MARIA ZUREK-ETGENS

On extension of a solution
of the translation equation

The main objective of this paper is to give a neces-
sary and sufficient condition for the extensibility of a
solution of the translation equation from a substructure R
of an Ehresmann groupoid (E;.) onto the whole groupoid
(BjO, without an extension of the fibre T . The substruc-
ture R satisfies the condition RuR =E.

1. Let E be an arbitrary non-empty set and let
be an arbitrary partial mapping from the set EXE into
the set E. A pair (E;») will be called a multiplicative
systen. The domain of the partial mapping will be
denoted by D. . Let us define the following set

E° = (efE: (€,©)&D. a eee = €}

We start with the following definitions.
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DEFINITION 1. A multiplicative system E{») 1is an
Ehresmann groupoid iIf the following conditions are fulfilled:

O E°=fefE A [Xe)fdD. £ x.e=X] a
X &E

A[(e,x)eD, =j>e*x = xjj,

() A yfed. A(y,z)eD.=r> @ J -2)tD. a
X,Y,zeE

A(x.y,z)fcD.,

©) /\feE x.)feD. Aty .2fcD, => (i,2)eD-,

X,y ,Z

(4) A__ (y*z) foD. a (xy-2frD. =$> (x,y)feD.,
X,y,z feE

® /\  YFD. a .2 ED.Z* (.2 = (X.y).z,
X,Y,zfeB
xéclé Ze\,/exfeE"’ (le,x)feD. a (x,e )6D.,

D X/%E . e R0 feD. A (x.x"L)feD. A

a x -1 X=eX a X«X'1 = Xe.

In the sequel 2e will be called a left unit of the
element x and ef£ will be called a right unit of the
element x. The symbol x will denote an inverse element.

DEFINITION 2. A set ACE is a substructure of the
groupoid (E}») 11f and only If A <A C A, where

A A = EztE: z\./y"A ,y)feD. a z= x*y}
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IS a substructure of the Ehresmann groupoid (E;*)

If A
then AN = [X&E: X a), where x 1Is an inverse
element.

2. Let T be a non-empty set and suppose that (E}»)

iIs a multiplicative system. Let Fi TXE «<»P be a map-
ping with the domain Dp c r X E and the image Gp cP .

Let us put
Zp =(Cafx,y)fe Tx E2: (0c,X)&Dp a (F(oc,x),y)fr Dp a

A(x,y)eD. a (ot,x»yH Dp)-
DEFINITION 5% A mapping Fs Px E-©» T is a solution
of the translation equation if

O TR X B FEER ) = Fy)-

DEFINITION 4. Let A be substructure of the groupoid
E: 9 - A solution of the translation equation F: TxXA-"-T
Is extendable If there exists a solution F of the trans-
lation equation which is defined on the whole set r X E

and F =F.
T xa
The mapping F is called an extension of the solution F.
DEFINITION 5. A mapping F: P X E—*%P satisfies the
identity condition if
=0C*

Lhr 50 COPRF

We shall prove the following
THEOREM 1. Let (E;O be an Ehresmann groupoid and

let r be a non-empty set. The solution Fs Px E** T
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of the translation equation satisfies the identity condi-
tion if and only if F (=,X) 1is a bisection from the set T
onto the set r for every Xx&E,

Proof. If the mapping F (¢,X) 1Is a bisection from
T onto r for every xs E then

@:Aij—r V F(>,e) = cc

for every fixed e6E°. Therefore Hote") * F(F(£,e),e) =
= Kp>,e) =C for an arbitrary oCtT and egE°.

Now, assume that of,|>er and F(a,x) = F(£,x) for
a fixed xeE. Hence HHCX.,X) ,X1) = F(F(£E,X) ,x 1) thus
F(oc,x*X’1) = F("N,x*xyI) or Koc,xe) = F(E,xe) , this means
that oC =£ . Moreover for an arbitrary xe-E and ocer
there exists £ = fO0»x“1l) such that F(E,X) = F(f (@Cx Tx)k:
= K(oc,e2) =o(. Consequently F (=,X) 1is a bisection from T
onto T for every xGE, which completes the proof.

The above theorem is not true if the multiplicative
system (B;«) has no inverse elements.

Remark 1. If Ft TX E-» T iIs a solution of
the translation equation and (E;<) is a multiplicative

system without iInverse elements then the property

x’%\E *(-*). rl;r

iIs only a sufficient condition for F to fulfil the iden-
tity condition.
This fact may be seen from the following

152



Example. Let P be the set R+ of non-negative
real numbers. Take E = {,V)<=R2.x ™ y}. In the set E

we define the operation as follows:

&y t@>D) iffy =zand then )y) @0 = 1.
Let us put Hc,x,y) = c+y - x for cfdR+ and (X,y)s E
This function F: Rrx E “mR+ is a solution of the trans-
lation equation and F satisfies the identity condition,
but for x <y we have QR x {y}) = <yx,®) 4 R-.

