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1. Introduction

The subject of the paper is the construction of the solution u, 

periodic with respect to the time variable t, of the equation

Pu(x.t) = 0, x = (x ,x ),1 2

where

P = A -  D ,A  = D2 + D2 ,t X X1 2

in the domain

D = <(x,t), xt e (0,1), i = 1,2, t e (-00,00)}. 

satisfying the initial condition
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(2)lim S S u(x,t)dx = 0, 0 = const. * 0,
t --»-oo Di

where

D = {(x,t,0):x e (0,1), i = 1,2), and the boundary condition i i

D u(x,t) = g(x,t) for (x.t) e D = B(D ) x (-oo.oo), (3)
n 2 1

2

where n is the inward normal to D and B(D ) = U S ,
2 i i,J

*. J=»

S = <(x,0): x =
î.i i

S = <(x,0): x ^
1,2 i

S = {(x,0): x '2.1 i

S = {(x,0): X
2.2 i

and

g(y,s) = g t ,(y2.s) 

g(y,s) = g (y^s)

0 , x e (0 ,1)},
2

1.  X €  (0, 1)}.
2

(0,1),X2 = 0),

(0,1), x2 = 1),

fo (y2,s)

foi (y^s)

e S x (-oo.oo), i=l,2,u

€ S x (-00,00), i=l,2.
2,1

In the monograph [2], p. 101, the similar problem for the equ­

ation (D2-D )u(x,t) = 0 and for the strip D1 = {(x,t): x e (0,1),
X t

t 6 (-00,00)}. was solved. In the paper [4] the similar two 

dimensional problem with Dirichlet boundary condition was treated.

To the construction of the periodic solution we shall apply 

the convenient Green function.

24



We shall give the theorems on uniqueness and existence and we 

shall construct the periodic solution of the problem (1) - (3).

2. Some example and definition

Let

2
u(x,t) = B + exp(27r tlcoslnx )cos(nx ), (4)

o 1 2

B * O, B = constant.
O O

The function (4) satisfies (1) and the homogeneous Neumann boundary 

condition. On the other hand the function u = 0 has the same pro­

perties.

Consequently we obtain the example of the nonuniqueness of the

(l)-(3) problem. In the sequel we shall give the class of the

solutions u for which the uniqueness holds.

DEFINITION 1. Denote by (K) the class o f all functions u(x,t)
2 1satisfying  (2) such that u(x,t) e C ’ (D) and

M(t)t 2exp(7r2t) --- » 0 as t — > -co, M(t) = sup|u(x,t)|,
Di

lim f f  u(x,t)dx = Q * 0 as t — > -oo.
D i

3. Theorem on uniqueness

THEOREM 1. I f  the function u(x,t) e (K) is the solution o f 

the ( 1 )—(3) problem, then u(x,t) s 0 fo r  (x,t) e D.

Proof. Let u , i=l,2, be the solutions of the (l)-(3) problem 

belonging to (K). Let
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U(x,t) = u^x.t) - u2(x,t).

The function U e (K) satisfies (1) and homogeneous Neumann boundary 

conditions. Let us consider the following limit problem

PU(x,t) = 0 for x € D̂ , t > T, (5)

U(x,t)|t=T = U(x,T), (6)

D U(x,t) = 0 for (x ,t) € B(D ) x (T,®). (7)
n 1

The solution of the problem (5)-(7) is of the form 

U(x,t) = a + U (x,t) + U (x,t),o,o 1 2

where

a = 22 S S U(x,T)dx = Q,

00 00

U(x,t,T) = T Y a (T)cos(m nx )cos(m rrx )
m ,m 1 1  2 2

x exp(-(m^+m2)n2(t-T)) = uj(x,t) + U2(x,t),

and
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CO œ
U (x,t,T) = T 7 a (T)cos(m itx )cos(m nx )

