ANDRZEJ GRZASLEWICZ

Translations and translative partitions of quasigroups

Dedicated to Professor Zenon Moszner with best wishes on his
60-th birthday

INTRODUCTION.

Let X be a nonempty set, (Q ¢) a groupoid. In [3] Z Moszner
proved the following theorem: If (Q -) is a group then a function
F. X x 0 — >X satisfies the functional equation

F(F(x,b),a) = Fix, b-a) for xe X abeO ()

iff there exists a partition x of the set X such that for every

Y e x there exist a subroup Hy of the group (Q ), a mapping
f: Y -—»Yand a bijection gy of the set f (Y) onto the collection

{Hya: a € Q such that
fY(fY(x» = fYX) for x e,
for xeY, a€Q (i)

In the case where (Q°) is a group one can analogously
characterize the solutions of the following functional equation
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F(F(x,b), @) = F(x, a-b) for x e X, aeQ. (iii)
It is enough to replace in Moszner’s theorem the collection
{Ha a e Q by the collection {aHy: a € @ and the condition (ii)
by the following condition

F(x,a) = gy*[a gy(fFYx))l for x e Y, aeQ.

In this note we shall show that the similar characterization
of the solutions of (iii) is correct in the case, where (Q=°) is a
quasigroup. To obtain this result we define left and right
translative partitions of the quasigroup (Q°), left and right
translative subquasigroups of the quasigroup (Q*) and consider
the properties of such objects. Finally, using this notions we
characterize the solutions of (iii).

Basic definitions and theorems

DEFINITION 1 A pair (Q*) is called a groupoid, if Qis a
nonempty set and ¢ is a mapping of Qx Q into Q

If (Q °) is a groupoid, AB c Qand a e Q then we shall use
the following notations

.:<EQ | e Q (fa= a)»

=<wQ 3,, (a=a}

r Q
U= UI u Ur‘
AB={a-h: aeA DbeB),
aA= (A, Aa= Af>
LA= {aA ae

RA= (Ax: ae Q@
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DEFINITION 2. A family Mof subsets of the set Q is called the
partition of Q if it has the following properties

A*O0 for AEM
Q=W
AnB=0 for AB€MA*B

DEFINITION 3. A family Mof subsets of the set Qis called the
left translative partition of the groupoid (Q¢) if the following
conditions are satisfied

DEFINITION 4. A family Mof subsets of the set Q is called the
right translative partition of the groupoid (Q*) if condition (1)
is satisfied and

Ye & Ae MVEPe W42 C B), 2)
X‘b e Q\AQ e MA(ba) c B=> (Ab)a c B). (3)

Conditions (3) and (3’) are obviously satisfied if (Qe) is a
group. In this case it has been proved (cf. [2]) that M is a
partition of Q satisfying (2’) if there exists a subgroup H of the
group (Q+) such that M= RH
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DEFINITION 5. A groupold (Qe<) is called the quasigroup If
for each a,b e Qevery of equations ax = b, xa = b has exactly one
solution.

A quasigroup possesing the unity element is called a loop.

If (Q ¢ is a quasigroup and a e Q then A, e\ 1B al

denote elements of Q satisfying the conditions

DEFINITION 6. Let (Q<°) be a quasigroup (loop). A nonempty
subset H of Q is called the subquasigroup (subloop) of (Q ) if
for each ab e H the solutions of equations ax = b, xa = b belong
to H

DEFINITION 7. A subquasigroup H of the quasigroup (Q ) is
called left translative if

a(b(cH)) = (ab) (cH) forab,c e Q (@)

and right translative if

((Hc)b)a = (He) (ba) forab,c e Q ®)

DEFINITION 8. Let X be a nonempty set, (Q<) a groupoid. A
function F© X x Q —» X is called the solution of the translation
equation if

F(F(x,b),a) = F(x, a-b) forx e X ab e Q 6)
The functional equation (6) is called the translation equation.
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DEFINITION 9. A function FF X x Q X is called almost
transitive if

Y 6 FXQ) x 6 Xa g oF =) ¢

and transitive if
Yy e x ¥ e QF(xa) =y). ®

If a function . X x Q —» X is transitive, then it is almost
transitive. From (8) it follows, that F(XQ) = X If IF?O denotes the
set of all real numbers without zero and R, denotes the
multiplicative group of all positive real numbers then the func-
tion F: Ryx Ry — >R, defined as follows

F(x,a) = _lLafI for x € RO aeR
is the almost transitive solution of the translation equation and
it is not transitive, since F(RO, R+) = R+ *OR.

THEOREM 1 Let (Q-°) be a groupoid, X a set, M a left

translative partition of (Q+), k a function mapping X into X such
that

k(k(x)) = Kk(X) for x € X (10)

Let g be a bijection of k(X) into Mand let h be a relation defined
as follows

h@A) =g*B) « aAc B fora6 Q AB€ M
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Then h is a function defined on the family {aA ae Q Ae M and
the function F defined as follows

F(x.a) = hTagOc(x)) for x€ X aeQ

is the solution of the translation equation.