3. A. Grzaslewicz has give in [I] the following
theorem concerming the extensibility of a solution of the
equation
o & ) * H2() = HI(XYY).-

Let (E;®) be an Ehresmann groupoid and let R be
its substructure. IT the triplet of functions
g ,H2 ,Hj )G |_1i~E’\I__ where (E}«) iIs an Ehresmann
groupoid and R o R”I = E, is the solution of the equation
(@, then there exists an extension of this solution on the
triplet of sets (E,E,E), and it is assigned in an unique
manner:

Hi ™ for xeR,
™) =<

-1
Hix) 0 [ x-D] .0 HE for xfeS I»
where i1 =1,2,3.

Setting t, = H2 =Hj and treating (L,;0) as a set

The symbol [X -» I] denotes a set of all functions
F for which O, c X and 5pc I,
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of bisections of the fixed set P endowed with composition
of functions we can consider equation () as the transla-
tion equation F(F(,X),y) s F(»,x y), where B Tx
and for every xeE the function F.,X) = IJ(X) is a bi-
section from the set T onto itself. Considering additio-
nally Remark 1 we get the following

COROLLAHI, ITf Fi PX R-*-P , where R 1is a sub-
structure of Ehresmann groupoid (E;-») such that
RuUuR” =E and T 1is an arbitrary fixed set, is a solu-
tion of the translation equation such that F (e T
for every xeR then F can be uniquelly extended to the
solution F: T X E «*T  where

Fc,X) for aftcr and xeR
F@@.x)
F?1LC,x-1)(@) for Oftr and xR

The assumption that every function of family

bR iIs a bisection of the set P is very strong.
X

In this case the problem of extensibility according to
Remark 1 is reduced to the solutions fulfilling the iden-
tity condition. We shall show that this assumption can be
released.

First we shall prove the following

LMMA., Let R be a substructure of the Ehresmann
groupoid (E;») such that Ru R” =E, let ¥ be an arbi-
trary fixed non-empty set and let F be an extendable so-
lution of the translation equation defined on the set PxR,
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Then

() F(r»xe) = F(r,x-1) for every xeR,

where F is an arbitrary extension of the solution F de-

fined on the set Tx E,

® F(,x) is a one-to-one mapping from the set
into the set T ,

0) the mapping Fs Tx E-*r being the extension of
the solution F is uniquely determined.

Proof. Let F be an extendable solution of the
translation equation defined on the set Px S and let F
be an arbitrary extension of F onto the set T x E.

If cBH{,X€) then there exists jh&T such that
OF = Ftxe)» thus of = F(E,XX") = F(FE,x) x“1) so
CE&FN.x"). IF oF EF M x ) then there exists J>&T such
that « = Kjb.x-1). Thus o= K X1"e) = FH > x1) xe)
since e =, etwhence offrF(r, e). This proves condi-
tion @).

Now, assume that OF ,>eF(P x¢) and HC,X) = F(C,X).-
Then there exists f ,&fel such that of =
Pp=FGE,xe) and fFE,xe) ,X) = F(F(G,xe),x). Hence
FAFANe), 1)/"1) = FCFCRCS™eljXj .X'1) thus
FECF.xe),xe) = F(F(5,xe),xe) or F"~e) = F(E,xe), this
means that Ot=J . Consequently F (¢,X) is a one-to-one
mapping on the set F(r,xe).

To prove condition (4) we assure that F~: Fx E—mP
and F! Tx E -»P are two extensions of the solution F
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defined on the set r x B. Then for every x&R and oc&r
we have P(Pl(a,x 1),X) = Koc,ex) = F(f2(@Cx_1) ,X). It re-
sults from condition (2) that P™oc,X**)6P(r,xe) and
F2@c x“1) € F(r,xe), so in virtue of B we have P1(0of,X1) =
= F2@cx“1). Using R u R = E we obtain condition (4),
which completes the proof.

Now, we shall be concerned with the main theorem of
this paper.

THEOREM 2. Let R be a substructure of the Ehresmann
groupoid (E*) such that RuR” =E and let r be an
arbitrary set. Then the solution F of the translation equation
defined on the set r x R is extendable to the solution F
defined on the set Tx E if and only if for every XxtR
GB) FE,X) is a one-to-one mapping from the set P (r,xe)

onto the set P(r,ex),

and then the mapping
JHct x), where cCtr and xeR,
©® F«) =

where oftT and xeR

IS a unique extension of the solution P.

Proof . Let us notice that for every xeR
(7) F(r,x)c F(r,ex).
Really, If oCtP(r,x) and a*= PCJi,X) then oc= F(E,x.ex)=
= F(PC>,x),ex) so orfeP(r,ex).

