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Dirichlet's problem
for a generalized Jensen functional equation

Dedicated to Professor Zenon Moszner with best wishes on his 

60-th birthday

1. We shall consider the functional equation

<£((p+q)/2) = F(<£(p),0(q)); p, q e Rn, (1)

which becomes the Jensen equation when F(p,q) = (p+q)/2.

The following Dirichlet-like problem is studied in the present 

paper:

(D) Given a subset W of Rn and a continuous and bounded

function b: 3W --- » IR, find a continuous solution <f>: clW — » R of (1)

which coincides with the function b on the boundary 3W of W:

tf>(p) = b(p), p e 3W (2)

In some function classes Problem (D) has been dealt with by 

E. F. Beckenbach and L. K. Jackson [2]. However, the set of 

continuous solutions to (1) does not meet the conditions assumed in

[2]. In this paper we are going to show a necessary and sufficient 

condition for the existence of a solution to (D), and to construct 

a solution of equation (1) via Perron’s method, i.e. as supremum 

(or infimum) of solution sets of inequalities associated with 

equation (1).
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2. We start with a description of sets of solutions to (1) as 

well as to the inequality

A((p+q)/2) s F(A(p),A(q)), p, q € Rn. (3)

The following hypotheses are assumed throughout the paper.
2

(H) The function F: F — » R is continuous and there exists a 

continuous and increasing bijection f: R — » R which satisfies  

equation (i). Moreover, W c Rn is  a nonempty, convex, open and 

bounded set (a convex body) with the boundary dW * a.

Now we quote results on the general continuous solution of

equation (1) and inequality (3) (cf. [3]).

LEMMA 1. Assume (H) to hold. The general continuous solution 

4>: W — > R o f equation (1) is given by the formula

*(P) = f (Up)) , (4)

where 1: W — > R is any continuous af f ine function, i.e.

l((p+q)/2) =■ (l(p)+l(q))/2, p, q € W: whereas that o f inequality

(3) is given by

A(p) = f (k(p)) , (5)

where k: W --- » R is any continuous convex< function.

In fact, according to [1], Ch. 5. (cf. aiso [4], p. 315) we

have l(p) = J? a x + c, where p = (x ......x ), with arbitraryi=l 11 I n
reals a ..... a ,c; so that

i n

!(E *,P,) = E y (p ,) .  P, 6 w, 0  S t ( S l, £ t[ = 1. (6)

Now we can prove a uniqueness theorem.



THEOREM 1. Let (H) be satisfied. I f  two continuous solutions 

o f  (1) on clW sa tisfy  the same boundary condition on 3W, then they 

coincide in the whole set clW.

Proof. Let <f> , : clW — » IR be continuous and satisfy (1)

and the condition

0j(p) = * (p) on 3W. (7)

Since clW = conv(3W), we may represent any p e clW as

P = E tjPj. P, e aw, i = l, . . . ,n, 0 s t ( s l, j; t ( = 1. (8)

According to Lemma 1 there are continuous affine functions 1 ,

1 : IRn --- ) IR such that
2

0j(p) = f (y p )) . <t>2(p) = f ( i2(pî), p « ciw.

Since f is injective and (7) holds, 1 coincide with 1̂ on 3W, and 

(8) with (6) yield

♦ ." »  -  ' ( ' , ( £  >,p,)) -  f ( t  y . W )  -  f ( z  t,i2(p,)] -  V P )-

REMARK 1. Similarly one proves that if A: clW — » IR satisfies 

inequality (3) and <f>: clW — » IR - equation (1), both are continuous 

on clW and <p(p) = A(p) on 3W, then A(p) s 0(p) on clW.

3. On the real line Dirichlet’s problem (D) always has a 

solution, provided that W satisfies (H). This is no longer true 

when n > 1 and W c IRn is a convex body. We are going to prove the 

f ollowing
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THEOREM 2. Assume (H) and let b: 3W --- > R be a continuous

function. Problem (D) fo r equation (1) has a continuous solution 

(ft: clW --- > R i f  and only i f  the set

G:= <(p,x) e Rnłl: p e aw, f(x) = b(p) e R> (9)

is a subset o f  an n-dimensional hyperplane M in Rn*\ given by

M = <(p,x) € Rn+1 : x = a(p) + c>, (10)

where c e F, and a(p) is a linear functional on Rn.

Proof. Assume that (D) has a solution clW --- » R. Thus con­

dition (2) is satisfied and, by (4),

0(p) = f (l(p)) = b(p), p € aw. (ID

where l(p) = a(p) + c, and a: Rn — » R is a linear functional, c €

R is a constant. Thus the set G given by (9) is contained in the

set M given by (10) with a(p) and c just determined. For, take

(p.x) e G, then f(x) = b(p) = f(l(p)) i.e., x = Up) = a(p) + c,

since, by (H), f is a bijection; and (p,x) belongs to M, according 

to (10).

