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60-th birthday

1 Introduction

The subject of the paper is the construction of the solution u,
periodic with respect to the time variable t, of the equation

Pu(x.t) =0, X = (x4X,)
where

P=A- Dt’A = D%+)P22,

in the domain
D=<(xt), xte (01), i =12 t e (-o0,0)}

satisfying the initial condition
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lim SS u(xt)dx =0, 0 =const. * 0, (2)

t--»-00 Di
where
DI = {(X,t,O):Xi e (0,1), i = 1,2), and the boundary condition
Dnu(x,t) = g(x,t) for (x.t) e D2 = B(Dl) X (-00.00), 3

2

where n is the inward normal to D2 and B(Di) = U S”,

* =
STi = <(x,0): X = 0, x, e (0,1},
81’2 = <(x,0): X N LX, € (0.1)}.
521 = {(X10) )ﬂ ‘ (O’l)’)Q = 0)1
822 = {(x,0): X, 0,1),x2 = 1),
and
g(y,s) = gt,(y2.s) fo (y2,s) e SLI X (-CI)(IJ), i=l,2,
ag(y,s) = g (y"s) foi (y’\s) € 821X (-00,00), i:|,2.

In the monograph [2], p. 101, the similar problem for the equ-
ation (D2;(D )tu(x,t) = 0 and for the strip D1 = {(xt): x e (0,1,
t 6 (-0} was solved. In the paper [4] the similar two
dimensional problem with Dirichlet boundary condition was treated.

To the construction of the periodic solution we shall apply
the convenient Green function.
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We shall give the theorems on uniqueness and existence and we
shall construct the periodic solution of the problem (1) - (3).

2. Some example and definition
Let

u(x,f) = B + exp(27r2tlcoslnx1)cosl(nx ) @

* —_
Bo o] Bo = constant.

The function (4) satisfies (1) and the homogeneous Neumann boundary
condition. On the other hand the function u = 0 has the same pro-
perties.

Consequently we obtain the example of the nonuniqueness of the
(D-(3) problem. In the sequel we shall give the class of the
solutions u for which the uniqueness holds.

DEFINITION 1 Denote by (K) the class of all functions u(xt)
satisfying (2) such that u(x.t) e C*XD) and

M()t 2exp(7r2) —» 0 as t —>-00, M(t) = sup|u(x,t)|,
D-
i

lim ff u(x,t)dx = Q* 0 as t —> -,

D-
|

3. Theorem on uniqueness

THEOREM 1 If the function wu(xt) e (K is the solution of
the ()—3) problem, then u(x,t) s 0 for (x;t) e D

Proof. Let u, i=l,2, be the solutions of the (I)-(3) problem
belonging to (K). Let
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U(x,t) = u™x.t) - u2(x,t).

The function U e (K) satisfies (1) and homogeneous Neumann boundary
conditions. Let us consider the following limit problem

PU(Xt) =0 for XxXE€EDVt>T, o)
U (x,t)|ET = UX,T), (6)
DnU(x,t) =0 for X, € B(Q) x (T,®). @)

The solution of the problem (5)-(7) is of the form

U(x,t) = 850 t Ul(x,t) + U2(x,t),
where

a =22S SUXTdx =Q

00 00

UxtT) = T Y a. (T)cos(mln§ )cos(mzrrxz)

x exp(-(m™+m2)n2(t-T)) = uj(x,t) + U(x,t),
and
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© 0] )
T u7 a (T)cos(mllt£< )cos(mznxz)

U (x,t,T) =
2 n’l’ =1 m2:o 12

X exp(-(mg+r2n2)ﬁ2(t-T)) = Ie\x.t) + U22(x,t),

where

w
u‘ix.t.T) =T am (T)cos(mznxz)exp(-m%ﬁZ(t-T)),
m= "2
2

W(xtT) = E E a (T)cos(mlml( )cos(mznxz)

ml=1 rnZ:fL 12
X exp(-(m%+m§)7i2(t-T)),

W
u'ﬁx.t.T) = E 1am1,0(T)C°S(m1nX iexpi-m27i2(t-T)),
m 1=

Ug(x,t,T) E E a . (T)cos(mlni( )cos(m2n3< )

m1:1 m2=1 12

X exp(-(MPHmZMR(t-T)),

amlmz(T) = Zz‘DlS U(x,T)cos(m nx )eos(m, ewg )dx gx

ml,rQ =0,1........
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For the function 2 we have the estimation

