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Dirichlet's problem
for a generalized Jensen functional equation

Dedicated to Professor Zenon Moszner with best wishes on his
60-th birthday

1 We shall consider the functional equation

<E((p+a)/2) = F(<E(p),0(@); p, q e R, @

which becomes the Jensen equation when F(p,q) = (p+q)/2.

The following Dirichlet-like problem is studied in the present
paper:

(D) Given a subset W of R and a continuous and bounded
function b: 3W —» IR find a continuous solution € clW —» R of (1)
which coincides with the function b on the boundary 3W of W

t>p = b(p), p e W @)

In some function classes Problem (D) has been dealt with by
E F.  Beckenbach and L. K Jackson [2]. However, the set of
continuous solutions to (1) does not meet the conditions assumed in
[2]. In this paper we are going to show a necessary and sufficient
condition for the existence of a solution to (D), and to construct
a solution of equation (1) via Perron’s method, i.e. as supremum
(or infimum) of solution sets of inequalities associated with
equation ().
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2. We start with a description of sets of solutions to (1) as
well as to the inequality

A((p+9)/2) s F(A(p).A@). p, q € Rn. ©)

The following hypotheses are assumed throughout the paper.

(H) The function F FF —» R is continuous and there exists a
continuous and increasing bijection f: R —» R which satisfies
equation (i). Moreover, W c Rn is a nonempty, convex, open and
bounded set (a convex body) with the boundary dw * a.

Now wequote results on the general continuous solution of
equation (1) and inequality (3) (cf. [3]).

LEMMA 1 Assume (H) to hold. The general continuous solution
4 W—>R of equation (1) is given by the formula

*(P) =1(Up), 4

where I W —> Ris any continuous affine function, i.e.
I((p+q)/2) =1 (I(p)+1())/2, p, q € W whereas that of inequality
(3 is given by

Ap) = k@), ©)

where k W -—» R is any continuous convex<unction.
In fact, accordingto [1], Ch. 5 (cf.aiso [4], p. 315 we

have I(p) = 1]2| Xt where p = (xl.....n.x ), with arbitrary
reals a.....a ,C; SO that

I(E *P) =Ey(p,). P, 6w o St(SI, £1 =1 6)

Now we can prove a uniqueness theorem.



THEOREM 1 Let (H) be satisfied. If two continuous solutions
of (1) on clW satisfy the same boundary condition on 3W, then they
coincide in the whole set clW.

Proof. Let 4, : W —» R be continuous and satisfy (1)
and the condition

0j(p) = * (p) on 3W. 7

Since clW = conv(3W), we may represent any p e clW as
P=EtP. Peaw, i =1...n, Ost(s I, ;t(=1 )

According to Lemma 1 there are continuous affine functions 1,
l2 . I —) Rsuch that

0j(p) = f(yp)). €p) = F(iZpi), p « ciw.

Since f is injective and (7) holds, 1 coincide with ¥ on 3W, and
(8) with (6) vyield

t"» - "((E >py) - f(ty W) - f(z ti2(p,)] - VP)-

REMARK 1 Similarly one proves that if A cW —» R satisfies
inequality (3) and ¥ cdW —» R - equation (1), both are continuous
on clW and < = A(p) on 3W, then A(p) s O(p) on clW.

3. On the real line Dirichlet’s problem (D) always has a
solution, provided that W satisfies (H). This is no longer true
when n > 1and Wc R is a convex body. We are going to prove the
following
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THEOREM 2. Assume (H) and let b: 3W —>R be a continuous
function. Problem (D) for equation (1) has a continuous solution
@ W —>R if and only if the set

G=<(px) e Rtl: p e aw, f(x) = b(p) e R> )]
iIs a subset of an n-dimensional hyperplane M in R\ given by
M= <(pXx) € Rl : x = a(p) + ¢, (10)

where ¢ e F, and a(p) is a linear functional on Rn.
Proof. Assume that (D) has a solution clW —» R Thus con-
dition (2) is satisfied and, by (4),

O(p) = f(I(p)) = b(p), p € aw. (ID

where I(p) = a(p) + ¢, and aa R —» R is a linear functional,c €
R is a constant. Thus theset G givenby (9) is contained in the
set M given by (10) witha(p) and c just determined. For, take
(px) e G, thenf(x) = b(p) = f(l(p)) ie, x = Up) = ap) + c
since, by (H), f is a bijection; and (p,x) belongs to M according
to (10).

