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Complementary means and double sequences

Abstract. We look after the complementary means with respect to a weigh-
ted geometric mean of Stolarsky means in the family of Gini means and
in the family of Stolarsky means.

1. Means
Usually, the means are given by the following

DEFINITION 1
A mean (on the interval J) is a function M:J? — J, which has the property

min(a,b) < M(a,b) < max(a,b), Ya,belJ
Each mean is reflezive, that is
M(a,a) = a, Yace€J,

which will be used also as a definition of M (a, a) if it is necessary.
A mean can have additional properties.

DEFINITION 2
The mean M is called:

a) symmetric if
M(a,b) = M(b,a), Va,be J;
b) strict at the left if
M(a,b) =a = a =1,
strict at the right if
M(a,b) =b = a =,
and strict if is strict at the left and strict at the right.
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We can compose three means M, N and P on J to define another mean
P(M,N) by

P(M,N)(a,b) = P(M(a,b),N(a,b)),  a,beJ.
Most of the usual means are defined on Ry . So are the Stolarsky (or
extended) means given by
s a”—b"

r a%—>bs

5r,s(a,b)=< )E, res-(r—s)#0,a#b

and the weighted Gini means defined by

Aoa”+(1—)\)-b"
N-at+ (L— ) - b°

Byun(a,b) — [ ] T s,

with A € [0,1] fixed. Weighted Lehmer means, C,.» = B, ,_1.n and weighted
power means Pp.x = Bro.x (1 # 0) are also used. We can remark that Po,, =
Gx = By, ;) is the weighted geometric mean. Also

B’I‘,S;O: CT;O - PT;O = H2 and Br,s;lz Cr;l = Pr;l = Hl 3

where we denote by Iy and Il respectively the first and the second projection
defined by

I (a,b) =a, Tz(a,b) =", Va,b>0.

2. Gaussian double sequences

The well known arithmetic-geometric process of Gauss was generalized for
arbitrary means as follows. Consider two means M and N defined on the
interval J and two initial values a,b € J.

DEFINITION 3
The pair of sequences (an), >, and (by),,, defined by

ant1 = M(ap,b,) and byi1 = N(an,bn), n>0, (1)
where ag = a, by = b, is called a Gaussian double sequence.

DEFINITION 4

The mean M is compoundable in the sense of Gauss (or G -compoundable) with
the mean N if the sequences (a),,~, and (bn),,~, defined by (1) are convergent
to a common limit M ® N(a,b) for each a,b € J.

The function M ® N defines a mean which is called Gaussian compound
mean (or G-compound mean).
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The study of convergence is quite complicated. A general result was proved
in [6]. If the means M and N are continuous and strict at the left then M and
N are G-compoudable. There is also a variant for means which are strict at
the right. The result is not valid if we assume one mean to be strict at the left
and the other strict at the right. For example the means II; and Il are not
G-compoudable (in any order). But, as we proved in [11], we can G-compose
a continuous strict mean with any mean. A similar result was given recently
in [5].

Some G-compound means can be determined using a characterization based
on the following result, proved in [2] (and rediscovered in [5]).

THEOREM 5 (Invariance Principle)
Suppose that M @ N exists and is continuous. Then M ® N is the unique mean
P which is (M, N)-invariant, that is

P(M,N) = P. (2)

In fact, this is the way in which Gauss proved that the arithmetic-geometric
G-compound mean can be represented by

-1

A®G(a,b) =T /_ d
’ 2 0 \/a200529—|—b251n29

As usual A= Py 1 and G =Gy

3. Complementary means

As we can see in the last example, the product of two simply means, like A
and G, can be very complicated. So, to obtain some results, we change the point
of view from the Invariance Principle. The determination of an invariant mean
is very difficult. To simplify the search, we start with the following definitions
given in [7]: the means 24 — M and %; are called complementary of M and
inverse of M, respectively. We proposed in [11] a more general definition (that
was given again in [10]).

