APOLONIUSZ TYSZKA

On the notion of a geometrie object in a KJein space

Dedicated to Professor Zenon Moszner with best wishes on his
60-th birthday

ABSTRACT. Let G be a group and let Mbe an object of the topos
G-Set. Let (C) denotee the following condition: X is isomorphic to
some subobject of one eof the objects M, = nTimes We prove
the main result that (C) holds is and only if card X < sup{card
I\/A:NelN = *M) and {GeG: VirteM gmem} £ {geG: VxeG. AxeX gx=x}. If G
is infinite then T(G) denote the least cardinal number a for which
the power of the set of homomorphism of G into the group of
bijections of the set of the power a is greater than the power of
G If G is finite thenwe put T(G)=0. Wk prove that under the
assumption r(G) < *M) if (C) holds for all X of the power less
than x(M) then {geG: VimeM gm=m} = {e}. In the paper we formulate
the above theorems in the language of Klein’s geometry.

E.J. Jasinska and MKucharzewski ([2], [3]), in their attempt
to formulate the notion of geometry in Klein’s sense more
precisely, defined a Klein space as a triplet (M,G,[f), where M is
an arbitrary non-empty set (called a fibre), (G.e) is a group and
f defines an operation of the group G on the set M namely
f:MxG—»M
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Vx € Mf(xe) = x, @

Vxe MVgt goe G ftfu.gh.gn = ttx.gn), @
which is effective, i.e.

Vg€G(Vxe Mf(Xx,g) =X) g =e).

They called a triplet (X,G,F), where X is an arbitrary non-empty
set and F defines an operation of the group G on the set X a
geometric object of the Klein space (M,G,f). This definition gives
rise to two reservations.

1) There is no "a priori” connection between the fibre of an
object X and the fibre of a Klein space, as well as between the
operation f of the group G on Mand the operation F of this group
on X

2) The role played by the effectivity assumption is not
clearly seen.

In order to solve the first problem B Szocinski proposed in [5]
some modification, namely a restricted definition of a geometric
object.

That definition allowed finallyto settle a connection between the
fibre of a Klein space and the fibre of its geometric object as
well as between the operations of the group on those fibres. This
connection is  established in Theorem 1 ofthe present paper.
Theorem 2 explains the role of the effectivity assumption in the
definition of a Klein space. The results contained in these
theorems can be expressed in terms of notions of the topoi theory

(power object, subobject). As an introductionto the topoi theory
we may serve a book 111.
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Let us recall the terminology of the paper [5].

By an abstract débject we mean the triplet (M,Gf), where (G,-,e) is
a group and f: Mx G—»Mis a function satisfying (1) and (2).

If the operation f is effective, then the triplet (M,G,)) is called
a Klein space.

Two abstract objects (MAG.f), (M ,G,f ) eme called equivalent if
there exists a bijective h: - » M which satisfies the
following condition:

VmeMVgeG Mhiml.g) = Mf"m.qg)).

An abstract object (S,G,I), where I(s,g) :=s for any se S, ge G
is called a scalar.

If (M,Gf) is an abstract object;, Mc M M+ 0, and f(m,g) e M for
each m € Mand g ¢ G (in this case the set M is called an
invariant) then the triplet (M,G[f), where f = f|~x;, is an
abstract object. This object is called a partial object of the
abstract object (M,G,f) determined by an invariant subset M

Let (X,Gf) be a given abstract object. We denote by P(X) the
family of all subsets of the fibre of this object.

The transformation:

F*: P(X) x G — » P(X),

given by the formula

F*(Ag) = F(Ag) = <F(Xx0) : X 6 A

is obviously an operation of the group G on the set P(X) where as
the triplet (P(X),GF*) is an abstract object. The standard
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geometrie object of rank k of Klein space (M,Gf) is an abstract
object (QdXM),G,f49 (k s IN defined by the following conditions:

a) for k = 1 this object is the object of all subsets of the
fibre of the Klein space (M,G)) i.e.

ndUM = P(M) and f<o = f\

b) the object (film)(M),G,f(mL) is the object of all
subsets of the fibre of the object (n<)(M),G,f(m) i.e.

n<m)M) = P(Qi(M) and flmi> = (fanV/.