Proof. From (1), (2) and the definition of h we conclude, that
h is a function defined on the family {aA a e Q Ae M Let
x € X ab e Qbe arbitrary and let ABD € Mbe such that

gk(x)) = A @A ¢ D bAc B

Then a(A) ¢ aB and, by (3), abA) ¢ D Hence, by (2) and (1) the
inclusion aB ¢ D holds. By (10) and g’B) e k(X) we have
k(g_I(B)) = g~*(B). Using the above results we get

F(F(x,b),a) = F*h(bg(k(x))) ,aJ = F(h(bA), a)

FCg"B), a) = h|ag(k(g_1(B)))J = h(ag(g "(B)

h(@B) = h((@)A) = h((ab)g(k(x))) = F(x,ab),

which completes the proof.

By theorem 1 we are able to characterize some solutions of the
translation  equation using the left translative partitions of
(Qe). We shall show that, in the case where Q) is a
quasigroup, then each solution of the translation equation can be
characterized with the help of left translative partitions of
Q7).

LEMVA 1 Let M be a left translative partition of the groupoid

(Q¢) and let ab,c e Q AB e Mbe arbitrary. Then the following
conditions are equivalent:
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[(ab)c] Ac B (1)

(@b)(cA) ¢ B, 12
a(b(cA)) ¢ B, (13)
a[(bc)A] ¢ B (29
[a(bc)]A ¢ B (15

Proof. Let DE € M be such that
cAc D bD c E (16)

Then we have

b(cA) ¢ bD ¢ E 17

a(b(cA)) c a(bD) c aE. (18)

By (2), (3), () we deduce immediately, that the following condi-
tion

albA) c B=> (@)Ac B for ab € Q AB €M (19

holds. By (17) and (19) we obtain

(bo)A ¢ E (20)
whence
a[(bc)A] ¢ AE )

Moreover by (16) we get

(@b)(cA) ¢ (ab)D. 22
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Now we shall show the equivalency of conditions (11) - (15). By (3)
and (19) conditions (11) and (12) are equivalent. Now suppose that
condition (12) holds. From (22), (2), (1) we obtain (ab)D c B
which together with (3) gives a(bD) ¢ B Hence and from (18) we get
a(b(cA)) ¢ B ie (13 holds. From (13), (18), (2), (1) we get
aE ¢ B which together with (21) gives (14). From (19) we conclude,
that (14) implies (15). Let now condition (15 be fulfilled. Then
by (3) condition (14) holds. Hence and from (21), (2), () we get
aE ¢ B which together with (18), (19), (22) gives (12). This
completes the proof, since condition (12) is equivalent to (11).

Left translative partitions of quasigroups

LEMMA 2. If M is the left translative partition of the
quasigroup (Q, <) then the following conditions are satisfied

L q)(eM1€MaBCA (23)
fAc A for f e Ae M (24)
aAcB—»(faAc B for aeQfeU, ABe M (25
eAc A foreeUr,A€M (26)
aAcB=> *Bc A foraeQ ABe M 27
[(Ac B ac B =» A=D forae Q ABDe M (28)
Proof. Let a e QA e M b e Abearbitrary. Let c€ Q Be M

be such that ac = band c e B Then b € aB n A which means (by (1
and (2)) that aBcA Thus condition (23)is fulfilled. Now let

132



A6 M f € U be arbitrary and let a e Q be such that fa = a.
According to (23) there exists B g Msuch that aB ¢ A whence

f(aB) c fA, (falB ¢ A

Hence and from (3), (2), () we get fA ¢ A and conclude that
condition (24) is satisfied. Let f g U, a g Q A B g Mbe
arbitrary and let aA ¢ B Using (24) we get f(@A) ¢ fB ¢ B, which
together with (19) gives (fa)A ¢ B Thus condition (25) is
fulfilled. Let e g Ur, A g M be arbitrary and let Bg M a g Q be
such that

eAc B ae =a (29

Let f g U, ¢ g Q be suchthat ca = f. From (29) and (25) we get
(fe)A ¢ B, whence [(ca)e]JAc B Hence, according to lemma 1, we
obtain [c(ae)]A ¢ B, which together with (29) gives (ca)A ¢ B i.e.
fA ¢ B Using (24) and () we get A = B which together with (29)
gives (26). Assume that a g Q AB g Mare such that aA ¢ B Then

~'a(aA) c¢ "aB. (30)

By (26) we have ('a a)A = eAc A whence by (3) we get ‘'a(aA) c
A Hence and from (30), (2), () we obtain aB ¢ A Thus condition
(27) is satisfied. If aA ¢ B aD ¢ B then by (27) we have 'aB ¢ A
'‘aB ¢ D, which together with (1) gives A = D and completes the
proof.