DEFINITION 6

The mean N is called P-complementary to M (or complementary with respect
to P of M) if it satisfies (2).

If the P-complementary of M exists and is unique, we denote it by M. Tt
is easy to verify that M4 = 24— M and M9 = %, thus the definitions given in
[7] are indeed special cases. An existence theorem of complementary means for
symmetric means, was proved in [10]. It is easy to verify the following results.
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PROPOSITION 7
For every continuous strict mean M we have

MM =M, MY =1 M"=I
and if M is moreover symmetric then
Yy =11, .
We shall call these results as trivial cases of complementariness.

Many non trivial examples can be found in [12]. In fact, for the ten Greek
means (or neo-Pytagorean means, as they are called in [2]), we determined the
ninety complementaries of a mean with respect to another. They are done by
direct computation. To make other determinations of complementaries, we use
series expansions. We try to identify the complementary of a mean from a
given family of means in an other family of means.

To illustrate this method, we study the complementariness with respect to
the weighted geometric mean Gy. Denote the Gy-complementary of M by M9
and we call it generalized inverse of M. For example, in [3] one was looking
after the generalized inverse of a weighted Gini mean in the same family. Here
we determine the generalized inverse of a weighted Gini mean in the family of
Stolarsky means and converse, the generalized inverse of a Stolarsky mean in
the family of weighted Gini means.

We omit anywhere to write A if it is equal to % In this case the generalized
inverse of M is simply the inverse of M. For instance, in [1] they are determined
the inverses of Stolarsky means in the same family of means.

L. Series expansion of means

For the study of some problems related to means, in [9] the power series
expansion is used. Usually, for a mean M the series of the normalized function
M(1,1—x), z € (0,1) is considered.

For example, in [8] it is proved that the extended mean &, ¢ has the following
first terms of the power series expansion

Ers(1,1— )
=1-Z 4 (r+s-3) v’ 4 (r+s—3) «?
== 2 T S o T S 48
4
— [20r3 + 125+ rs® + 5%) — 5(r + 5)2 — T0(r + 5) + 225] -
5760
5
_[%ﬁ+T%+T§+s%—5&+5f—3ww+$+1%y3;0+~u

Also in [4] it is given the series expansion of the weighted Gini mean, for

r # 0,



Complementary means and double sequences 11

Byg—rw(1,1 —x)
22
2!

—v(1=v) {v[6g®> —6q(r+ 1)+ (r+ 1) (2r +1)]

3
~3q(g—1) —(r =1 (r+ D} 5
—v(1—v) {v?*[-24¢> +36¢* (r + 1) — 12¢ (r + 1) (2r + 1)
+(r+1)2r+1)3r+1))
+v[24¢% —12¢* (3r + 1) + 12¢ (r + 1) (2r — 1)
=3(r+1)(2r+1)(r—1)]
—4¢® +6¢% (r — 1) —2¢ (2r* — 3r — 1)
(E4

+(r=-2)r—1)(r+1)} 1

—v(1—v)- {v*[120¢* — 240¢® (r + 1) + 120¢*(r + 1)(2r + 1)
—20¢(r+1)(2r+ 1)(3r+1)
+(r+1)(2r+1)3r+1)(4r + 1)

+ 1v* [-180¢" + 180¢°(2r + 1) — 90¢*(r + 1)(4r — 1)
+30q(r +1)(2r +1)(3r — 2)
—6(r—1)(r+1)(2r+1)3r+1)]

+ v [70¢* — 20¢*(7r — 2) 4+ 10¢*(14r* — 6r — 9)

—10q(r + 1)(7r* — 12r + 3)
+ (r=1)2r+1)(7r—11)(r 4+ 1)]

—5¢* +10¢3(r — 2) — 5¢*(2r® — 61 + 3)

+ 5q(r —2)(r* = 2r — 1)

—(r+1)(r—-1)(r—-2)(r—-3)}

=1-(1-v)-z+v(l—-v)(2¢—r—1)

)

In the special case r = 1 we get the series expansion of the weighted Lehmer

means, while for ¢ = r # 0 we get the series expansion of the weighted power
means.

