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The stability of the functional equation
fix) +h(y) + T.fi(<Pi(x) + Yiiy)) =0
° /=1

Dedicated to Professor Zenon Moszner with best wishes on his
60-th birthday

L. Szekelyhidi has proved in [6] the stability of the functio-
nal equation

n+1
00 + 1 e (<00 + ) = O

i=i

where f maps an Abelian group (G, +) into the field C of all
complex numbers and < p : G —» G are homomorphisms for i = ],
2, ... . n+1

Let Q be a field of rational numbers. Let H be a linear space
over Q

In the present paper we are going to prove the stability of the
functional equation

n+l

00+ 1) +y FiE500 +RO) =0

where 9, N are isomorphisms of H onto itself
and
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f :G—>U, i=Q 1l....n+1

h:G—>U

are unkown functions and (U, I-ll) is a Banach space.
Theorem below may, in particular, be applied to the following
functional equations:

f 0(x) + h(y) = fl x +y) (of Pexider),
f(xX) +hy) =f (X *m-) (of Jensen-Pexider)
f () +hy) =fx+y) +f(x-y)

and

f(X) +hly) =fax+by+¢ (of quadratic functionals
"pexiderized")

Therefore, among others, we obtain a joint generalization of seve-
ral ealier stability results. Let us mention here some of them.
The stability of the equation of quadratic functionals:

2f(x) + 2f(y) = f(x +y) +f(x - y)

has been proved by P. Cholewa in [2].
The stability of the Pexider functional equation

fg9) + h@) = fx +Y)

was established by K Nikodem in 15], whereas D.H. Hyers [3] showed
the stability of the Jensen functional equation
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w* +y* o f(x) + f(y)
2 "} 2

\Y

For any function f mapping a group (G, +) into a certain linear
space we put;

fx) =f(x +1) - f(X), X, t e G

and
Ag f(x) = Ap 1f(x +1) - Aplf(x), x,t 6 G

DEFINITION 1 Let (G,+) be a group and let (U, II-ll) be a nor-
med linear space. A function f: G—>U is called polynomial of de-
gree at most n iff

A* f(x) =0 for all x, t e G

In the whole of the paper we assume that e is a given nonnegative
real number.

DEFINITION 2. Let (G, +) be an Abelian group, let (U, II-Il) be
a real normed linear space and let n be a nonnegative integer.
A function f. G-—»U is called ¢ - approximately of degree at most
n iff there exist functions f: G »U i =1 n+l, a func-
tion g G x G —>U such that llg (x, y)Il £ e and homomorphisms f ,
ipl: G — >G such that

NG) ¢ ipdG)  for 1 =1 2. n+l

and the equation
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n+l
g(xy) + 1) + [ F( () +7~(y) =0

i=i
holds for all x, ye G

DEFINITION 3. Let (G+) be an Abelian group, let (U, Il-ll) be a
normed linear space, and let n be a nonnegative integer. A function
f. G —>U is called c - approximately polynomial of degree at
most n iff there exist a function g: Gx G—>U such that
lig (x,y)l £ ¢ and the equation

gxy) +a"#f(x) =0

holds for all x, y e G

LEMMA 1 Let (G, +) be a linear space over Q let (U, ll«ll) be
a normed linear space, and let n be a nonnegative integer. If a
function f: G —>U is ¢ - approximately of degree at most n, then
f is 2ntl e - approximately polynomial of degree at most n. Conver-
sely, if a function f: G — >U is ¢ - approximately polynomial of
degree at most n, then f is ¢ - approximately of degree at most n.

Proof. Let f be e - approximately polynomial of degree at most
n. Hence

g y) + A f(x) =g(xy)

n+1

+£ (1) (M) f(x + (ntl-i)y) =0
170

and
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Conversely, let f be e - approximately of degree at most n. We
shall first show that for any e - approximately of degree at most n
function f, the function f is 2e - approximately of degree at
most n - 1 Since (¥ and ip are homomorphisms and Rg < ¢ RjW" for
every t e G we can find an s e G such that
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which means that f is e - approximately of degree at most n. Hence
f is 2nl c polynomial of degree at most n, i = 1 2,
and the proof is completed.

LEMMA 3. Let (G, +) be a linear space over Q let (U, II-I) be
a normed linear space and let n be a nonnegative integer. Let <9,
NG —»G =l . 1, be automorphisms such that

..... n+l,

assume that there exists a ¢ e Qsuch that cy + is an automor-
phism of Gfor i =1,.. ntL

If functions h, f : G ----- »U (I = 01....... n+l) satisfy the
inequality

178



Proof. Let ce Q and cg +$ be isomorphisms of G for
= 12... n+l. Substituting utcy instead of x in (2), we obtain
the following inequality

We shall show, that the assumptions of Lemma 2 are satisfied in

this case. In fact, for i * j and i,j = 1,...., i+l we have

whereas for j =0 and i =1 __ ntl we have

COROLLARY 1 Let (G,+) be a linear space over Q let (U, 110
be a normed linear space, and let n be a nonnegative integer. Let

PLag(6 Q- < 1 = 1. . ml, be such that p( for
i*jandi,j =1 ... L
If functions h, f( : G --—--- » U, i = L. m+l satisfy the inequa-

lity



for every x, y e G then

THEOREM Let (G,+) be a linear space over Q let (U, 1I-1) be a
Banach space and let n be a nonnegative integer.

If functions h, f : G —->U i = 01 ... ml satisfy the
inequality
for every x, y € G where ipf, : G—>G are automorhisms of G

i=1... n1, such that

and

(i) there exists a c e Qsuch that c <% + ipJ are automoi—
phisms of Gfor j = 1... n,

then there exist polynomial functions v, i =0 1. n+l
such that

and
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Thus for all x e G the theorem has been proved.

| would like express my gratitude to Prof. R Ger for his help in
writing of this paper.
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