THEOREM 2. A family M of subsets of the set Q is the left
translative partition of the quasigroup (Q*) if condition (1) is
satisfied and
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aA € M for aeQ A6 M 3D
(ab)A = a(bA) for abe Q Ae M (32)

Proof. Let Mbe a family of subsets of the set Q In virtue of
definition 3 it is obvious that M is the left translative partition
of (Qe) if conditions (1), (31), (32) are satisfied. Now assume
that conditions (1), (2), (3) are satisfied. Take arbitrary a.beQ,
Ae M By (2) we have

aAcB (33)

for some B belonging to M Let d € B be arbitrary and let c e Q
D e Mbe such that

d = ac, ceD (34)

Then by (1), (2) we have aD c¢ B whence by (33)and (28) we get D =
A Hence and from (34) we obtain d e aA which gives B ¢ aA and
consequently, by (33), B = aA Thus condition (31) is fulfilled. By
(38) we conclude that (ab)A = B for some B € M Hence and from
(3), (3) we get a(bA) = B Thus a(bA) = (ab)A, which completes
the proof.

From lemma 1 and theorem 2 we obtain the following

LEMVA 3. If M is a left translative partition of the
quasigroup (Q ) then

[(@)c)A = (ab)(cA) = a(b(cA)) = [a(bc)]A = a[(bc)A] (35)

for ab,c 6 Q Ae M
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In virtue of (35 and (32) we will often do not note the
brackets in the products of the form abA, abcA

LEMVA 4. If M is a left translative partition of the
quasigroup (Q ) then the following conditions are satisfied

fA=A for fe UF A6 M (36)
faA = aA for er1, aeqQ AEM (37
eA = A for e6ur, Ae M (38)
aA ¢ B=> g c A for a€Q ABEM (39)
abA = afbA forab€Q feU AeM (40

ca=f=ad => abA =dbA forabcdeQ Ae M 4y
*3A = a'a for a 6 Q A€M (42)
'(ab)A

blalA forabe Q A6 M (43)

Proof. Conditions (36) - (39) we obtain immediately from lemma
2 and theorem 2. From (31), (36), (38) we obtain (40). Let f e U,
a,c,d e Q be such that ca = f = ad and let b € Q be arbitrary. By
(40), (31), (38), (32) and (35) we have

chA = cfbA = c(ad)ba = [c(ad)](bA) = [(ca)d](bA) = (fd)bA

= f(dbA) = dbA,

thus condition (41) is fulfilled. Take arbitrary ab e Q Ae M By
(36), (35), (31) and (38) we have

*A = *af A= *aaa V =ea*A=a*A

J@b)A = "(abeaA = Jab)(aa *A = t(ab)(afba *A
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= _1(ab)(abb"la*1A) = "(abHabMb'V~)
= eab(b 'a) = b*alA

Thus conditions (42) and (43) are satisfied, which completes the
proof.

LEMVA 5 If M is a left translative partition of the

quasigroup (Q ) then there exists an unique H 6 Msuch that the
following conditions are satisfied

Uc H, (44)
ae A<=aH =A for aeQ AeM (45)
H is a subquasigroup of Q. (46)

Proof. Let f eU be arbitrarily fixed and let He Mbe such
that f e H Let geU be arbitrary and let AeM h e Q be such

that g 6 Aand f =hg. In virtue of theorem 2 and (36), (38) we
have

H= hA=hgA) = hgA=fA = A

whence ge H Thus condition (44) is fulfilled.

Now take arbitrary a e Q A 6 M By (44) we conclude that the
equality aH = A implies a 6 A Assume that a e A Then by (44) we
have a = ae_ e aH, which together with a € Aand (31) gives aH = A
Thus condition (45) holds. Now assume that h,g e H are arbitrary.
By (45 we get hH = H, whence we conclude that HH= Hand that the
equality hk =g holds for somek e H Let s eQ be such that
sh = g. Then sH = H, which together with (45) gives s e H From the
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above considerations we deduce that His a subquasigroup of the
quasigroup  (Q ¢). Moreover, by (44) weconclude that H is the only
subquasigroup of (Q, ) belonging to M which completes the proof.

LEMVA 6. Let H be a subquasigroup of the quasigroup (Q, ). If
H has the property

(@hH = aH for aeQ ho6H 47)
then LH is the partition of Q Moreover, if H has the property
a(bH) = (ab)H for abeQ (48)

then (47) holds.

Proof. The family LH covers the set Q and the elements of LH
are nonempty. Suppose that (47) holds and that aH n bH * o for some
a,b e Q Then ah = bg for some h,g e HHence and by (47) we get
aH = (@ah)H = (bg)H = bH. ThusLH is the partition of Q If ir (48)
b belongs to H, then bH = H since H is a subquasigroup of (Q,) .
Therefore (48) implies (47), which completes the proof.

