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Hyers stability of the linear differential equation

Dedicated to Professor Zenon Moszner with best wishes on his 

60-th birthday

Let us consider the differential equation

x’ = f(t,x), (t,x) 6 D R2. (R)

2
(D is open, connected subset of R , f : D --- > R is continuous).

DEFINITION 1. We call the ô-approximate solution o f  (R) any 

function <p defined on an interval I such that

(i) (t,y>(t )) 6  D fo r  all t e l ,

(ii) <p is differentiable on I,

(iii) |<p’(t) - f(t,^(t))| ^ 5 for all t e l .

Following Hyers [1] one can define the stability of equation (R) as 

follows

DEFINITION 2. Equation (R) is stable in sense o f Hyers i f  and 

only i f  fo r  each positive number e there exists a positive number S 

such that fo r  every <p and x, i f  <p is a 8-approximate solution o f 

(R) defined on I, and x is a solution o f  (R) defined on I, and for  

some x e I

<pi t) = x(r),
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then

|#>(t) - x(t)| s c for all t e l .

We will consider the problem of stability of the linear 

differential equation

x’(t) + g(t)x(t) = p(t), (R’)

where p and g are continuous real functions defined on an interval 

I. Up to our best knowledge the present paper is the first where 

the Hyers stability is studied for differential equations.

We will start with the following

THEOREM 1. Let I c R be a bounded interval. Suppose that

J" I g(t) I dt < oo.
i

Then the equation (R’) is stable in sense o f Hyers.

Proof. Let us take x e I, x € IR. The solution x of equation 

(R’) satisfying condition

x(x) = X °

is given by the formula

Let us take a positive number 8. Let <p be a ô-approximate solution 

of (R’) defined on I such that
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<p(r) = x .

We define a function A: I --- > R by the formula

Let s be an arbitrary point of I. Multiplying both sides of 

equality
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For each t 6 I we have
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THEOREM 2. Let I denote the interval [A,+oo). Suppose that 

there exist C > 0 and T ł A such that

Under the above assumptions the equation (R’) is stable in sense o f 

Hyers.

Proof. Let us take a positive number <5. Let <p be a 

5-approximate solution of (R’l defined on 1, let x be a solution of 

(R’) defined on I. Suppose that

<p(t) = x(t) for some x e I.

We define a function A: 1 — > R by the formula

Similary, as in the proof of theorem 1, we obtain, that for t e I
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We define a continuous function G: [A;+co)x[A;T] — > IR given by the 

formula

(6 )

If i  T the above inequality holds. Suppse t  > T. In this case it 

follows from (4) that

Hence

(7)
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It follows from (4) that for every (t,s) such that T s s s t the 

inequality

(8)

Let <p be a. ô-approximate solution of (R’) and x be a solution of 

(R’). Suppose that for some r  e I
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For every t e l  we have

This ends the proof.

THEOREM 3. Let I denote an interval [A;+œ). Suppose that there 

exists a positive number T £ A such that

(9)

Under the above assumptions the equation (R’) is not stable in 

sense o f Hyers.

Proof. Let us take a positive number ô, x e I, x° e IR. We 

define the function <px by the for'”'*la

It is easy to see that <ps is a S-approximate solution of (R’) and
O

The solution x of (R’) satisfying the condition
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and
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