2 u  u  m , m 1 1  2 2m =1 m =0 1 21 2

x exp(-(m2+m2)7i2(t-T)) = lAx.t) + U2(x,t), 
1 2  2 2

where

uu
u'lx.t.T) = T a (T)cos(m nx )exp(-m27i2(t-T)),1 0,m 2 2 2

m =1 2
2

U2(x,t,T) = E E a
1 m ,

(T)cos(m nx )cos(m nx )
m =1 m =1 1 21 2

1 1  2 2

x exp(-(m2+m2)7r2(t-T)), r 1 2

W
u'îx.t.T) = E a (T)cos(m nx )exp(-m27i2(t-T)),2 m ,0 1 1 1

m =1 11

U2(x,t,T) = E E a (T)cos(m ttx )cos(m nx )
2 m ,m 1 1  2 2m =1 m =1 1 21 2

x exp(-(m2+m2)w2(t-T)),i 2

a (T) = 22f  S U(x,T)cos(m nx )cos(m ttx )dx dx ,
m ,m D 1 1  2 2 1 21 2 1

m ,m =0,1........1 2
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For the function
2 we have the estimation

|U*|
00

s M(T) Y. exp(-(m2+m2)n2(t-T)) =
m ,m =1 1 2

M(T) Y exp(-m2łi2(t-T))

m =i ' 2

exp(-m2n2(t-T)) 
2

M(T)(exp(-7r2(t-T))

+ Y exp(-nV(t-T)))2 s M(T) exp(-n2(t-T))
n = 2 '•

00 >2
+ S 2x exp(-n2(t-T)x2)dx s M(T)(l+(n2(t-T)) 1)2

1 '

x  |exp(-n2(t-T))j .

For the function U2
2

we obtain the same estimate

|U2| 5 M(T)(l+(n2(t-T)J'1)2jexp(-n2(t-T)_1

Consequently
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lu* + U2| S 2M(T)|l + 0r2(t-T))_1j |exp(-7t2(t-T))J . (8)

Similarly we obtain the estimation

2 2
lu j  + U^| s M (T) | l  -  (ir2( t -T ) ) " 1|  |exp (-7 i2( t-T ))J  , (9)

By (8), (9) we obtain

I U(x,t,T) I s 4M(T)exp(7r2T) Jl + (ir^t-T))'1 j 2 exp(-rr2t). (10)

By (10) follows that if

M(T)exp(n2T) --- > O as T — » -co,

then U(x,t) = 0 for (x,t) e D quasi uniformly with respect to

t € (-00,00).

4. Green function

Let x ,y € (0,1), i=l,2, and let t > s a 0. Let us consider 

the sequences

1 1  1 „  1x = x = x , x = x + 2n,x
o,l o,2 1 2n,1 1 2n+l,l

= -x - 2n,x = x - 2n,
i 2n, 2 1

x = - x + 2n + 2, i=l,2, n=l,2,...,
2n+l,2 1
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Let

U1 (x ,t;y,s) ■  (t-s) 1/2exp(B(t,s)(x‘-y )2), 
o, J i 1 1

i=l,2, j=l,2,

U1 (x ,t;y s) = (t-s)'1/2exp(B(t,s)(x' ,-y,)2),
n,l 1 i n,I 1

i=l,2

U1 (x ,t;y ,s) = (t-s)’1/2exp(B(t,s)(x' -y )2).
n,2 l \ n,2 1

i=l,2, n=l,2f...,

where B(t,s) = (-4(t-s)) *.

Let

G (x ,t;y ,s) = U1 (x ,t;y ,s)1 1 1 0,1 1 1

+ £ (u1 (x ,t;y ,s) + U1 (x ,t;y ,s)], i=l,2,
 ̂  ̂ n,l 1 i n, z i i j

for s < t and G^x ,t;y ,s) = 0 for s i t ,  i=l,2,

and

G(x,t,y,s) = Gi(xi>t;yi,s)G2(x2,t;y2>s).