THEOREM 3. Let (Q ) be a quasigroup. Then a family M of
subsets of the set Q is the left translative partition of (Q*)
iff there exists a left translative subquasigroup H of (Q¢) such
that M= LH

Proof. Let H be a left translative partition of (Q=°). In
virtue of lemma 5 there exists a subquasigroup H of (Q¢) such
that M= LH. Hence and from lemma 3 we get a(b(cH)) = (ab)(cH) for
a,b,c e Q which means, that H is a left translative subquasigroup
of (Q ). Conversely, suppose that H is a left translative
subquasigroup of the quasigroup (Q<). Putting h e H in place of ¢
in 6) we get a(bH) = (ab)H. Concequently, by lemma 6, LH is a
partition of Q satisfying (31). Moreover, it follows immediately
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from (5) that condition (32) is satisfied for LH Thus, in virtue
of theorem 2, LH is a left translative partition of (Q <), which
completes the proof.

For the relation pc Q x Q we shall use the following notation

X=y6Q ypx for X 6 Q
Qp=<x: xe &

THEOREM 4. Let (Q ) be a quasigroup, Mc 2°. Then Mis the
left translative partition of (Q=°) iff the relation pc Qx Q
defined as follows

XPy<=>"e MxyeA (49

is an equivalency such that the following conditions are satisfied

M= Q/p, (SO)
X p ex for XxeX eeU, (1)
X py=> (ab)x p a(by) lor x,y,a,b 6 Q (52)

Proof. Suppose that Mc 2° and that the relation p defined by
(49) is an equivalence relation such that conditions (50) - (52)
are satisfied. Then M is a partition of Q From x p X, using (52),
(51) and the transitivity of p we obtain sequently

(‘aa)x p ’a(ax),

eaX p A(aX),

X p *a(ax) for x,ae Q (53
and
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(aea)x p a(eax),

ax p a(eax) for x,a € Q (54)
Let us observe now that the following condition
Xpy=*ax p ay for x,y,a e Q (55)

holds true. Take arbitrary x,y,a e Q If xpy then from (52) we
obtain (aea)x p a(eay), which together with (54) and the
transitivity of p gives ax p ay. If axpay then from the above we
get ‘'a(ax) p ‘a(ay), which together with (53) and the
transitivity of p gives xpy. Thus condition (55) is fulfilled.

Let x,a e O be arbitrary. If z e [x], then z p x and from [55]
we have az p ax, whence we conclude that a[x] ¢ [ax]. If y e [ax]
and z 6 0 is such that y = az, then az p ax. Hence, by (55), we get
z p X e z € [x] and consequently [ax] ¢ a[x]. Thus we have
shown that the following condition is satisfied

a[x] = [ax] for ax e Q (56)

This means, that for M condition (31) if fulfilled. By (52) and the
reflexivity of p we get

f(ab)x] = [a(bx)] for abx e Q
Hence and from (56) we get

(@b)[x] = a(b[x]) for abx e Q
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thus for M condition (32) is satisfied. From the above
considerations and theorem 2 we conclude that M is the left
translative partition of (Q+), which completes the first part of
the proof. Now assume that M is a left translative partition of
(0,%), Then p is an equivalence relation and M=Q/p. Hence and
from (31), (32), (38) we get

a[x] = [ax]. (ah)Ixl = a(b[x]), elxl = Ix]

for abx e Q e e Ur, whence we conclude that conditions (51),
(52) are satisfied, which completes the proof.

It is easy to see that for the right translative partitions
and right translative subquasigroups of the quasigroup (Q °)
lemmas corresponding to lemmas 1 -6 and theorems corresponding to
theorems 2 -4 are true. In particular theorem 5 and lemma 7 given
below are true.

THEOREM 5. A family M of subsets of the set Q is a right
translative partition of the quasigroup ((?,4) iff there exists a
right translative subquasigroup H of the quasigroup (0,*) such
that M= RH

LEMMA 7. If H is a right translative partition of the
quasigroup (0.*) then the following conditions are fulfilled

H[a(bc)] = (Ha)(bc) = ((Ha)b)c = H[(ab)c] = [H(ab)]c (57
for a,b,c e 0,
(Ha)b'l = (Ha)(_1b) for ab e Q (58)

(Ha)(b_Ic I) = (HaHcbfl for ab,c e Q (59)
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(Ha)u = Ha foraeQ u&¢uy, (60)
UcH (61

Now we shall present some examples of quasigroups which will
illustrate objects defined so far.
EXAVPLE 1 Q= <1,2,34,5} and < is defined as follows

12345
112345
221453
334521
445132
553214

(0,0 is the loop, H:= {12} is the subloop of (Q¢) and neither of
families LH, RH is the partition of Q
EXAMPLE 2. Q= <1,2,3,45,6,7,8} and + is defined as follows

123456738
1123456738
221567834
334218756
443781265
556432187
665873412
778654321
887126543

Q=) is the loopwith the unit 1, H= {12} isthe subloop of
((?,e). LH is the partition of Q RH is not the partition of Q
Condition (32) is not satisfied for the family LH since {34} e LH
and (3-3K3-4} = {56} * {34} = 3(3{34}).