[ux| s MT) Y. exp(-(m2Hm2)n2(t-T)) =
mlmz:l

MT) Y exp(-m2i(t-T))

_ exp(-m;ﬁ(t-T)) M(T)(exp(-7r2(t-T))

Mo
+Y exp(-nV(t-T)))2s MT) exp(-n2(t-T))
n=2 .

® 2

+Sl 2X exp(-n2(t-T)x2)dx' s M(M(+(n2At-T)) D2

x lexp(-n2(t-T))j .
For the function Uz we obtain the same estimate

JU2] 5 MT)(+(n2(t-T)J'D2jexp(-n2(t-T) 1

Consequently
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lu* + U2| S 2M(T|l + OrAt-T)) 3 |exp(-7t2t-T))J . ®)

Similarly we obtain the estimation

2 2
luj + UM s M(T) I - (ir2(t-T))" Y lexp(-7i2(t-T))JI )

By (8), (9) we obtain
U ET) 1 s AM(Texp(7r2T) JI + (ir’\t-T))']JZ exp(-1r2). (10)

By (10) follows that if
M(T)exp(nZ) —>0as T —» -,

then U(x,t) =0 for (x,t) e D quasi uniformly with respect to
t € (-00,00).

4. Green function

Let x,y € (01), i=,2, and let t >s a 0. Let us consider
the sequences

1
= = + 4
o,l 0,2 T "2n,1 Xl 2n’)(2n+l,l

= X, - 2n,x2n,2 =X - 2n,

x2n+|,2 =- X +2n + 2 i=1,2, n=12,...,
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Let
U()lJ(xi,t;y,s) 1 (t-s) 1/29xp(B(t,s)(x;—¥ )2),

i=1,2, j=I.2,

U&I(xl,t;yis) = (t-s)']j2exp(B(t,s)(x;Lr-y1)2),

i=l,2
U%Z(xl,t;x S) = (t-s)’VZexp(B(t,s)(x;]lZ-yl)Z).

i=1,2, n=12f...,

where B(t,s) = (-4(t-s)) *
Let

Gfxlt;yls) = Uél(xlt;yls)
+ Eful (X,ty;8) + UL (g.ty;s)] 1=12,

for s <t and G tty,s) =0 for sit, i=l2,

and
G(x,ty,s) = Gi(xit;yi,s)G2(x2t;y2s).

By [1], G is the Green function for the equation (1) and Neumann
boundary data for the domain D.
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LEMMAL If t >s, x € (0,1), then:

3
GMxM.0.s) = £ Z.fxM.s),

1=1

where
Z (x ,t,8) = 2(t-s)~1/Zexp(B(t,s)x2),

ZZ(XIt’S) = 2(t-s)~

x £ exp(B(t,s)(x +2n+2)2),
n=0

Z (x,ts) = 2(t-s)'1/22 exp(B(t,s)(x -2n-2)3,
n=0

and G (x ,t;0,s) =0 for s 2 t,

G(x,tls) =S(x,ts) +S (x,t,s) +S (X ,t,9),

where

SAXNts) = 2(t-s)’ V2exp(B(t,s)(-xi+l)2),

S (x,t,s) = 2(t-s) 2£ exp(B(t,s)(-x +2n+l)2),
n=0

(12)
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S (xM.s) = 2(t-sfl2 £ expCBU.SMx”"iM)2)
n=0
for s <t,
and G (x ,t;l,s) = Ofor s +1t,
3
G2(x21,0,5) = £ V,(x2»t,9),
i
where
V|(x2t,8) = 2(t-s) L2exp(B(t,s)x2),
1)
v2(x2,t,s) = 2Ct-s) 12 Y exp(B(t,s)(x2+2n+2)2),
n=0
®
V3(x,t,8) = 2(t-s) 12 Y exp(B(t,s)(x2-2n-2)2),
n=0

and GZ(Xz,t;O,S) = Ofor s +1t,

3
GAxMJ.s) =Y W(X2t,s),
i
where

WI(X21,s) = 2(t-s) L2exp(B(Ls)(-X2+)2)