By [1], G is the Green function for the equation (1) and Neumann 

boundary data for the domain D.
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LEMMA1. I f  t > s, x € (0,1), then: 

3

G^x^t.O.s) = £ Z.fx^t.s),
1=1

where

Z (x ,t,s) = 2(t-s)~I/Zexp(B(t,s)x2),

Z (x ,t,s) = 2(t-s)~2 1

00

x £ exp(B(t,s)(x +2n+2)Z),
n = 0

00

Z (x ,t,s) = 2(t-s)'1/2 £ exp(B(t,s)(x -2n-2)Z),
n=0

and G (x ,t;0,s) = 0 for s 2 t,

G (x ,t,l,s) = S (x ,t,s) + S (x ,t,s) + S (x ,t,s),

where

S^x^t.s) = 2(t-s)’1/2exp(B(t,s)(-xi+l)2),

S (x ,t,s) = 2(t-s) 1/2 £ exp(B(t,s)(-x +2n+l)2),
n=0

(in

( 12)
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S (x^t.s) = 2 (t-s f1/2 £ expCBU.sMx^i^)2)
n = 0

and G (x ,t;l,s) =

for s < t,

O for s ł t,

3
G2(x 2>t , 0 , s )  = £  V,(x 2»t,s),

where

i

V](x2,t,s) = 2(t-s) 1/2exp(B(t,s)x2),

V (x ,t,s) = 
2 2

00
2Ct-s)_1/2 Y exp(B(t,s)(x2+2n+2)2),

n=0

00
V3(x,t,s) = 2(t-s) 1/2 Y exp(B(t,s)(x2-2n-2)2),

n=0

and G (x ,t;0,s) = O for s ł t,
2 2

3
G^x^tJ.s) = Y W,(x2.t,s),

i

where

Wi(x2>t,s) =- 2(t-s) 1/2exp(B(t,s)(-X2+l)2),

3d.



00
W (x ,t,s) = 2(t-s) T exp(B(t,s)(-x +2n+l) ), 

2 2 20

CO
W (x ,t,s) = 2(t-s) 1/2 £ exp(B(t,s)(x +2n+2l2),

o

and G (x ,t;l,s) = O for s ł t.2 2

5. Green potentials

Let us consider the following Green potentials 

t  i

Uj(x,t) = A X S i(y2,s)Gi(xi>t;0,s)
-oo o ’

2
x G2(x2,t;y2,s)dy2ds = £ u|(x,t),

1

where

t  i

uj(x,t) = A /  /  gx i(y2>s)Zi(xi>t,s)
-oo 0 ’

X G2(x2,t;y2>s)dy2ds, i=l,2,3.

Let

u|(x,t) = u^lx.t) = u|,2(x,t),
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where

uj’̂ (x,t) = 2A /  S g, (y ,s)(t-s)"1/2
1 1,1 Z-oo 0

2 2x exp(B(t,s)xi)exp(B(t,s)(x2-y2) dy2ds,

t  l

uj’2(x,t) = ZA S S g, (y ,s)(t-s)'1/2 
-oo o ’ 2

exp(B(t,s)x^)|^ exp(B(t,s)(x2 -y )2)
1 ^  n,l  2

+ exp(B(t,s)(x2 —y )2)1 dy ds,
n,2 2 1 2

Let

t  l

u (x,t) = A J  J g (y ,s)G (x ,t;l,s)
Z 1 * z Z 1 1-oo o

x G2(x2>t;y2,s)dy2ds = £ u^x.t),
i

where

t  i

u2(x,t) = 2A S S gj 2(y2,s)S (x^t.s)
-oo 0 ’
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and

x G2(x2,t;y2,s)dy2ds, i=l,2,3„ 

t i
u3(x,t) = A X X g2 i(yi>s)G2(x2,t;0,s)

-CO 0

3

X G (x ,t;y ,s)dy ds = £ u‘(x,t),?1 1 1 1  J1

where

u*(x,t) =
t  i

= 2A  x  x  g2 ^y^sïv (x ,t,s)
-CO 0 ’

x G (x^ttf ,s)dy ds, i=l,2,3,

and

u (x,t) =
4

t  i

: A x  X g (y,s)G (x ,t;l,s) 2,2 1 2 2
-oo 0

3

x G (x ,t;y ,s)dy ds = Y u (x,t),
1 1 M  i u  41

where

u‘(x,t) =
4

t i
= 2A X X g2 2(yi,s)Wi(x2,t,s)

-oo 0

x G^x^tjy^sJdy^ds, i=l,2,3, 

and A = (8tt) 1.
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6. Some definitions and lemmas

In the sequel by C, C( we shall denote the positive constants

Let

0v<(y2,s): y7 < O, s e (-00,00)},

02<(y2>s): y2 > 1. s € (-00,00)),

03<(yl-s): yj < 0 , s € (-00,»)},

Q^Uy^s): yj > 1, s € (-»,»)>.