On the other hand, if the set G is contained in an 

n-dimensional hyperplane M in R of form (10), then by (9) we have 

for p e aw

x = a(p) + c whenever f(x) = b(p). (12)

Thus 1: R — » R, l(p) = a(p) + c, is an affine functional and (12) 
yields
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b(p) = f(x) = f(l(p)), P € aw. (13)

This 1 produces the function </> : (Rn — » IR given by 0(p) = f(l(p)), 

p e IRn, whose restriction to clW satisfies (D), cf. Lemma 1 and 

(13).

We conclude the Section with a lemma on solutions of (1) with 

values prescribed on vertices of a simplex in IRn.

LEMMA 2. Let (H) be fu lfille d  and let S := <p ..... p > c W be
0 n

an n-dimensional simplex. For every system bo>...,b o f reals there 

is a unique continuous solution ^:W — > IR o f equation (1) that 

sa tisfies the condition

*s(p,) = bj( i = 0,1,....r. (14)

Proof. By Lemma 1 the required solution of (1) is of form (4), 

i.e., for p = (Xj,..., x ) e W, (15)

</>„(p) = f(Kp)l = f ( a  x  + ... + a x + c),
S '  7 V 1 1  n n 7

with some reals a ..... a ,c. By (14) we get, with p
1 n I

(x , . . . , X  1,
V il in-'

x a + ... + x a + c = f Ł(b ), i = 0,1,...,n, 
11 1 ln n 1

which is equivalent to:

(x - x )a  
t  j l  01-' 1

+ . . .  +

j = 1.......n,
x a + ... + x a 

O i l  On n

(x,„ - xoiK* f''(b,) - r '(bJ'

* c f - ( b 0).
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Since the vectors p -p , j = 1..... n, are linearly independent, the

above system has a unique solution a^-.-.a^.c, so that formula

(15) determines the unique continuous solution <f>■ :W — » (R of equa­

tion (1) satisfying (14)

4. For construction of the solution of Dirichiet’s problem (D) 

one may use solutions of inequalities associated with equation (1). 

The solutions are called lower, resp. upper functions.

DEFINITION 1. Let W c IR1' be a convex body with nonempty boun­

dary aW and let b: 3W --- > R be a continuous function. A function

X: clW — » R (resp. p: clW - R) is said to be a lower (upper) func­

tion for the function b i f  it sa tisfies the conditions:

(i) X (resp. p) is continuous on clW,

(ii) X(p) s b(p) on 3W (p(p) ł b(p) on 3W),

(iii) X satisfies inequality (3) on W (p((p+q)/2) fc F(^(p),p(q)) 

on W).

The set of all lower (resp. upper) functions for b will be 

denoted by L (resp. U ). The following properties of lower and
b b

upper functions are easily established.

LEMMA 3. Assume (H) to hold.

(a) I f  X e L and p e l ) ,  then X(p) s p(p) on clW.
b b

(b) I f  X , X € L , then the function A(p) = max <A (p),
1 2 b  1

AMp)} (defined on clW) is also a lower function. This assertion is 

true for upper function with „max" replaced by „min".

(c) I f  <(> is a solution o f  (1) satisfying 0(p) = b(p) on 3W, 

and p# = min (b(p), p e 3W), then the constant fuction A#(p) = 

0(pJ> P € clW, belongs to L . Replacing here p by p* = max{b(p),
b  ̂ •

p € 3W> we get an upper function X for  b.

The last lemma we need corresponds to Lemma 2.
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LEMMA 4. Let (H) be fu lfille d  and let b: 3W — » R be a 

continuous function. I f  X € then there exists a closed convex 

set A c W and a function <f>̂: A — > IR which solves Problem (D) on A 

with the boundary function

b^(p) := A(p), p e 3A. 

Moreover, the function

(16)

XA(p) •

is also a lower function (for b(p) := A(p), p e 3W).

Proof. Take a simplex S = <pQ..... p > c W. By Lemma 2 there is

a unique solution 0 : W — » R of equation (1) satisfying (14) with 

b. := A(p(), where i = 0,1,....n. Let us put

B = {p e clW: A(p) = 0s(p)>; A = clconvB.

This A is a closed convex subset of W. In view of Remark 1 we have 

Mp) ^ #s(p) f°r P e A> and Mp) = 0s(p) for p e 3A S A. Further, 

the set (9) (with p € 3A and b = b defined by (16)) satisfies the
A

condition of Theorem 2. Thus there exists a solution <t> of the
A

Problem (D) on A.

Moreover, S S A. For, by (16) and (14), p € B, i = 0,1,...,n. 

and S = conv (p ..... p > £ convB £ A. Thus, because of the
0 n

uniqueness (Theorem 1) the function <p is am extension of <j> onto
A S

the set A.

Mp), p e clW\A, 

0.(p), p € A

63



It remains to prove that Â  given by (17) represents a lower

function for b = A|_,.,. Indeed, conditions (i) and (ii) (with b = b 
1 on A

given by (16)) are obviously satisfied by Â . It remains to check 

whether Â  fulfils inequality (3) on W. For, by Lemma 1 and 

property (iii) of A from Definition 1 there is a continuous convex 

function k: W — » R such that A(p) = f(k(p)), p e W. Further, again 

by Lemma 1, the solution of (1) is given by 0g(p) = f(l(p)). p e 

W, where 1: W — » R is a continuous affine function. Thus we may 

write

Â (p) = f(h(p)), p 6 W 

where

(18)

h(p) = k(p), p € W\A, 

1 (p), p e A.

