BARBARA PELECKA-OBORSKA

On continuous solutions
of the equation f(x+3f(x)f(y) ty) zf(x)4f(y)

In this paper we shall prove that iIf a function
f: R—} R is continuous, T-\{o}) 4 0, and fulfils the
equation
co o< + 3FCOF(Y) +y) = FCO + F(y),
then f=0.

Equation (1) has been considered in papers [2] and PBl]-
In the paper [5] S.Midura has obtained the general solution
of this equation iIn the class of odd functions.

S.Midura has proved in [5] the following lemmas

LBWA. 1, If function F fulSils equation (O ad
'1U0}) \ {030, then set ~1{op \ {G is the set of
periods of function T.

LEMWA 2. If function ¥ Tfulfils equation (@) and
-\{0}) 40, then set F1{0) is a subgroup of the

group (R,4).
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THEOREM 1. The general solution of equation () in odd
functions class is the set of functions which fulfil
Cauchy’s equation

fx+y) = FCO + £(Y)
and the condition
f(ae9g) =0
for any X,yeR.
Equation (O 1is a special case of the equation

f@dh f"2M +5°SFCS.ANJ.f(. >+ @2 =

=cffC  + PG> D)
The last equation has appeared in [J] where some subsemi-
groups of the group L™ were appointed.

Let R+ = (0,00), R~ = (-00,0). We shall prove

LEMMA If a function f: R-s=R fulfils equation (1"
f(R+)C R+, f(O) =0 and F is a continuous function,
then f(R+) = R+.

Proof . Because of the continuity of f, the equa-
lity f(0) = 0 and the inclusion T(R+)c R+, the set
f(R+) may be equal R+ or (O,b) or (O,b>, where b>0.
Let us suppose that T(R*) 1is a proper interval and let
xQe R+ and T(xQ) =™ b. From equation (@) we have

0+ | b2) = | b,

which is impossible. Then we have T(R+) = R+.
Obviously, we have
LEMMA 4. If a function f: R—* R fulfils equation ("

then so does function -F.
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LEMA 5. If a function f: B R fulfils equation (D),
f0) =0, fF(@B+) =B+ and either f(@B’)= (0,20) or
f(B*) = (0,2c> where c>0, then ﬂm IS not an injective
function.

Proof. Let fiXxg) =c, Ff(X) =c for some xQeE+
and X 6R“. We have from equation O (x = xQ, y=x and
X =y =x0)

fx + 3c2 + xQ) s 2c and *f(2xQ + 3c2) = 2c.

Now let us put in @ first x =x0, y=2x + 3 ad
then x=xQ, y=x+ 3cp+xQ-Thenwehave

f(xQ+ 3c 2c + 2x0 + 3c2) = X
and
f(X0O+ 3c 2c + x + 3c + xQ) x 3c.

Since 3cfef(R“), then 2xQ + 3c2 + x >0. We have
also 3*0 + 9c° / 2xQ + 9 + X, which ends the proof.

LEMMA 6. If a function f : B—"mR Tfulfils equation
D, fO =0, fRH) =R+ , FB)=R~ then ¥ is an
injective function.

Proof . For an indirect proof, let fCx"s T(x2)
for sole x*,x28R, xj 4 Since f(x) 30 iff x =0,
we have x* «x2 4 0. It folloxs f*om our assumptions that
for every x40 an x4 0 can be chosen such that x x<0
and Q) = - fix). Then from equation (O we have

fOx + 3FQYF(X) + x)= X)) + F(X) = 0.

Hence, as T vanishes only at zero, we obtain
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X - 3f(x)2 +1=0,

whence

X a 3E(MX)2 - x
and
@ ) = - FBF)2 - X).

Let us put in @ x* and 3f(x2)p - X2 in the place of x
and vy, respectively. We obtain
O + IFA)FEF(x2)2 - x2) + 3F(x2)2 - x2) =
= f(x1) + FERF(x2"R - x2).
By virtue of the hypothesis, (2) and the equality above
have
1 - SFCAF(L) + 3F(R)2 - x2) = FO/)) - F(X2).
The equality T = f(x2) yields
fd - x2) =0,
which implies X = x2, a contradiction.
Next we shall prove
LEI.IMA 7. There is no continuous bisection from R on-
to £ which satisfies equation (D)=
Proof . Let us suppose that there is a bijjective
solution of (1), say fQ: £—-*=£. Then P j= £ is a con-
tinuous function on £ and P(R) a R. It is easy to see
that P Tfulfils the equation
A) P(u + v) = P(u) + P(v) + 3uv.
It has been proved In HE], that the general solution of
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equation (3) is given by the formula

@ FOO = Vi + 7

where ~ is an arbitrary additive function. The continuity
of F implies the continuity of . Then \p is linear, as
it is additive* It is obvious that any continuous and bi-
Jective function belongs to family (4), a contradiction.

Now we are ready to prove the main result of the paper,

THEORM 2. If a continuous function fs R—mR ful-
fils equation (1) and f"1({o}) 40, then f =0.