DEFINITION 2. Denote by (g) the class o f all functions g(y,s) 

continuous and bounded for  (y,s) e D.

LEMMA 3. I f  z ł 0,k is a positive constant, then

zkexp(-z2) — C (13

We omit te simple proof.

By [31, p. 498, we obtain

LEMMA 4. I f  g e (g), i,j=l,2, then
*»J

Pu^x.t) = 0 for (x,t) e i=l,2,3,4.

LEMMA 5. For every (x,t) e D̂ , we have

t 00
Kx,t) = S S (t-s) 2 x exp(B(t,s)xZ)exp(B(t,s)(x -y )2)dy ds =1 1 2 2 2 o
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Proof. By [3], p. 447, we have

I(x,t) = J“ (t-s) '3/2Xiexp((B(t,s)x^)I1(x2,t)ds, 
- 0 0

where

00

Ux,t) = /  (t-s)’1/2exp(B(t,s)(x2-y2)2)dy2 = Vn. 
- 0 0

Thus

I(x,t) = /  x (t-s) 3/2exp(B(t,s)x2)ds.
- 0 0

Applying in the integral 1 the change of the integral variable

1 r* \~l/2z = 2  xU -s) (14)

we get

I(x,t) = I  X exp(-z2)dz = I  
o

LEMMA 6. I f  g e (g), then 
i* 1

D ul *(x,t)
X 1 1 « w 'V . '
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as
(x,t) --- » (0,x°,t )x° € (0,1). t < t.

2 o Z o

Proof. We have

D uU(x,t) = A X x (t-s) 3/2exp(B(t,s)x2)
X i i 1
1 -00

x f  ®1>l(y2,S)(t' S) 
-0 0

- 1/2

X exp(B(t,s)(x2-y2) )dy2ds

* S 1 * « . . / V  ■  < u W

X K(x,t,y,s)dy2ds = J2>

where

K(x,t,y,s) = xi(t-s)"3/2|exp(b(t,s)x^)j[(t-s)"1/2 

x exp(B(t,s)(x2-y2)2)] for s < t,

and K(x,t;y,s) = 0 for s ł t,

J (x.t) = g (x ,t )AI(x,t) = g (x°t ),
1 1*1 2 O 1*1 2 O

t 00
J (x,t) = A x  X r(x° t ,y ,s)K(x,t,y,s)dy ds,

Z 2 o 2 2-oo -oo
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We shall estimate J . By continuity of g at the point (x°,t ),
2 1*1 2 o

for every positive number b, there exists the number h, and the 

neighboorbood of the point (x°.t ) o the form

0(x°,t ) = <(y„,s): y € (x°-h,x°+h), s e (t -h,t +h)>,
2 o 2 2 2 2  o o

such tnat

I r(x°,t ,y ,s)| S b for (y ,s) e 0(x°,t ).
2 o 2 2 2 o

(15)

Let t € (t - -, t + -). The inequality (15) also for
o 2 o 2

s e (t -h,t +h) holds. LetO O

J = J1 + J2 + J3,
2 2 2 2

where

t x
o+h 2+h

J*(x,t) = A J* J* r(x°,t ,y ,s)K(x,t;y,s,dy ds,
Z Z O z zo

t  x - h
o- h  2

t  - h  x +h

J2(x,t) = A °J 2s r(x°,t ,y ,s)K(x,t;y,s)dy ,ds,
Z Z o o  Z



J2(xpt) A °J S r(x°,to;y2,s)K(x,t;y.s)dyods.