Since A(p) s ^g(p) for p € A, and f is an increasing bijection, we 

have k(p) s l(p) for p e A and h(p) = max <k(p), l(p)> for p e W. 

Therefore h is a convex function and function (18) satisfies 

inequality (3) on W.

5. Now we can construct a solution of equation (1) by using 

Perron’s method.

THEOREM 3. Let (H) be fu lfille d  and let b: 9W --- > R be a

continuous function. There exists a simplex S = <pQ,...,p > S W 

such that the function

clW --- ) R; 0(p) = sup <A(p): A e L >, (19)b
satisfies equation (1) in S, and ^(p^ = bŁp ,̂ i = 0,1..... n.
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Proof. By (c) and (a) of Lemma 2 the set L of functions is
*

bounded above by the constant function A e U . Therefore functionb
(19) is well-defined. Let S c W be an n-dimensional simplex with

vertices p ..... p , and let $ : W ----» IR be the solution of (1)
o n  S

spoken about in Lemma 2, with b( = b(p() in (14).

By (19) there is a A e L such that 1 b

A^q) > $(q) - 1, q e clW. (20)

In view of Lemma 4 there is a closed convex set A c W, S £ A , andi i
a continuous solution 0 : Â --- » IR of equation (1), <p| s = $s | s.

which is determined by the values of the function A on 5A (cf.i i
(16)).

Put

(a^ p), p e clWXÂ  

U(p), P « A i

(cf. 17). According to Remark 1 we have i^(p) ł A^p), p e clW, 

and, by (20), i/Mq) > 0(q) - 1, q € clW. Now, we take a lower 

function A e L for which2 b

A (q) Ł </>(q) - 1/2, q € clW, (21)

and we put

uz(p) = max{A2(p), ^ (p)>, p 6 clW. (22 )
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By Lemma 3(b) we know that uz e Lfe. We use again Lemma 4 to find a

closed convex set A c W, a solution <j> : A — > IR of equation (1), 
2 2 2

determined by the values of u on 3A . The function
2 2

, . fu (p), p e clW\A
0 J p )  =  \ 2 K 2,

U2(P). P e Az

satisfies, cf. Remark 1 and (22) with (21),

t//2(p) — u2(p) > 0(p) - 1/2, p € clW.

Moreover, S £ A and <p I = $ . .
2 2 's s J s

We continue this procedure by induction and arrive to an 

increasing sequence (0 ) ^  of functions, defined as follows

u (p), p e clW\A ,
n n .

<t> (p), P 6 A .■ n n

where:

u (p) = max {A (p), \/j (p)>, p e clW,

(23)

A e L is chosen to satisfy A (q) >0(q) - 1/n, q e clW,
n b n

A is the set from Lemma 4 such that there exists a continuous
n

solution <t> : A — > R of equation (1), determined by the values of
n n

u on ÔA , and we have S £ A and <b I = $ I . 
n n n n 1 S S 1 S

The functions 0 are continuous and (as lower functions, cf.
n

Lemma 4) satisfy inequality (3) on W. From the inequalities 

0(p) - 1/n s ^ (p) < 0(p), p e clW, n 6 IN,
n

we see that 
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(24)<£(p) = lim t/» (p),n"*co n

uniformly on clW so that <p is continuous on clW.

Now, since the simplex S is contained in all the sets A ,
n

n € (N, from (24) and (23) we conclude that the restriction of <f> 

to S is the restriction of to S, too. Thus <f> satisfies equa­

tion (1) on S and the condition ^(p^ = b(p() on the vertices p 

of S.

REMARK 2. Similarly one can prove that, under assumptions of 

Theorem 3 there exists a simplex ê contained in W such that the 

function $(p) = inf <p(p), p e U }, p € clW, satisfies equation (1)b
in Ś, and coincides with b on the vertices of ê.

REMARK 3. We owe to Professor P. Volkmann the following 

example illustrating Theorem 3.

Consider the Jensen equation (1) (i.e. F(x,y) = (x+y)/2), take 

n=3, W = [0,1]2, put pQ = (0,0). pt = (1,0), p2 = (1,1), p3 

= (0,1), and define the function b : 3W — » R as follows: b(pQ) 

= b(p2) = 0, btp^ = b(p3) = 1, and b is linear on all the sides of 

the square and is continuous on 3W.

The function <f> given by (19) is now the maximal convex 

function (cf. (3) with our F) satisfying (2), i.e. the function

fx  -  y, (x .y )  € <p p p >,
0(x,y) = -̂ , ,ly - x, (x,y) e <P0>P2>P3>

The simplex S such that <f> satisfies equation (1) on S (i.e., is 

affine) is either the triangle S = <PQ,Pi(p2> or S = <Po,P2>P3>.
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Similarly, the function <t> from Remark 2 is given by

$(x.y)
x + y, (x,y) e <p0,p2,p3>, 

|2  - x + y, (x,y) e <Pi,P2>P3>

and ê is one of the triangles occurring in this definition.
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