Proof . Let us assune that there are non-identically
equal zero solutions of equation (2 which fulfill the as-
sumptions of the theorem. It follows from the hypothesis,
Lemma 2, [1J/p-238/, and the continuity of the function f
that two cases are possible)

i) = {0}

1)) fL(01) =x0Z Tfor an xQe R+.

First we shall consider case I. By virtue of Lemma 4

we may consider, without loss of generality, only such
functions f for which f(R+) ¢ R+. Now it follows from
Lemma 3 that T @®+) = R+, Hence we have the following pos-
sibilities;

12) ﬂll“th IS not a bisection fron R+ onto R+

and f(R”)c R+,

f(R-) = R+,



10 + 1s a bisection from R+ onto R+ and
f(R”) = 0,9, for a oCe R+,
1d) fR'D) = R,
1e) f(R*) =(¢c,00 or f(R”) =*<-c,0) for a ceHT
The cases 1a) - Ic) are the only possible ones for func-
tions In I such that f(R+) = R+ and fER*) c R+. Two re-
maining cases correspond to the situation where T(R+) = R+

and T(R”) c R“. No other cases are possible when
f(R+) = R+~
Case la). Let us suppose that 0<z2<z,j and T =

=f(z,). Let b = max Ff and T =b for a yfe0,Xx,.>.
¢ 2) <0,z1> » 1

We may assume that y ™ z™ (if maximum is attained at 2z,
then we can take y = x2). By virtue of continuity of the

(15 r_
function f at zero, for £= NMJE~ there isa 0 >0

such that for a zQ€ (0,<S) n (o,— we have
0 < f(zQ) < £g~.
Hence
zQ < 3bF(@Q) + z0< + 20 < -y
and then

y <y + 3bfCzQ) + zQ < z1#
By the definition of b, we have
f{y + 3bF(zQ) + z0)s<b,
On the other hand, it follows from equation (1), that
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f(y + 3of(zQ) + zQ) = £(z0) + () = F(zQ) + b > b,
that amounts to contradiction.
Case Ib). Since ﬂI . IS continuous and bijective map

of @ onto R+ so it is increasing function. Let y&fw
be fixed. Put b ;= max f. Choose x e fi-, such that

<0,y> 0
fCx )=b. Put m = max f. Let -xe<-x .0> ad
0 <-*0,°> 0
() =m. Then we have m-b. It follons from the conti-
nuity of the function ¥ at zero, that for £ = there

is 5 >0, such for
z0f(0,5) n (0,x) n (0,y)

we have
0 <f(z0) <
Thus
-X<zQ-x<-x + 3mfUQ) + zQ < zQ.
Now we have

f(5+ 5mF(z0) + zQ)4 m,

because max f=m
<-X,Yy>
But, from equation CD we have at the same time

FEXx+3nfFQ) + 2 =FC>) + F(2Q) =m+ F@)> m,
which gives a contradiction.
Case Ic). By Lemma 5 1t cannot occur.
Case Id). By Lenmma 6 T is a bisection of R onto
itself. Lenma 7 then says that f, being continuous, cannot

satisfy (D).
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Case le). Let us take an xQe R*“ for which f(XxQ) =
= - j c. Equation O & =y = xQ) yields

(X0 + 3R2CxQ) + xQ) = 2Fx0) = - | c.
On the other hand

(220 + -C

and then we have a contradiction once more.

In this way we have proved that there does not exist
a function which fulfils the assumptions of the Theorem and
the condition I.

Case Il. By Lemma 1 f is now periodic and XxQ*Z - {o},
x0eH+ is the set all 1ts periods. Hence either
fR) c {0} u R+ or f(R) c {O}uR“. By virtue of Lemma 4
we may restrict our considerations to the case where

fQ® c {0 u R+

Let us denote c = max TF. Then the periodicity of
<0,xo>

the function f iImplies that f(R) = <0,c>, where ceR+.
Let yoe<0,xQ> and T(y0) = c. Erom the equation CI) we
have
f(y0 + 3c2 + y0) = 2f(y0) = 2cf

which value cannot be attained by f and in this way
Theorem 2 is proved.

Remark 1, In the paper [Z] R.-Ger has given the
general solution f: R —» R of the equation
® f(x + 3f(y)2 - 3FCOFQY) - y) = FO) - F(Y).-
He has also proved that
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LEMMA 8. Any solution f: R -“s R of equation (6) sa-
tisfies equation (D).

LEMVA 9, Any sollution fi R=*m R of equation (1) such
that f(R) = - f(R) satisfies equation (B).

When we compare Theorem 2 and Lemma 8 we can conclude
the following

COROLLAHI 1. The function T =0 is the only conti-
nuous and vanishing at least at one point solution of equa-
tion (®).

Remark 2. In the paper [5] there are shown by an
expamle some odd and non-constant solutions of (1). There
are additive functions taking only rational values, which
are not identically equal to zero but which equal to zero
for rational arguments.

Lemma 9 implies that such functions satisfy equation
(B). We do not know any example of a function which fulfils
(@D and does not fulfil (6). We do not know also iIf there
are functions (even continuous ones) which would fulfil
equation () and do not vanish.
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