It is easy to observe that condition' (31) issatisfied. Hence
and from He LH 1e H we deduce that x(yH) €LH xy € (xy)H,
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Xy 6 x(yH) for x,y e Q whence, because LH is the partition of Q we

get (xy)H = x(yH) for xy e Q
EXAVPLE 3. Q= {1,2,3/4,5,6} and < is defined as follows

COURWN
RWOUINRE
WRUTO = NN
N hwooiw
RNWRrOIO A~
OOUIN = P~WO
O RNWAD

Hl::{1,2>2 H :={34}, I—g::{5,6) are  subquasigroups  of  the
quasigroup (0.*), 3 < 37, thus condition

a € aH" for ae Q

iIs not satisfied. Moreover LI—|1 = LI—|2 = LI—& = <I—|1 J—I |—|3> whence,
by lemma 5 we conclude that LHj (i = 123) is not the left
translative partition of (Q *).

EXAVPLE 4. Q= {1,2,3,4,5,6), * is defined as follows

123456
1124536
2213645
3346251
4435162
5651324
6562413

H={12) is a subquasigroup of the quasigroup (Q*), LH is the
partition of Q and H is the only subquasigroup belonging to LH.
Moreover 3(4H) = {26} & LH thus condition (31) is not satisfied
for LH It is easy to observe, that U1 = {1,2,3,6}, Ur = {12}
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EXAMPLE 5. Q:={l,2,3,4,5,6,a,b,c,d,e,f> and is defined as
follows

la5e2b4d3c6o6f
l1l1a5e2b4d3cobf
aaleb5b2d4c3f6
55elaf63cd42hb
eeb5al6efc34db?2
22bd43cfb6albe
bb24dc36f laeb
44db2eb5alf6c3
dd42b5elab6f3c
33cf6aleb52b4d
cc36fiabeb2d4
66 f3cd4dd2b5e la
ffe6c3d4db2e5al

H:={l,a5e> is the left translative subquasigroup of the
quasigroup (Q,¢). The proof of this fact is very cumbersome and
therefore we omit it. Since (d6)e = 6 * f - d(6f) thus (Q%*) is
not the group.

The translation equation.

In this part X denotes an arbitrary nonempty set, (0,*) an
arbitrary quasigroup.

THEOREM 6. |If a function . Xx Q -—» X is the solution of the
translation equation and f e Q then the relation t ¢ X x X defined
as follows

Xty <:*-§ 6y (F(y,a) = F(x,) for x,y e X (62)

iIs an equivalence relation and the following conditions are satis-
fied

F(z,a) x X for x e X z e {X], aeQ (63)
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FI, is the -almost transitive solution of the translation
tX]xQ

equation, (64)

F= u F (65)
xe X [X] x Q

Proof. Let ©F X x Q —> X be a solution of the translation
equation, let f e Q be arbitrarily fixed and let x ¢ X x X be the
relation defined by (62). Condition (65) is satisfied. By the
equality F(x,f) = F(x,f) we .obtain the reflexivity of the relation
X. Let F(y,a) = F(x,f) and let b e Q be such that ba = f. Then by
(7) we have

F(y,f) = F(y,ba) = F(F(y,a),b) = F(F(x,f),b) = F(x,bf),

whence we obtain the symmetricity of the relation x. If F(y,a) =
F(x,f), F(z,b) = F(y,f) and ¢ e Q is such that cf = a then by (7)
we have

Fxf) = Fya = Fycf) = FFyhHc) = FFzb)c)
= F(z,cb),

whence we obtain the transitivity of the relation x. Thus we have
shown that x is an equivalence relation. Now let x e X z e [X],
a e Q be arbitrary and let b,c e Q be such that F(z,b) = F(x,f)
and ca = b. We have

F(x,f) = F(z,b) = F(z,ca) = F(F(z,a),c),

thus condition (63) is satisfied. From (63) we get F([x],Q) ¢ [X]
for x 6 X Hence and from (7) we conclude that Fl[xeQ is the
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solution of the translation equation. Let x € X ye F(x],Q),
z e [X] be arbitrary. Then y = F(t,a) for some t e [x], a e Qand
F(z,b) = F(x,f) = F(t,c) for some b,c e Q Let d e Q be such that
a = dc. We have

y = F(t.a) = F(t,dc) = F(F(t,c),d) = F(F(z,b),d) = F(z,kb).

Hence and by (63) we deduce that I[X]XQ s an a’most transitive
function, which completes the proof.