Ix -y I Łh 2 *2

We have the estimations

U‘ lAbI = b,

and if M = sup | g | , then
D

t  - h  x +h
o 2 /  \

|J2| 3 2AM S S (t-s)’3/2x |exp(B(t,s)x^)l(t-
-00 o '  '

x - h
2

s) ■1/2

o-h
x exp(B(t,s)(x2-y2)2)dyzds 3 2AM J" (t-si'^x^expiBtt.six2)

x J'(t-s)"1/2exp(B(t,s)(x2~y2)2)dy2ds 3 I1, 
-00

where

o - h

I1 = S (t-s) ^x^exptBit.six^Ms. 
-00

Applying (14) we obtain

I1 = C J exp(-z2)dz, 
1 o
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where

a= ^ x (t-t +h). Z 1 o

Hence

1 2I --- > O as x --- » 0 and J -----> 0 as x — > 0.i 2 1

For the integral J  ̂ we obtain the estimate

|J^| £ 2AM J* (t-s) ^x^xpCBit.six^Jexpf^ 
- 0 0  '

B(t,s)h‘

x [ J 
*"-00

(t-s) 1/2exp(B(t,s)(x2-y2)2)dy2j ds £ CM2,

where

I2 = /(t-s) 3/2exp(B(t,s)^h2)ds

1 r i-3/2 fB(t,s) . 2) , 
= ^ /  h(t-s) exp —Ÿ — h lds

Applying in I the transformation

z = h(2v^ (t-s)) -l

we obtain
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I2 = C4h_1 J* exp(-z2)dz = C ^ '1. 
o

Since

C x i 2 --- » 0 as x — » 0,
3 i 1

thus

J3 -—) 0 as x — » 0.2 1

Finally

J --- » 0 as (x,t) — » (0,x2,t) , x° e (0,1).
2 2 o 2

LEMMA 1. I f  g € (g), then 

D ul,2(x,t) --- > 0,X 1 1

as

(x.t) — » (0,x°,t ),x° € (0,1),
2 o 2

Proof. We have

t  i

uj’2(x,t) = A S S gt i(y2>s)xi(t-s)’2exp(B(t,s)x2)
ł -oo 0 *

x|exp(B(t,s)(x2+y2)2) -exp(B(t,s)(l-x2+l-y2)2)
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+ £^exp(B(t,s)(x2 1~y2)2) + exp(B(t,s)(x^ 2~y2)2) j | ds.

For x2 e (O.D.y  ̂ e [0,1], the inequalities 

exp(B(t,s)(x2+ y2)2) £ exp(B(t,s)x2),

exp(B(t,s)(l-x2+l-y2)2) s exp (B(t,s)x2),

x=l-x hold. 
2

Consequently

, 1,2, _ ,1 .2 ,1 .1 u £ J + J + J , J ,
1 3’ 3’

where

t  i
J^x.t) = A J  J1 ^y^sJx.expCBU.sJx^Mt-s) 2

-or  o ’

t  1
x exp(B(t,s)x2}dy ds = A J Jg (y ,s)x exp(B(t,s)x2)x 2 2 2 1)1 2 1 1 2  

-oo 0

x exp [ i  B(t,s)x^)j [— exp ( i  B(t,s)x^j]

* “ P('5 B<t’s)xl) ]dy=ds'

J2(x,t) = J^x^x^t)

Ł 1

J^(x,t) = A S s gj i(y2>s)xiexp(B(t,s)x2)
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X E 
2

00
2x -yn, 1 J2

( t-s )
e x p ( i  B ( t ,  s) (x2 -y )2) 1/2 Z n, 1 2

x2 -y
n>1 2 x exp(i B (t,s )(x  -y )2)

U \ 3/2 b X 2
- S  )

. 2  .2 '2dy ds.

1= 1 , 2 .