5. Generalized inverses
In [3] the series expansion of the generalized inverse of B, ;. Wwas given.

THEOREM 8

The first terms of the series expansion of the generalized inverse of By p—q.u
are
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B (1,1 —x)

SP—q K $2
“1—(ap—at 1)z —a(-p)l+2—gu— (a1 o
+a(l—p){[6p® +6(a—q)p+ (a—q)(a—2q)] p?
— [30* = 3p(g —20) + (20 — q) (a — q)]

3

+ (a=1)(a+1)} 30

— (1= p) {[24p° + 36p° (a — q) + 12 (a — q) (@ — 2q) p

+ (a—q) (. —2q) (a —3q)]

+ [—24p® +12p® (3¢ — 4o — 1)
—122a—-29+1)(a—q)p
—(a—2¢) (a—q) Ba+2—3¢)

+ [4p* +6 (2a — g+ 1) p?
+2 (6 (20 —2¢+ 1) —3g+2¢° —1)p
+ (@ —q)(3a* + 4a — 3qa — 2q + ¢* —1)]

74

—(a=1(a+1)(a+2)} 7
+a (1 —p) {[120p* +240p® (a — q) + 120 (a — q) (o — 2¢) p*

+20(a = q) (o — 2q) (@ = 3q) p

+ (a—q) - (= 2g)(a — 3q) (a — 49)] p*

+ [~180p* 4 60 (6g — 7Ta — 2) p°
—90p* (3 — 4q + 2) (o — q)
—30(a—q) (@ —2q) (2a+2—3q)p
— (o —q) (o = 2¢) (o = 3q) (4o + 5 — 6q)] p*

+ [70p* +20 (10a — 7q + 6) p®
+ 10(—30ga 4 1802 4 24 + 3 + 14¢* — 18¢)p?
+10 (e — q) (60* + 1200 — 12ga + 7¢> — 12¢ + 3) p
+ (60 — 12ga + 150 + 5 + 7q* —15¢) (o — 2q) (o — q)] p?

+ [-5p* +10(q — 2 — 2a)p?
+ (30qa —30a% — 60 — 15 —10¢> + 30q) p?
—52a+ (2 —¢q) (2a2 —2qa+4a—2¢+q¢*> —1)p
—(a—q) (4a3 — 6ga? + 1502 — 15ga + 10 + 4¢%

—5+5¢° —¢° —5q)]
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5

F(a—1)(a+1)(a+2) (a+3)}-%+-~-7

A

where o = 75

Using it, we can prove the following result.

THEOREM 9
The relation

Bg(k) = g’r,s

p.p—q;ip

holds if and only if we are in one of the following three cases:

(1) Bg(%) — 51”,—7‘ :

P,p—q;0
(11) Bg,—p = 57”7—7" ;
(iii) B;'C;,o =& p-2,

or in equivalent cases, taking into account that Bg r, = By s, and &, s = & .

)

Proof. Equating the coefficients of = , in BN (I,1—z)andin & 4(1,1—

P.p—a;p
x), we have the condition
20 = 20 — 1. (3)
Then the coefficients of 22 give the condition
(r+s)a=3(2a-1)(¢—2p), (4)

and the coefficients of 2% are equal if, moreover,
p(2n—1) (3p> = 3pg + ¢°) = 0. (5)
This gives the cases:
1) p=0; thus from (3), « =  and A = § and from (4),s = —r, so (i)
and
2) =1 which implies, from (3) and (4), @ = 1 and
r+s=3(q—2p). (6)
Equating also the coefficients of 2%, we obtain in this case:

(2p — q) (24° — 3qr + r* — 13pq + 6pr + 13p) = 0.