LEMVA 8. Let FF X x Q —>X be a solution of the translation
equation. Then the following conditions are satisfied

F(x,(ab)c) = F(xa(bc)) for xe X abe Q (66)
FXQ = F(X/(a>) for ae Q (67)
Fiyf) =y for yeRXQ), feU, (68)
F(x.fa) = F(x,a) for xeX aeQfeUf (69
F(x,a(fb)) = F(xab) for xeX abeQ feU, (70

ca =f =ad => F(x,cb) = F(x,db)

for x e X ab,c,d e Q (7D
F(x,af) = F(x,a) forxe X aeQ fe (72)
F(x,f) = F(x,e) for xe X efe U (73)

F(x,_1a) = F(x,a_) for xe X ae Q (74)
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F(x,~I(ab)) = F(x,b"la_1) for x € X, ab e Q (75)

Proof. Take arbitrary x € X y 6 FXQ), ab,c,d € Q f e
e € Ur. Using (7) we get

F(x,(ab)c) = F(F(x.c).ab) = F(F(F(x,c),b),a) = F(F(x,bc)a)
= F(x,a(bc)),

thus condition (66) is satisfied. In virtue of (66) we shall often
write F(x,abc) instead of F(x,a(bc)) and F(x,(ab)c) in the case
where F is the solution of the translation equation. Suppose now
that the equality y = F(z,k) holds true for some z € X k e Q Let
p e 0 be such that ap = d. By (7) we have

y = FzK) = F(x.ap) = F(F(x,p).a),
whence y e F(X{a>). Hence and from the obvious inclusion F(X{a>)

¢ F(XQ) ¢ F(XQ) we obtain (67). Let k e Q be such that fk = k By
(67) there exists z € X such that y = F(z,k) and we get

y = F(z,k) = F(z,fk) = F(F(z,k),f) = F(y, ).
Thus condition (68) is satisfied. Hence and from (7) we have
F(x,fa) = F(F(x,a),f) = F(x,a),

whence we obtain (69). From (69) we immediately obtain (70). Now

assume that the equalities ca = f = ad hold. Using (70), (66), (69)
we get
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F(x,cb) = F(x,cfb) = F(x,c(ad)b) = F(x,(ca)db) = F(x,fdb)
=F(x,db),

thus condition (71) holds. Let k,p e Q be such that ka=f=ap.
From (71) we get

F(xkm) = F(x,pm) for me Q
whence
F(x,ka) = F(x,pa).
Hence and from (66), (7), (69) we obtain
F(xaf) = F(xaka) = F(F(xka),a) = F(F(x,pa),a)
= F(xapa) = F(x,fa) = F(x,a),

thus (72) holds. Let kp e Q be such that pe = p, kp = f. Then by
(69) we obtain

F(x,e) = F(x,fe) = F(x,kpe) = F(x,kp) = F(x,f).
Thus we have shown that the following condition is satisfied
F(x,f) = F(x,e) for f € Ul, ee Ur.
Hence, since the sets Ul, Ur are nonempty we get (73). By (72),

(66), (73), (68) and in virtue of the definitions of the symbols
“"a, a', f,e we get
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F(x, 'a) = F(x, ‘afg) = F(x, ‘asa ) = Flxez )
= F(F(x, '), e,) = F(F(xa_1), f ) = F(x.a"),

thus condition (74) holds.
By (66), (70), (73) we obtain

F(x,(ab)(b"a'*)) = f(x,f) for x e X abe Q f6 U
Hence and from (72), (7), (66), (73), (68) we get

F(x, ™(ab)) = F(x, ~(ab)f) = F(F(x.f), "“(ab))

F(F(x, (ab)(b™a™)), "(ab))

F(x, ‘(ab)(@b)(b ‘a “)) = F(x, e K ‘a )

F(F(x, b™a_1), e ) = F(F(x, b"a~), f)

F(x, b-1a_l),
which completes the proof.

For the function FXx Q —» X f 6 U we shall use the
following notation

Qxy:: (@ae Q F(ya = FxpH> for Xy e X (76)

Let us note that for the transitive solution of the
translation equation (74) holds and F(X,Q) = X Thus in this case

QXy ={ae QF(ya) =x for Xy e X
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LEMMA 9. If F: X x Q x Is a solution of the translation
equation then the following conditions are satisfied

By = Ly %@ = Qe for xy e X a€Q (77)
aQ, =0 =Q.a foraeQ ., xy6X (78)
Q, is a left and right translative subquasigroup of (79)

Q) for every x e X
Proof. Let us note, that conditions

F(x,a) = F(y,b), (80)
F(x,ca) = F(y,cb) 8y
are equivalent for x e X ab,c e Q Indeed, from (80) we
immediately obtain (81). If we assume that (81) holds true then by

(68), (73) and 7 we get

F(x,a) = F(x,fca) = F(F(x,a),fc) = F(F(x,a), ec) = F(x,ec,a)

F(x, 'oca) = F(F(x,ca), ~c) = F(F(y,cb), ‘¢

F(y, _ccb) = F(y.e b) - F(F(y.b).e)

F(F(y.b), T) = F(y.b).

Thus we have shown that conditions (81), (80) are equivalent.
Since conditions (80), (81) are equivalent, thus by (69) and
(72), (73) it follows that conditions
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F(y.b) = F(x,f), F(y.ab) = F(x.fa) = F(F(x,a), f)

are equivalent for x,y e X ab € Q f e U Hence and by (76) we
obtain the egivalency of conditions

be Qxy’ ab 6 QF(M)y
for x,y € X a,b € Q Hence
aQXy = QF(X’a)y for xy € X aeQ
From (72) and (7) we obtain the equivalency of conditions
F(x,b) = F(y,f), F(F(x, a'), ba) = F(y,f)
for x,y e X ab e Q which gives the equivalency of conditions

be ny, ba € Qyle.a'i\?

and consequently the equality

nya = QyFIx.a_I)

for xy e X a 6 Q Thus we have shown that condition (77) holds.
Analogously one can show the equivalency of conditions

F(y,a) = F(x,f), F(y,a) = FCFix.t).f),

and the equivalency of conditions
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F(y.a) = F(x,f), F(F(y,f),a) = F(x,f).

