.
The function F 1is explicitely determined by the function
g by means of the formula (12) and the function h{@EX,y})
satisfies the conditions () - (4), then the condition (5)
holds for any positive X, Y.
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The above argument also shows that It is enough to assume

the existence of lim f(X,tX) for t>1 only.
X=>»CT
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