So, the case 2) splits into the cases:
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2.1) 2p=gq, giving from (4), r = —s and leading to (ii)
and
2.2)
(¢—7)(2¢—r) =p(13¢ - 6r —13p). (7)

The coefficients of z° are equal in this case. Equating also the coeffi-
cients of 2%, we obtain

p(p—q) (2p—q) (11p* — 11pq + 3¢°) = 0. (8)

Thus, we get a new splitting in the cases:

221) p=0,r=gq (from (7)) and s = 2¢ (from (6)), so we have (iii);
2.2.2) p=0,r=2q¢ (from (7)) and s = ¢ (from (6)), so we have again (iii);
2.23) p=gq,r=—q (from (7)) and s = —2¢ (from (6)), so we have (iii);
2.24) p=gq, r =—2q (again from (7)) and s = —¢ (from (6)), so we have

also (iii);
2.2.5) q=2p, r = +pyV5 (from (7)) and s = —r (from (6)), so we have a
special case of (ii).
We have no other possibilities in (8) or (5). By direct computation, we verify

that the four obtained cases are valid. In fact they reduce to the following
results:

O ¥ =g @) ¢9=¢ (i) PI=P_,.
COROLLARY 10

The relation

Bg(k) = g’r,s

Pp—q;k
holds only in the following nontrivial cases:

. G(
(i) Bp,(ps—)q;o =& r;

(ii) B;'C;,o = gfpﬁ2pv
or in equivalent cases, taking into account that Bs r, = By s,y and £ s = E; 1 .

As it is done in [3]|, we can give the series expansion of the generalized
inverse of &, 5, using Euler’s formula: if the function f has the Taylor series
3 S n 3 p S n
expansion f(x) = > " anx™, p is a real number, and [f(x)]" = > 7 bpa”,
then we have the recurrence relation

n
[k(p+1)—n]agby—r =0, n > 0.
k=0
THEOREM 11
The first terms of the series expansion of the generalized inverse of £, 5 are
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IV (1,1 - a)
—1—&—1(@—2) x—g[r+s—3(a—2)] z?
2 24

——8[a(r+s)—(a2—4)] ad

+%[2(r3+53) + 50 (r+ 5)° +2rs (r + s)
+10(r +s) (2—6a—3a®) + 15 (&® —4) (a +4)] - z*
a(a+2)

3., 3 2
1590 [2(r® 4+ s%) +Ba(r+s)" +20rs (r +s)

+10(r + s) (2 — 4o — o?)
+3(@—2)(a+4) (a+6)] -2°+--,

A

where o = 5.

Using it we can prove some new results.

THEOREM 12
The relation

57%9) = Bp,pfq;u

holds if and only if we are in one of the following cases:
(i) &G,go) = Bpp—q0;

2
(ii) 59(3) = Bpp—gi1;

r,—r

(iii) E9_, =By _p;

rT,—T
(IV) ggs,s = 807—3
or in the equivalent cases, taking into account the properties B r., = By s, and

g’r,s = gs,r .

Proof. Equating the coeflicients of x in Sf’,gk) (11—z)andin By p—g;u(1,1—2)
we have the condition

a=2pu. 9)
Then, the equality of the coefficients of x2 gives the condition
afr+s+(1—p)(2p—q)] =0.
We have thus
1) o =0, which gives = 0 and so the equality (i)

or
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2)
r+s+(1—p)(2p—q) =0. (10)
Replacing (9) and (10) into the coefficients of x3, we get the condition
a(a—1)(a—2)(3p° —3pg+¢°) =0
The last factor cannot be zero for g # 0.
So, we have only the following possibilities:
2.1) «a=2,s0, by (9) and (10), x =1 and r = —s, thus (ii)
or

2.2) a =1, for which we have to consider (9), (10) and also the equality of
the coefficients of 2*, giving

(g —2p) (2¢* — 3gs — 13pg + 13p* + s* + 6ps) = 0.