W (x_,t,s) = 2(t-s) $ exp(B(t,s)(-x_+2n+l) ),
2 2 0 2

©
W (x ,t,s) = 2(t-s) 12 £ exp(B(t,s)(x +2n+212),
0

and G2 x2,t;l,s) = Ofor s +t.

5. Green potentials
Let us consider the following Green potentials

Uj(xt) = A;(|S 1(y2,5)Gi(xix;0,s)

-00 O
2
x G2(x2,t;y2,s)dy2ds = £ u|(x,t),
1
where

uj(x,t) = A/t /I gxi(y2s)Zi(xix,s)

-00 0
x G2(x2,t;y2s)dyads, i=1,2,3.

Let

ul(x,t) = u”Ix.t) = ul,2(x,t),

33



where
ul”\(x,t) =2A/ S 9, 1le,s)(t-s)"JJZ
-00 0 ”
x exp(B(t,s)x1)exp(B(t,s)(x2-y2)’ dy2s,

t |
upP2(x,t) =ZA'S Sg, (y,s)(t-s)'12
wo ' 2

exp(B(Ls)XM|" exp(B(ts)(x2-y,)9)

+ exp(B(1) (2,24 y o,

Let

t |
uz(x,t) = A?oof) q_,z()é,s)Gl(xl,t;l,s)
X G2x2t;y2s)dyds = £ u™x.t),
i
where
t i
u2(x,t) = 2A'S S gj Ay2s)S (x"t.s)
o0 ~’
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x G2(x2t;y2s)dy2s, i=l,2,3,

and
t i
ud(x,t) = AX X g2i(yis)G2(x21t;0,s)
MO0
3
X Gl(x 1t;y1,s)ijy ds = Ei uJ‘(x,t),?
where
t o
u*(x,t) =2A X X g2°y~siv (X ,t,s
Ly 9z’ (x ,t.s)
X G (x/ttf ,s)dy ds, i=1,2,3,
and
t i
u,(x.t) = A )_(00 z( gzz(yls)Gz(xz,t;l,s)
3
X Gl(xl,t% ,s)dyids :13( u4(x,t),
where
t i
u,(x,t) =2A X X g22(yi,s)Wi(x2t,s)
-00 0

X G™xAMjynsddynds, 1=1,2,3,

and A= (8w 1
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6. Some definitions and lemmas
In the sequel by C, C( we shall denote the positive constants

Let

0w(2s): y7<Q s e(-om)}

02<(y2s): y2> 1.5 €(-m,00)),
03<(l-s): yj<o,s €(-o»}
QUYNs):  yj> 1 s €(-»»)>.

DEFINITION 2. Denote by (g) the class of all functions g(y,s)
continuous and bounded for (y,s) e D

LEMVA 3. If z # O,k is a positive constant, then

zkexp(-z2) —C (3
We omit te simple proof.

By [31, p. 498, we obtain
LEMVA 4. |If g,, € (9), 1,j=1,2, then

Purx.t) = 0 for (xt) e i=l1,2,3,4.

LEMVA 5. For every (x,t) e DY we have
®
S

t
Kx,t) =S (t-s) 2 x1exp(B(t,s)x?exp(B(t,s)(x2-y2)2)dy2ds =0
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Proof. By [3], p. 447, we have
I(x,t) = J* (t-s)"3/2Xexp((B(t,s)x")11(x2t)ds,

-00

where

Uux,t) = ;0 (t-s)’ 1/2exp(B(t,5)(x2-y2)2)dy2 = Vn.
Thus

I(x,t) = [ x (t-s) 3/2exp(B(t,s)x2ds.