The abstract object (X,GF) which is equivalent to some partial
object of a standardgeometric object is called thegeometric
object of the Klein space (M,G,f).

The following Theorem 1 strengthens the conclusion of the paper [6]
in which it was showed that for the Klein space (M,G[f) the scalar
(MG,I) is its geometric object.

THEOREM 1 1f(M,G,f) is a Klein space, (X,GF) an abstract
object, card X < x(M = sup {card M card card
0“{M),..>, then (X,GF) is the geometric object of (M,G).

Proof. Let us denote by Ord the class of ordinals numbers. We
fix S e Ord such that : card M= card S. It is easy to check that
using the effectivity 2of f for any wellordering (my)w_ . of M the
transitive fibre* of fi (M) determined by

*)Without effectivity of f we <can prove that the
non-effectivity group of this fibre is equal to the non-effectivity
group of the object (M,Gf) (it is obvious that this group include
the non-effectivity }group of the object (M,G)f)).
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l<xmy : y <R >:0 s B s &| 6 £izm)

is equivalent to the object (G,G,L) where L(a,b) = ba.

In this way we obtain that the object (G,GL) is a geometric object
of rank at most 2

Z Moszner presented the author with the following proof of the
condition (W):

For any p e INand p + 3, any group G and any Klein space (MGf),
every transitive abstract object (XGF) is  equivalent to some
partial object of the standard geometric object of rank p.

If the object (X,GF) is transitive, then it is equivalent to the
object ({aGo, a € G},G,IO), where G is some subgroup G and L(aGO,b)
= baGQ Although it follows from [4], for the reader’s convenience
we present the direct proof. Let xq be a fixed element of X A
set GO:: (ae G: FQ( ,a)0 = X } is then a subgroup of G because
F(xo,e) = X, implies e e G0 and when a,b e GO, then F(xo,ab; =
F(F(xo,b),ab*) = F(xo,a) 5 X Thus ab 1 e % The function
h(aGO) :OF(x ,a) i1s a well defined bijection of a set {aG,, a e G
onto X Indeed, when aG0 :doG then a 0 € GO. Hence F(xo,a b) =
Xy then:
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Moreover, we have:

which proves the equivalence of objects (X,GF) and ({aGQ a 6 G
G.LL The tatter object vs a partiaV object of a standard geometric
object of rank 1of the object (G.G.L). This implies that the
object ({aGQ : a € G}GL) and equivalent to it the transitive
object (X,G,F) aregeometric objects of rank at most 3, hence of
rank at most p a 3. This means that the condition (W) is
fulfilled.

Let (X,GF) be a nontransitive abstract object. The fibre X is a
disjoint union of orbits of the operation F, that is sets F(x,G)
for x € X for which the object (X,GF) is transitive. Let a e Card
denote the number of orbits of the operation F.

W& have:

a £ card X<x (M. ®))

We shall prove that there exists k 6 IN obeying the following
property (W2):
for all 1 a k a is less or equal to the number of orbits of the
operation of the standard geometric object of rank 1

First we prove the property (W2) in the case where M is
infinite.
Let us take k a 2 for which a £ card fik(M). Then for 1a k we have:

a £ card fikM £ card g'(M).

Now it suffices to show that for 1a 2 the family of orbits of the
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operation ‘of a standard geometric object rankl 1 is equipotent to
the set nTM). We have : card G s card = cdrd 2 , because the
operation f is effective. Hence for any operaMon of the group G
the power of every orbit does not exceed card 2.

For 1 —2 we have

card fi'(M) a card fi2(M > card 2Ma card G

Since a fibre n'(M) is a union of orbits, we conclude that the
family of orbits of the same object cannot have the power less than
card n'(M). Therefore the family of orbits of the operation of the
standard geometric object of rank 1 is equipotent to the set n'(M).
This completes the proof of the property (W2) for infinite M

Now we present the proof of (W2) for finite M In virtue of (3) a
IS a positive integer. Let Bij(M) denote the group of the
bijections of the set M Since the operation f is effective:

card G £ card Bij(M) < Kg .

Thus the power of G is a positive integer. The power of every
orbit is less than or equal to card G
The positive integer k for which:

will satisfy (W2).
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Now let s = max(3,k). It follows that every transitive abstract
object with the group G is equivalent to some partial object of the
object ns(M).