Hence immediately we obtain the equivalency of conditions

a6 Q, 36 Qi ny

and the equivalency of conditions

ao Qxy, ae OxF(y,f)

Hence and from (77) we get

OE'(xf)y for xyeQ f6U. (82

QxF(y f) xy

Let now a e Q(y, i.e. F(y,a) = F(x,f). Thus we have

Qpy = %y = Funy ~Ox
and
Qxxa = xF(xa ) Q<F(y f) Q<y’

which completes the proof of (78). By (73) the set Q is nonempty
for x € X From (78) we get

:QO( :(go(a for a€q<x,

whence we conclude that QXX QXX = QXX and that for each ab e Q<x
the solutions of equations ax = b, ya = b belong to QXX. Thus QXX
is a subquasigroup of (Q ). By (77), (7) and (66) we obtain

151



a(b(cQxy)) = a(bQF(xc)y) - aQF(xbc)y - QF(x>a(bc))y

AFE(x,(ab)c)y " ~F(F<x,c),ab)y " ~“MFlix.cly
= (@) (Q,)

Similarly, by (77), (7), (74), (75), we get

((Oxyc)b)a - QxF(y, a iliic'ls - Q(F(F(y,c'i), a'ib'L)
= Qrtrty.e Weoar ™ = Zrry.e (0
= @, 0)ba)

From the above considerations and in virtue of definition 7 we
conclude  that OXX is a left and right subquasigroup of (Q ),
which completes the proof.

COROLLARY 1 If F X x Q —>X is an almost transitive
solution of the translation equation then the following conditions

LQyy =Q, Xg FXQ> = QX 6% 83
RQy = yx© X GFXQ>=Qy xGX, (84)
LQW is the left translative partition of (Q °), (85)
RQ is the right translative partition of (Q °). (86)

are satisfied for every y e X
Proof. Let y e X be arbitrary, fixed. In virtue of theorems 3,
5 and by the condition (79) of lemma 9 we immediately obtain (85)
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and (86). F is an almost transitive function, thus F(x,f) = F(y,a)
for some a € Q ie. QXy * 0. Hence and from (78) we get
<Q(y: XeXc Lny. Moreover by (77) we have
Lny c {Q(y: x € F(XQ)> ¢ <Q(y: X 6 X). Thus we have shown that
condition (83) is satisfied. The proof of (84) is analogous.

If His a subquasigroup of (Q ) then it is obvious that

hH = H = Hh for h6 H (87)

whence we conclude that H € LH and H € RH We will use this
property in the proofs of the next two lemmas.

LEMMA 10. If H is a left translative subquasigroup of (Q )
then the function F. LH x Q — >LH defined as follows

F(aH, b) = (ba)H for ab 6 Q (88)

is a transitive solution of the translation equation and qﬂ =H
Proof. Let a,b,c e Q be arbitrary and let d e Q be such that
da = b. In virtue of theorem 3 and lemmas 3, 5 we get

F(F(cH,b),a) = F((bc)H,a) = [a(bc)]H = [(ab)c]H = F(cH, ab),
F(aH,d) = (da)H = bH,

thus F is a transitive solution of the translation equation.
H is a subquasigroup of (Q ), thus

aH=H«>a €H for aeQ (89)
By (36), (87), (32) we get

F(Ha) = F(fH, a) = (af)H = a(fH) = aH
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for a6Q f €U whence FHf) =fH =H for f e U Thus for
a e 0 the equality F(H,a) = FH,\) holds if and only if aH = H
Hence, by (89) and (76) we get QH = H, which completes the proof.

LEMVA 11 If H is a right translative subquasigroup of (Q )
then the function F RH x Q — >RH defined as follows

F(Ha, b):= H(ab") for ab €Q (90)
is a transitive solution of the translation equation and Qm =H

Proof. In virtue of theorem 5 the family RH is the right

translative  partition of (Q-°). By (57) and (87) we immediately
obtain

(Ha)b = H(ab) for abeQ 91

Let a,b,c e Q be arbitrary and let d € Q be such that ad = b. Using
(90), (57), (59), (91) we have

F(F(Hc,b)a) = F(H(cb 1),a) = H[(cb "Ma']] = (HcKb'V])
= (HcKabfl = Hc(ab)~1] = F(Hc, ab).