On the other hand, if the set G is contained in an

n-dimensional hyperplane M in R of form (10), then by (9) we have
for p e aw

X = a(p) + ¢ whenever f(x) = b(p). (2
Thus T R —» R I(p) = a(p) + ¢, is an affine functional and (12)

yields
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b(p) = f(x) = f(I(p)), P € aw. 13

This 1 produces the function £ : & —» R given by 0(p) = f(I(p)),
p e I whose restriction to clW satisfies (D), cf. Lemma 1 and
(13).

We conclude the Section with a lemma on solutions of (1) with
values prescribed on vertices of a simplex in IR.

LEMVA 2. Let (H) be fulfilled and let S := Py ;
an n-dimensional simplex. For every system bo>..,.b of reals there
IS a unique continuous solution "W —>R of equation (1) that

satisfies the condition
*s(p,) = bj( i =0,1,...r. (19

Proof. By Lemma 1 the required solution of (1) is of form (4),
ie., for p = (Xj),..., Xx) e W (15

4§(p) = f(,Kp)I/. = f(/alxl+ o taxo c),

with  some reals a...... a_C. By (14 we get, with P,

(i X

xna1+ B X a +c=f t(bl), i =01,..,n,

which is equivalent to:

X - X2t t (x,, - x0iK* f'(h) - r'(R)"

61



Since the vectors p-p, j = 1...n, are linearly independent, the
above system has a unique solution a”-.-.a™.c, so that formula
(15 determines the unique continuous solution ¢ ‘W —» R of equa-
tion (1) satisfying (14)

4. For construction of the solution of Dirichiet’s problem (D)
one may use solutions of inequalities associated with equation (1)
The solutions are called lower, resp. upper functions.

DEFINITION 1 Let Wc IR be a convex body with nonempty boun-
dary aw and let b: 3W —>R be a continuous function. A function
X W —»R (resp. p: clW - R) is said to be a lower (upper) func-
tion for the function b if it satisfies the conditions:
(i) X (resp. p) is continuous on clW,
(i) X(p) s b(p) on 3W (p(p) + b(p) on 3W),
(i) X satisfies inequality (3) on W (p((p+q)/2) ft F(™(p),p(q))
on W).
The set of all lower (resp. upper) functions for b will be

denoted by L, (resp. ub). The following properties of lower and
upper functions are easily established.

LEMVA 3. Assume (H) to hold.

(@ If Xe L and pel)b then X(p) s p(p) on clW.

(b If X1' X €b L, then the function A(p) = max <°l(p),
AVP)} (defined on clW) is also a lower function. This assertion is
true for upper function with ,max" replaced by ,min".

(c) If < is a solution of (1) satisfying O(p) = b(p) on 3W,
and p# = min (b(p), p e 3W), then the constant fuction A#p) =
O(pJ> P € clW, belongs to L. Replacing here p, by p* = max{b(p),
p € 3> we get an upper function X for b.

The last lemma we need corresponds to Lemma 2.
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LEMVA 4. Let (H) be fulfilled and let b: 3W —» R be a
continuous function. If X € then there exists a closed convex
set Ac Wand a function €% A — >Rwhich solves Problem (D) on A
with the boundary function

b*p) = AP), pe 3A (16)

Moreover, the function

JMp), p e clW\A,
0.(p), pEA

XA(p)

is also a lower function (for b(p) = A(p), p e 3W).

Proof. Take a simplex S = <pQ....p > ¢ W By Lemma 2 there is
a unique solution 0 : W —» R of equation (1) satisfying (14) with
b. := A(p(, where i = 0,1,...n. Let us put

B={pe cdW Ap) = 0s({p)> A= clconvB.

This A'is a closed convex subset of W In view of Remark 1 we have
Mp) " #s(p) f°r P e A>and Mp) = Os(p) for p e 3A' S A Further,
the set (9) (with p € 3A and b = bA defined by (16)) satisfies the
condition of Theorem 2. Thus there exists a solution ﬁ of the
Problem (D) on A

Moreover, S S A For, by (16) and (14), p € B i = 0,1,...,n.
and S = conv (p0 ..... P> £ convB £ A Thus, because of the
uniqueness (Theorem 1) the function '\ is am extension of <_F§ onto
the set A
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It remains to prove that A" given by (17) represents a lower
function for b = Ahﬂﬁ. Indeed, conditions (i) and (ii) (with b = bA
given by (16)) are obviously satisfied by A It remains to check
whether A" fulfils inequality (3) on W For, by Lemma 1 and
property (iii) of A from Definition 1 there is a continuous convex
function kk W —» R such that A(p) = f(k(p)), p € W Further, again
by Lemma 1 the solution of (1) is given by O0g(p) = f(I(p)). p e
W where I W —» R is a continuous affine function. Thus we may
write