Now suppose P to be an extendable solution of the
translation equation defined on rx R. It follows from



conditions @ and (V) that F(=,X) IS a one-to-one map-
ping fromn F(P,xe) into F(r,ex). To prove condition () it
It is enough to show that for arbitrary xfcR and
OC6F(r,ex) there exists £ £F(r,xe) such that F(jp) =C.
Since OF&F(r,ex) so there exists XX T such that
@= F("ex). Put jp = Hp>tk-1). According to (2) F(r,xe).
Besides F(p,x) = FH(,™>1) .X) = HJ>,ex) =oc *, which com-
pletes the proof of a necessary condition.

Let F: Px R-"T be a solution of the translation
equation such that condition (B) is fulfilled. We define a

function F; TXx by means of condition (6). For
XCR n R and P we have

[*(= . x DI T 1FHCCt e) = F@,x)

L [F(r,exi

since FF(c,X) ,X1) = Kor,xe) and Hof,X) &F(P,xe) accor-
ding to (7). Considering additionally condition (6) 'ty the

fact that e=-e, e ** e and RUB =E we can
X X”

notice that the function F is unambiguously defined on
the whole set Tx E.
It follows form condition () that for an arbitrary
xeR we have
FXD: Hr,eQ”™ Fte),
thus

EF(. XD 2)}” 8F(r,xe) oo F(r.e).

The mapping F defined by (®) has the following property
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® F(C.9): F@r, e — = F(r,ex) for every xeE.
* bij

It results from the definition of the function F

that FI = F.
InxR

Thus 1t must be shown that F 1is a solution of the
translation equation. For this purpose we shall distinguish

the following cases.

a) xyfeD., xeR, yeR-1, xyeR{

*) x,y) eD., xeR”1, yeR, X.yeR;

) YY) 6L., xeR*, yeR*l, X.ytR"1;
d) xyeDb., xeR, ye R—/I , X.yeR“l;
€) x,yeb., xeR , y«R, x*ye R ;
1)) X,y) eD., Xx6R, yeR, X.yeR.
Moreover, if (x,y)eD, then = ye.

Case a). Let us detemmine f(F(F(osx),y),y“1) and
F(F(pc,x*y) ,y'"1) = We have

F(F(F(pc,s),y).y“1) = FEFEEP(cC,X),y) y~1) =

= F{‘E:(-,Y"l) yor' e )3 @ G‘@Cx),7e)) ,Y‘ll)

F(F(C,)) ,es) = Hof.X)

and
FERErXY) Y1) = FEOF.xY) D= Floc,x-(yy h)
= F(c*,x.ye) = F(oc,x.ex) = Koc,X).
Since FEF(c,X) ,y) e F(r ,ey) and F(C,x*y)e F(T,ey) there-
fore applying (6) we get FH(LC,X) ,y) = F(OC,x«y).
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Case b). Now we determine F(F(F(prfx) fy)jy-") and
f(f(oc™y) ,y"1) for y“l1€ ETL. Using the equality from
case a) we obtain

F(F(FCa,at),y)ty""1) = F(F(oc,x) ,yy 1) = F(F(oc,x) ,ex) =
= F(F(octx),ex) = F(«,X)»
b F(ce,x) €F(r, , and FO,
ecause F(cc,x) (r,ex) G ex)lp(r’e ) —
However
F(F(oc,x*y) ,y“1) = F(P(a‘,x.y) ,y-1) =

[?2(*.y) . J ANPCAMAX'Y), _ne)) =
y
PCD) of gf  PEOD.0 =

= |fF ¢ F(r,eX)]J F(F(oc,x),y) = F(oc,x),

because F(cx,x) eF(r ,ex).
Since F(F(oc,x ),yY) &F(r,e ) = F(r, -+) and
7 y
p(oc,x*y) fr F(r, 1e) therefore in virtue of (8) we get

y
F(F(«,x),y) = F(oc,x.y).
Case ¢). For itR "™\ yfeH-1 and x*yfeE“l we have

F(FCa,x),y) = [f (,y"1) | J J (F(F<{X,x),ye)) =
I "FCr.ejJ

F(r,ex)j
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= F(oc,x.y),
since F(r,ye) = F(r,e”, x<ye =xe and exy = ey for
x.y™eD.

In cases d) and €) we argue in a similar way, using a)
and b) respectively. Case T) is obvious.

From the above consideration by (4) we obtain that the
solution F of the translation equation defined on the set
Tx S and fulfilling condition (6) is uniquely extendable
to the solution F defined by (6) on the set Px E.

The above theorem yields a generalization of theorem 1
from [2] . In paper [2] theorem 1 is formulated for a sub-
semigroup P of a group (G}*) such that P u P = G.
Notice that if. @2 = x© then the function F(,X) 1is a
bisection on its codomain. However, iIf the structure B
has the only one unit then condition (3) iIs equivalent to
meﬁxtﬁnt[f@xﬂxaﬁisaﬁmﬂycfﬁmihmtmhg

bisections on the common codomain.
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