-00

Applying in the integral 1the change of the integral variable
z = & xWs)2 14
we get

I(x,t) =1 Xexp(-z2)dz =1
0

LEMVA 6. If Oixg € (9), then

*
DUy
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as
(x,t) —» (0,x;,t0)x; € (0,2). t, <t

Proof. We have

DX uiU(x,t) =AX X (t-s) 3/2exp(B(t,s)x%)

00

-1/2
X f, @29 9

x exp(B(t,s)(x2-y2) )dy2ds
* S 1 *«../IV 1< uW
x K(x,ty,s)dys = J2>

where
K(x,ty,s) = xi(t-s)"3/2|exp(b(t,s)x™)j[(t-s)" 12
x exp(B(t,s)(x2-y2)2)] for s <t,
and K(x,t;y,s) =0 for s #t,
Jl(x.t) = gm(xz,to)AI(x,t) = gm(x;to),
t @

Jz(x,t) = Ax{]O >-(<D r(x‘z’ to,yz,s)K(x,t,y,s)dyzds,
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We shall estimate J,. By continuity of g,at the point (x;,to),
for every positive number b, there exists the number h, and the
neighboorbood of the point (x°.t ) o the form

O(X;’to) = <(y2,,s): Y, € (x;-h2x°+h), se (to-ho,t +)>,
such tnat

I r(%<°ot Y S) Sb for 9/ S) e O(2x°6t ). 15

Let t € (t0 U 5). The inequality (15 also for

2!

s e (to-h,tdrh) holds. Let

where

X
to+h 2+h

J;(x,t) =A F \(]: r(x;,to,yz,s)K(x,t;y,s,dyst,

t x -h
o-h 2

t -h x +h

D = AT B r(xty SKxtys)dy,.ds



2(xg) A °J S r(x°,toy2s)K(xt;y.s)dyods.
Ixz-yzl’m
We have the estimations

U*“l1Abl = b,

and if M= sup|g|, then
D

t -h x_+h
0 2

/ \
|32 3 2AM {% S (t-5)"3/2x [exp(B(t,s)xVI(t-s)

0
X_-h
2

o-h
x exp(B(t,5)(x2y2)2dyzds 3 2AM J' (t-si'"*x"expiBtt.six2)

x J'(t-s)" U2exp(B(t,s)(x2~y2)2dy2ds 3 11,

00

where

0-h
1= S (t-s) "x"exptBit.six*Ms.

-00

Applying (14) we obtain
I1=C J exp(-z2)dz,
lo
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where

a= /Z\ xl(t-to+h).
Hence

1 2
Im—=>0 as X; — » 0 and J2 ----- >0 as X —>0.

For the integral J* we obtain the estimate
|37 £ 2AM i"o (t-s) ’\x’\xpCBit.six’\Jexpf’\ B(t,s)h*
X L &) (t-s) 1/2exp(B(t,s)(x2-y2)2dy3 ds £ C\VR,
where
12 = /(t-s) 3/2exp(B(t,s)*h2)ds
A/ h(t-s)i'?’/ 2exp B{.s) halds
Applying in | the transformation
z = h(2v® (t—s))_I

we obtain
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12 = Coh1lJ¥Fexp(-z2dz =CN'1
0
Since
C3xii 2—»0 as X, —» 0,

thus

J%—) 0 as x,—»0.

1
Finally
J2 —»0 as (x,t) —» (O,X22,t)o, X; e (0,1).
LEMMA 1 If g € (g), then

DXlu EZ(x,t) — >0,

as
(xX.t) —» (O,X;’,to),x‘z> € (0,2),

Proof. We have
t i
*uj’2(x,t) =AS 8 gt i(y2s)xi(t-s)’2exp(B(t,s)x2)
_m *

X|lexp(B(t,s)(x24y2)2) -exp(B(t,s)(I-x2+I-y2)2)
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+ £7exp(B(t,s)(x21y2)2) + exp(B(t,s)(x" 2~y2)2) j|