AXp) = f(h(p)). p 6 W (18)

where

h(p) = k(p), p € WA,
1p), pe A

Since Alp) s "g(p) for p € A and f is an increasing bijection, we
have k(p) s I(p) for p e A and h(p) = max <k({p), I(p)> for p e W
Therefore h is a convex function and function (18) satisfies
inequality (3) on W

5. Now we can construct a solution of equation (1) by using
Perron’s method.

THEOREM 3. Let (H) be fulfilled and let b: 9W —>R be a
continuous function. There exists a simplex S = <pQ...p > S W
such that the function

W —-—-) R O(p) = sup <Ap: Ae Lb’ (19
satisfies equation (1) in S, and ~(p™ = bkp®, 1 =0,1....n.
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Proof. By (c) and (a) of Lemma 2 the set L of functions is
bounded above by the constant function A e Ub' Therefore function

(19) is well-defined. Let S ¢ W be an n-dimensional simplex with

vertices p_...p, and let $: W -—-» R be the solution of ()
spoken about in Lemma 2, with b( = b(p() in (14).

By (19) there is a Al e Lb such that

AN >$(0) - L ge dw. (20)

In view of Lemma 4 there is a closed convex set Ai cWSE Ai and
a continuous solution 0: A —» R of equation (1), <ps = $s|s.

which is determined by the values of the function A] on 5Ai (cf.

(16)).
Put

(&*p), p e cdwxan
U(p), P« Ai

(cf. 17). According to Remark 1 we have i*(p) + AY), p e cW,
and, by (20), /Mg) > 0(q) - 1 q € cW Now, we take a lower

function A2 e Lb for which

A@Q £ <0 - 12, q € cdw, (21)
and we put

uz(p) = max{A2(p), * (P)> p 6 cW. (22)
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By Lemma 3(b) we know that uz e Lie Wk use again Lemma 4 to find a
closed convex set A cWa solution g A —> R of equation (1),
determined by the values of u, on 3A2. The function

flg pe e,
U2(P). Pe Az

0ah)' =

satisfies, cf. Remark 1and (22) with (21),
t2(p) —u2(p) > 0(p) - 1/2, p € cW.

Moreover, S £ A2 and <%ls = 3 5
We continue this procedure by induction and arrive to an
increasing sequence (0 ) A of functions, defined as follows

un (p), p e cIV\/\An,_
@), P 6 A.

(23)
where:

u@E =max {A @, v (P> peclw,

Ael is chosen to satisfy A (@ >0(q) - Un, g e cw,

An is the set from Lemma 4 such that there exists a continuous
solution € An — >R of equation (1), determined by the values of

u_on OAn, and we have S £ An and <bnk = $Sls.

The functions 0, are continuous and (as lower functions, cf.
Lemma 4) satisfy inequality (3) on W From the inequalities
0(p) - I/ns ™ (@ <0(p), pecdW, n6 N

we see that
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<P = lim.,, &), (24)

uniformly on clW so that $is continuous on clW.

Now, since the simplex S is contained in all the sets An,
n € N from (24) and (23) we conclude that the restriction of 4
to S is the restriction of to S, too. Thus <=satisfies equa-
tion (1) on S and the condition ~(p™ = b(p() on the vertices p
of S.

REMARK 2. Similarly one can prove that, under assumptions of
Theorem 3 there exists a simplex é contained in W such that the
function $(p) = inf <p(p), p e Ub}, p € clW, satisfies equation (1)
in S, and coincides with b on the vertices of é.

REMARK 3. We owe to Professor P. Volkmann the following
example illustrating Theorem 3.

Consider the Jensen equation (1) (i.e. F(x)y) = (x+y)/2), take
n=3, W = [01]2, put pQ = (0,0. pt = (1,0, p2 = (1,1), p3
= (0,1), and define the function b : 3W —» R as follows: b(pQ
= b2 = 0, btp® = b(3) = 1 and b is linear on all the sides of
the square and is continuous on 3\

The function 4 given by (19) is now the maximal convex
function (cf. (3) with our F) satisfying (2), i.e. the function

_;‘\X -y, (Xy) €<p p p>
O(xy) = ly - x, (xy) e <POP2P3>

The simplex S such that < satisfies equation (1) on S (i.e., is
affine) is either the triangle S = <PQPi(p2> or S = <Po,P2P3>
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Similarly, the function €from Remark 2 is given by

X +y, (Xy) e <0,p2p3>
SXY) 2 - x +y, (xy) e <Pi,P2P3>

and é is one of the triangles occurring in this definition.
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