By Lemmas 3,7 and by [3], p.

|J  I s  Cx — ) O as xi i

| J l | i  Cx3 1 E n
n = l

- 2

474, we obtain the estim ations 

♦ 0, i-1 ,2 ,

as x — » 0, i= l ,2.i

LEMMA 8. I f  g e (g), then 
l » *

D (u2(x ,t)  + u3(x ,t ) )  — > 0,
x 1 11

as (x ,t)  — » (0 ,x ° ,t ), x° e (0,1).
1 o 2

Proof, We have

D (Z (0 ,t  , s ) + Z (0 ,t , s )) = 0.
2 o 3 o

By Lemmas 4 ,6 ,7  we o b ta in
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LEMMA 9. I f  g e (g ), then
1 » 1

D u (x ,t )
X 11

as (x .t) — > (0,x°, t ), x° e (0,1),
2 o 2

LEMMA 10. I f  g 6 (g), then 
i * i

D u (x ,t ) 
x 1

0
1

as (x .t) — » (x°,0,t ), x° e (0,1).l o i

Proof. Since G (0, t , y ,s) = 0  thus we get the assertion of
2 o 2

the Lemma 10.

Similarly we obtain

LEMMA 11. I f  gt i € (g), then

D u (x, t) ---> 0
X 1 1

as (x, t) — » (x°, l , t  ), x° e (0,1).l o i

By Lemmas 10,11 we obtain

LEMMA 12. I f  g e (g), then 
i » i

D u (x, t ) — »
x 1

0
1

o
A nalogously we o b ta in
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LEMMA 13. If gt j € (g), i,J-1,2),(1,j) * (1.1), then

D u (x ,t)  
x 2 1 g . . 2 (jV V

as (x, t )  — » ( l , x ° , t  ), x° 6(0,1),
2 o 2

D u (x, t )  — » 0
x 2 1

as x — ) x € S US U s  , t  — » t
o 1, 1 1 , 2  2 , 2  o

D u ( x , t )
x 3 

2
S2,.(W

as (x. t )  — » (x°,0, t  ), x° e (0,1).l o i

D u (x, t )  
x 3 

2
0 as x — » (x°,x°) 6 S US US ,1 2 1,1 1,2 2 ,r

t — >t

D u (x, t )  
x 4
2

g (x°,t ) as ( x , t ) — » (x° , l , t  ),
2 , 2  1 o 1 o

X° 6 (0,1),

D u (x, t )
x 4
2

0 as x — » (x°,x°) 6 S US US1 2 1,1 1,2 2,1
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7. E x is te n c e  theorem

By Lemmas 1-13 and Theorem 1 we obtain 
THEOREM 2. I f  g e (g), then the function

4
u ( x , t ) = Q - £ u (x, t) 

i

is  the unique solution of the problem (1), (2), (3) belonging to

the class  (K).

8. Periodic solutions
LEMMA 14. I f  the function u e (K) is  the solution o f the equa­

tion  (1), satisfying  the condition (3), the conditions

u(x,0) = u(x,p), p a positive number, x e , (16)

S S u(x,0)dx = Q, (17)
Di

then the condition 

p
S S g(x,t)dS dt = 0 (18)
O B ( D )1

holds.

Proof. Applying Green formula for the integral 

p
Lu = S SS Pu(x,t)dxdt = 0

o D
i
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we o b ta in

/  J* D u(x, t )dS dt -  J\f(u(x,p) - u(x,0) )dx dx = 0.n x 1 2
O B(D1> Dj

By (3) and (19) we get (18).
Conversely. If (17), (18), (19) hold, then (16) holds.

9. The problem (Ia)-(Id) and i t s  uniqueness

Let us consider the following problem

Pw(x,t) = 0 for (x ,t) e D =
p

{(x, t ) : x e D , t e (C,p]>, w e C2,1(D n C1,ł(D ),
i p p

w(x,0) = 0 for x e D ,

D w(x,t) = g(x, t )  for x 6 B(D ), t  e (0,p],
n 1

/X D g(x,t)dS dt = 0, S(T) = ( (x, T) : xsB(D ), t « (0,p)> 
S(T) " * 1

10. Uniqueness of the Cla)-(Id) problem

THEOREM 3. I f  W(, i= l,2 , are the solutions of the

C ’ (D)nC ’ (5), of the problem (Ia)-(Id),  then w = w in D .
1 2 p

(19)

(la)

(lb)

( I c )

(Id)

class

48



Proof. L et

W(x,t) = vMx.s) - w2(x,s).