For x2 e (O.D.y* e [0,1], the inequalities

exp(B(t,s)(x2+ y2)2) £ exp(B(t,5)x2),

exp(B(t,s)(I-x2+1-y2)2) s exp (B(t,s)x2),
x=I-x_ hold.
2

Consequently

. 12, 1.1
uy £31+J2+J3,,J3,

where

t i
XD = AT L AYASIX.expCBULSIXAME-s) 2

-or O

ds.

t 1
B(t, =AJ J , B(t, 2
x exp(B(t s)xg}dyzds . Og m(yz s)xlexp( (t s)x%)ﬁ

x exp[i B(t,s)xN)j [— exp (i B(t,s)x"j]

* “ P('5 BLs)xl)]dy=ds’
J2(x,t) = JAX~XM)

JMx ) =A é ; g i(y2s)xiexp(B(t,s)x2)
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2

VY2 e 8) 0] 1Y)

® X

2 (t-s)

X2 -y
Un_>i}3;2 X exp(lg B(t,s)(X xY,)2) > 2 d)éds.

1=1,2.

By Lemmas 3,7 and by [3], p. 474, we obtain the estimations

|J IsCxi—)Oas X; ¢ 0, i-1,2,

94 i O, En” as x. —»0, i=12.
|

i
n=
LEMVA 8. If O © (9), then

D, (U2(x,t) + u3(x,1)) —>0,
1
as (x,t) —» (0,x1°,t0), x;’ e (0,1).

Proof, W have

D (Z,(0.t_.s) +Z,(0.t_,s)) =0.

By Lemmas 4,6,7 we obtain
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LemvA 9. If 9y, € (@), then
Dxlul(x,t)

as (x.t) —>(O,x§,to), X, e (0,1),
LEWA 10. If O 6 (g), then
Dxlul(x,t) 0

as (x.t) —» (X|°,00t )’i x> e (0,1).

Proof. Since GZ(O, to,yz,s) =0 thus we get the assertion of
the Lemma 10.

Similarly we obtain

LBWA 11. If gt i € (g), then

Dxlu1 (x,t) -—->0

as (x,t) —» (x|°,|0t ),iX° e (0,1).

By Lenmes 10,11 we obtain
LEMA 12. |If g € (9), then

Dxlul(x’ t) —»0

Analogously we obtain
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LBWA 13. Ifgtj€ ©, 1,J-1,2,@ ) * (L.D, then

Dxluz(x,t) g..2(jv Vv

as (x,t) —» (I,x;,to), x‘; 6(0,1),
DX uz(x, t) —»0

1

as x—)xo € S11 US12 Us“,t —»t
D u (x,t
L0 QW

as (x.t) —» (x|°,00t ),ix° e (0,1).

DX2u3(x,t) 0as X —» (xi,x"z) 6 Sl,l UusS UsS

1,2 2,r
t —>
DX2u4(x,t) gzvz(xf,to) as (x,t) —» (x2, 1t ),
x> 6 (0,1),

DX2u4(X,t) 0as X —» (xi,x‘é) 6 8111 USl’2 USZ,l



7. Existence theorem
By Lemmas 1-13 and Theorem 1 we obtain
THECOREM 2. If g e (g), then the function

u(x,t) =Q- £4 u (xt)
i

is the unique solution of the problem (1), (2), (3) belonging to
the class (K).
8. Periodic solutions

LBWA 14. If the function u e (K) is the solution of the equa-
tion (1), satisfying the condition (3), the conditions

u(x,0) =u(x,p), p a positive number, x e (16)

SSu(x,0dx =Q 17)
D.
i

then the condition

& s g(x.t)dS dt =0 (18)

0 B(Dy)

holds.
Proof. Applying Green formula for the integral

Lu = g SS Pu(x,t)dxdt =0
o D.
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we obtain

J ds. dt - J\f - 0) )dx. dx = 0.
OB(D1>Q1U(X ) xdt (u(x,p) - u(x, ))x X

By (3) and (19) we get (18).
Conversely. If (17), (18), (19) hold, then (16) holds.