This also splits into:
2.2.1) q=2p,sor=—s, giving (iii);
and
2.2.2)
2¢% — 3qs — 13pq + 13p? + s> + 6ps = 0. (11)
In this case, the coefficients of ° are equal, while the coefficients of
2% give
p(p—q)(2p—q) (11p* — 11pg + 3¢°) = 0.
We have so the possibilities:
2.2.2.1) p=0, for which (11) becomes

(g—3s)(2g—5) =0,

obtaining two variants of (iv);
2.2.2.2) p=gq, for which (11) becomes

(g+5s)(2g+s) =0,

obtaining again two variants of (iv);
2.2.2.3) p = 2q, for which (6) becomes

28¢% + 9¢s + 52 = 0,

which has no solution ¢ # 0.

The validity of the cases (i)-(iv) can be verified directly. In fact they can be
rewritten in order as:
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() B2 =T; (i) ¢9%% =11,; (i) ¢9=¢G; (iv) PI=P_,.

psPp—4q 1

COROLLARY 13
The relation

ng,gA) = Bp,q;u

holds only in the following two montrivial cases:

(i) gg(g) = Bpg:1;

(11) 539,5 = BOV—S .
THEOREM 14
The relation
grggx) =&pyq
holds if and only if we are in one of the following cases:

(i) o =E&p—p;

r,—r
(i) Ey=E_r_s.

or in an equivalent case, taking into account the property &, = & r .

Proof. Equating the coeflicients of z, in &:Cng) (I,1—2)and in &, 4(1,1—x)
we have the condition a = 1, thus A = % Then, the equality of the coefficients
of 22 gives the condition

r+s+p+q=0.
In these conditions, the coefficients of 2> are allways equal, but those of z* are
equal only if
(r+q)(s+q) (r+s)=0.

This implies:

1) r=—q, s = —p giving a variant of (ii);

2) s=—q,r = —pgiving (ii);

3) s= —r, ¢ = —p which implies (i).

COROLLARY 15

The relation
egN = Epq

TS

holds only in the following nontrivial case:

EJ =6 .



18 Gheorghe Toader

References

(1]

2]
13l
4]

5]
[6]

7]
8]

19]
[10]
[11]

[12]

J. Blasiniska-Lesk, D. Glazowska, J. Matkowski, An invariance of the geometric
mean with respect to Stolarsky mean-type mappings, Result. Math. 43 (2003),
42-55.

J.M. Borwein, P.B. Borwein, Pi and the AGM — a Study in Analytic Number
Theory and Computational Complezity, John Wiley & Sons, New York, 1986.

I. Costin, Generalized inverses of means, Carpathian J. Math. 20 (2004), 2,
169-175.

I. Costin, G. Toader, A weighted Gini mean., in: Proceedings of the In-
ternational Symposium: Specialization, Integration and Development, Sec-
tion: Quantitative Economics, Babeg-Bolyai University Cluj-Napoca, Roma-
nia, 2003, 137-142.

Z. Daréczy, Zs. Pales, Gauss-composition of means and the solution of the
Matkowski—Suté problem, Publ. Math. Debrecen 61 (2002), 157-218.

D.M.E. Foster, G.M. Phillips, Double mean processes, Bull. Inst. Math. Appl.
22 (1986), no. 11-12, 170-173.

C. Gini, Le Medie, Unione Tipografico Torinese, Milano, 1958.

H.W. Gould, M.E. Mays, Series expansions of means, J. Math. Anal. Appl.
101 (1984), 2, 611-621.

D.H. Lehmer, On the compounding of certain means, J. Math. Anal. Appl. 36
(1971), 183-200.

J. Matkowski, Invariant and complementary quasi-arithmetic means, Aequa-
tiones Math. 57 (1999), 87-107.

G. Toader, Some remarks on means, Anal. Numér. Théor. Approx. 20 (1991),
97-109.

G. Toader, S. Toader, Greek means and the Arithmetic-Geometric Mean,
RGMIA Monographs, Victoria University, 2005.
(ONLINE: http://rgmia.vu.edu.au/monographs).

Department of Mathematics

Technical University of Cluj

Romania

e-mail: Gheorghe.Toader@math.utcluj.ro

Received: 12 October 2005; final version: 12 May 2006;
available online: 15 June 2006.