By (90), (91), (60), (57) we obtain

F(Ha,dj = H[a(dj 1= (H)@D = [(Ha)fd)(d_l)_l

[(Ha)(dd D] D) = < HKadMAXd'D)

1
imadJUd~d) | = [H@d)f {1 = Had) = Ho
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Thus F is a transitive solution of the translation equation. H is a
subquasigroup of (Q, ) thus

Ho=H<>ae H for aeQ 92
Using the equality aa 1=f and (61) we get

abH«=*aleH for a6Q (93)
and consequently

feH«wef'le H for fe U (99)
Moreover by (92), (91), (61) we obtain

F(H,a) = F(Hf,a) = H(fa ) = Ha'l (95)
for a e 0. f e U Hence and from (61), (94), 92) we get

F(H,f) = Hf1=H for fe U (96)

Let a e Q f 6 U be arbitrary. Using (76), (95), (96), (92), (93)
we obtain

ae q_H F(H,a) = F(H,f) <=* Ha'l=H«=a"le H*=» a e H

whence QFH = H. This completes the proof.

By lemma 9 we know that if a function FF X x Q —> X is the
solution of the translation equation then every set x e X is
the left and right translative subquasigroup of (0,*). Hence and
from lemmas 10 and 12 we obtain the following.
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THEOREM 7. Let H ¢ Q Then. H is a left translative
subquasigroup of (Qe) iff H is a right translative subquasigroup
of AQ*).

In virtue of theorem 7 we accept the following.

DEFINITION 10. A subquasigroup H of (Q=*) is called the
translative subquasigroup of (Q-<) iff one of conditions (5), (6)
is satisfied.

THEOREM 8. A function FF X x Q —>X is an almost transitive
solution of the translation equation iff there exist a translative
subquasigroup H of (Q *) and functions k X—>X ¢ k(X) —>LH
such that the following conditions are satisfied

k(k(x)) = k(x) for xe X 97
g is an one-to-one mapping of k(X) onto LH, (98)
F(x,a) = g'L(ag(k(x))) for xeX aeQ (99)

Proof. Let H be a translative subquasigroup of (Q,*), let for
functions k,g conditions (97), (98) be satisfied and iet F be a
function defined by (99). Then LH is a left translative partition
of (Q+) and by theorem 1 we conclude that F is a solution of the
translation equation (it is easy to see that the function h from
theorem 1 coincides with g 1). Let y e F(XQ), x e X be arbitrary
and let z e X a,b,c e Q be such that

y = F(z,0), gk(x)) = aH, g(k(2)) = bH.
Then by (99), (32), (38), (35) we have

156



y = F(z,c) = g"1(cg(k(z))) = g "clbH)) = g ~(cbJH)

= g (cb)(e,H) = g 1(cb) f "aalH]

g"1 <|(cb)a 'l(aH) > = g~‘[<(cb) ""a > g(k(X))]

F(x,(cb) -1a),

which means thet F is an almost transitive function. This completes
the first part of the proof. Now assume that F. X x Q —» X is an
almost transitive solution of the translation equation and that
y 6 X f e U are arbitrary, fixed. We put

H:= ny

k(x):= F(x,f) forx € X
g(x):= (;y for x e k(X).

In virtue of lemma 9 andtheorem 7we conclude that H is a
translative subquasigroup of (Q¢). From (67), (68) it follows that
the equality F(XQ) = Kk(X) holds and that for the function k
condition (97) is fulfilled. From(83) we obtain the equality
(Qxy: Xe X = Lny. Hence and by the definition of the function
g it follows that g maps k(X) onto LQ . Let x,z 6 k(X) and let
g(xX) = g(z). Then Q(y :29 and fora e QXy we get F(y,a) =
F(x,f) = F(z,f). Hence and from (68) we obtain x = z, which means
that g is an one-to-one function. Finally, by (77), (72) we get

9'Uagk(x))) = g"l(ag(F(x.f))) = g-1(aQF* fy)

= 8""(F(,.r)v) = F(x’a)

for x € X a 6 Q which completes the proof.
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COROLLARY 2. A function FX x Q —» X is a transitive solution
of the translation equation iff there exist a translative subquasi-
group Hof (Q*) and a bijection g of X onto LH such that

F(x,a) = g’Magtx)) for x6X aeQ (100)

Proof. Assume that F. X x Q — >Xis a transitive solution of
the translation equation. Then F(X,Q) = X and by theorem 8 there
exist a translative subquasigroup H of (Q), function k X —> X

and a bijection g of k(X) onto LH such that F is of the form (99).
Hence and from (68), (36) we get

x = F(x.f) = gl (fa(k(x))) = g"(9(k(x))) = k(x) (101)

for x e X Hence we conclude that k(X) = X and therefore g is a
bijection of X onto LH and F is of the form (100). Now suppose that
H is a translative subquasigroup of (Q<), g is a bijection of X
onto LH and that F is of the form (100). For x e X f e U we have

x =9'0() = g-'(fag(x)) = F(x,f),
whence X = F(XQ). Thus, since in virtue of theorem 8 F is an

almost transitive solution of the translation equation we conclude
that F is a transitive function, which completes the proof.
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