9. The problem (la)-(1d) and its uniqueness
Let us consider the following problem

Pw(x,t) =0 for (x,t) e Dp =

{xt): xeD, te (Cp]> we C2,1(DIO n CL,’r(Dp),

w(x,0) =0 for x e D,
an(x,t) = g(x,t) for x 6 B(Dl), t e (0,p],

X Dg(x,dS dt =0, S(T) = ((<T): B0, t « (0p)>
SO

10. Uniqueness of the Cla)-(1d) problem
THEFRM 3. If W, i=1,2, are the solutions of the

C’” (DnC ’ (5), of the problem (la)-(1d), then wo=Ww in Dp
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Proof. Let
W(x,t) = vMx.s) - wW2(x,s).

Let Dp(t) = {(x,5): xe DI s € (0,t]>. W have the identity
W(x,5)PW(x,s) =0 . (20)

Integrationg the identity (20) over Dp(t) we obtain

t t
J- S SSW(xs)dxds - - SSS (grad W(x,s))2dxds
o D

ODi l

+JT W(X,s)D W(x,5)dS ds i J/ V(x,s)dx =Q
\2 n X O'
i

by che last formula we obtain the assertion of the Theorem 3.
10. Solution of the (la)-(ld) problem

Similarly as theorem 2 we can prove
THECREM 4. If g e (g), then the function

4
w=1[ w.
i

where

ti
wt(x,t) = ASSgli(y2s)G(x,t,0,y2,s)dyZs,
00
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L1
wW2(x,t)  As S gt 2(y2,s)G(x,t, I,y 2,s)dyXs,

00
t 1
V\é(X,t) A/l S g2j(yx.8)G(x, t,yi,0,s)dyids,
oo ’
t i
wNx,t) A/ S g2 2(yi>s)G(x,tyi,l,s)dy2,s)dyAs,
00

is the unique solution of the (la)-(ld) problem.

11.The problem (lla)-(1lc)
Let us consider the following problem

Pv(x,t) =0 for (x.t) e Dp v € Q,l@p) n (%I,l(D ). (11a)
Dnv(x,t) =0 for (x,t) 6 S, (11b)
v(x,0) =u(x,0) for x 6 D, (lie)

and by (lie) the function v is unknown.

Properties of the function v
LBMVA 15. If the functions w,v are the solutions of the
problems (la)-(1d) and (lla)-(llc), respectively, then the function
u=w=v is the solution of the problem (1), (3), (16), (17).
Proof. By (lib), (lie) we have SS v(x,p)dx = JT u(x,0)dx =Q

50



Let

v(x,t) =Q+ | 1(;>/<\1ba5]2exp(-(m21+m?)nzt)cos(mlirf )cos(Mytixy),

172

where

bm =4 XX u(x,0)cos(m lin< l)cosz(m itx2 )dx,
1'2 D
1

By (21) and (lie) the function u(x,0) is of the form

u(x,0) =Q+ mlzrrbaib'ai’%cos(mlré )cos(mzirxz) .

The coefficients b are unknown.
M2

By (Ib), (Ic), (Id), (lib), (lie) ve have

v(x,p) +w(x,p) = v(x,0) =w(x,0) =u(x,0).
For the function w(x,0) we have
w(x,0) = w(x,p) = Coot X A G 4 cos(mym )

al*mj_l 12

xcos(mzﬂx2 ),

(21)

”l+»2i l.

(22)

(23)

(24)

51



where

c =4Sw(k0dx =0, ¢ = SS w(x,p)cos(m Tx )cos(m irx )dx.
°re Dl *1**2 D 1

By (21)-(24) we have

Q+ i é& bnl’@ exp(-(m7#nf )np)cos(mnx)

X cos(mZmR) + 'y cos(miirxi )cos(n>2Arx2) = (25)

Q+ llﬁlz’d bnli?cos(mlnf ) COS(MX,).

By (25) we obtain

bB& = (I-exp(-(m21+5?r)n2p)'lcbl’rﬁl my#pfel.
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