Let D (t) = {(x,s): x e D , s € (0,t]>. We have the identity  
p i

W(x,s)PW(x,s) = 0 .

Integrationg the identity (20) over D (t) we obtain
p

t t
J - S SS W(x,s)dxds -  - S SS (grad W(x,s))2dxds

o D o Di

+ JT W(x,s)D W(x,s)dS ds
.  v n  X

1

i  J /  W2( x , s ) d x  = O. 
oi

( 2 0 )

by che la s t formula we obtain the assertion of the Theorem 3.

10. Solution of the (Ia)-(Id) problem

Similarly as theorem 2 we can prove 
THEOREM 4. If  g e (g), then the function

4

w = I  w .
i

where
t i

wt (x,t )  = A S S g1 i (y2>s)G(x,t,0,y2,s)dy2ds, 
o o
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w2(x,t)
Ł 1

A s  S gt 2(y2,s)G(x,t,  l,y 2,s)dy2ds, 
o o

w (x,t) 
3

t  1
A /  S g2 j (yx. s)G(x, t , yi ,0, s)dyids, 

o o ’

w^(x,t)
t  i

A /  S g2 2(yi>s)G (x,t,yi ,l,s)dy2,s)dy2ds, 
o o

is  the unique solution of the (la)-(Id) problem.

11.The problem (I la)-(IIc)

Let us consider the following problem

Pv(x,t) = 0 for (x.t) e D , v € C2,1(D ) n Cl,1(D ). ( I la)
p p p

D v(x,t) = 0 for (x,t) 6 S, (11b)
n

v(x,0) = u(x,0) for x 6 D , (lie)

and by (lie) the function v is  unknown.

Properties of the function v
LEMMA 15. I f  the functions w,v are the solutions of the 

problems (Ia)-(Id) and ( I la)-(IIc) ,  respectively, then the function 

u = w = v is  the solution of the problem (1), (3), (16), (17).

Proof. By (lib),  (lie) we have SS v(x,p)dx = JT u(x,0)dx = Q.
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Let

2 2 2v(x, t )  = Q + T b exp(-(m +m )n t)cos(m irx )cos(m ttx ), ̂ an 1 1  1 1  2 2■  «>^1 12 1 2

where

b = 4 XX u(x,0)cos(m irx )cos(m itx )dx,
m ,m 1 1 2  2

1 2  D1

By (21) and (l ie)  the function u(x,0) is  of the form

u(x,0) = Q + T b cos(m na )cos(m irx ) .ra , m 1 2  2 2m +m ai i 2 1 2

The coefficients b are unknown.
m m1 2

By (lb),  (Ic),  (Id), (l ib),  (lie) we have

v(x,p ) + w(x,p ) = v(x,0) = w(x,0) = u(x,0).

For the function w(x,0) we have

w(x,0) = w(x,p) = c + y c cos(m nm )0,0 ^  ̂ ■  ,■ 1 2
a *m Ł1 1 21 2

xcos(m TTX ) ,  
2 2

(21)

m +» i l .  1 2

( 22 )

(23)

(24)

51



where

c = 4 SS w(x,0)dx = 0, c = SS w(x,p)cos(m Ttx )cos(m irx )dx.
° ’ ° D *1 * *2 D1 1

By (21)-(24) we have

2 2 2Q + T b exp(-(m +m )n p)cos(m n x)m ,m 1 1 1 1n + B &1 1 2

x cos(m27TX2) + y cos(miirxi )cos(n>2irx2) = (25)
D + B -1 1 2

Q + Y b cos(m nx ) cos(m nx ).u m i m 1 1  2 2■  +■ Ł1 1 2  1 2

By (25) we obtain

2 2 2  -1b = (l-exp(-(m +m )n p) c ,m +m fcl.B.n 1 2  b ,m 1 21 2  1 2
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