Let <X# -y € 1) denote the family of orbits of the operation F
(I is a set of indices). We have : card | = a. By R, we denote the
family of orbits of the object (fis(M),G,f(s)). Since s £ k from
(W2) we conclude that there exists an injection : j : | --—-- » R..
For y e | we define the injection i : ‘(M -—-- » T2 (M) by
I X) = {{OGLGuiy)>. The range of the injection i is an
invariant subset of a fibre of the object (M). This range is
given bv:

The abstract object determined by this range is a Klein space
equivalent to a standard geometric object of rank s.
If €L~ €1 y~* y* then the Klein spaces determined by the

ranges of the injections i , i possess disjoint fibres. A
*1 n2
transitive abstract object determined by er IS equivalent to some

partial object of the object

Since the fibres are disjoint, the object (X,GJF) is equivalent to
some partial object of a standard geometric object of rank s+2.
This completes the proof of Theorem 1
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REMARKS.

1) The condition card X < % (M) in Theorem i can be replaced
by an equivalent condition stating that a number of transitive
fibres of the object (X,G,F) is less than x (M).

2) Our proof of Theorem 1 can estimate the rank of the
abstract object (X,GF) by s+2, where s = max(3,k).

3) We can prove Theorem 1 using the effectivity of f only to
prove that (G,GL) is a geometric object. In order to prove this,
we observe that property (W2) is identical for the abstract object
(M,G,f) and for the Klein space with the fibre M and group G/G,
where G denotes the non-effectivity group of the object (M,G)).
So, we can prove (W2) without effectivity, which ends the proof.

4) So, without effectivity of f we can prove that each
abstract object (X,GF) such that card X < *M) and its
non-effectivity group include the non-effectivity group of the
object (M,G,f) is a geometric object of the object (M,G).

Now we go on to inverting, in some sens, of Theorem 1 Let us adopt
the following definition:
If the group G isinfinite, then by KG) we denote the least
cardinal number a for which the power of the set of homomorphisms
of G into the group of bijections of set consisting of a elements
is greater then the power of G If G is finite, we take T(G) = 0.
Now we prove:

LEWA. 1) Scard G

Proof. For the groups we denote by HomIG "G the set of
homomorphisms of the group G into the group G It is sufficient
to show that for infinite groups G card Hom(G, BIJ(G)) Z(E%rr
because 9% >cardG For g e G we define left " translation
Lg:G —» G by equality:
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Ls(x) =g X

Let Hc Bij(G) denote the subgroup of right translations of G
We have:

card H = card G, card(Bij(G)) = 2card

Hence:
card(Bij(G)/H) = 2card G where Bij(G)/H = {hH : h € Bij(G)}.
It is sufficient to observe that the mapping 4

Bij(G)/H 3 hH {Gzg—*ho LZ ° h1e Bij(G> e Hom(G,BIij(G))
IS injective.

THEOREM 2. Let T(G) <*(M) and the property (W3) hold:
every object (X,G,F) for which card X <*(M) is a (W3)
geometric object.

Then (M,G,f) is a Klein space.

REMARKS.

1) The condition TG < *M), is trivially fulfilled if
(M,G,f) is a Klein space, because in that case our Lemma asserts
that: r(G) s card G s card Bij(M) < *(M).

2) Let us denote by G the non-effectivity group of the object
(M,G,f). Because we car prove Theorem 1 using effectivity of f only
to the transitive objects (X,GF), we obtain that property (W3)

holds if and only if for each normal subgroup H ¢ G (GH) < *(M)
implies that G¢ H
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Proof of Theorem 2. We begin by proving that card G < *(M).
For a finite group G this condition is evident. In the case of
infinite groups we suppose by contradiction, that card G + x(M).
Consequently:
(4) the power of the family of partial objects of the objects
n"(M), n e IN does not exceed card G
We will analyse the number of nonequivalent abstract object with
the power of the fibre equal to T(G). Every abstract object with
the group G and of the power the fibre m is equivalent at most to
card(Bij(m)) abstract objects with the same fibre.
We have:

This inequality means that the number of abstract objects with a
fixed fibre of the power T(G) is greater than the number of
elements of G The class of equivalence of an abstract object in
relation to the equivalence relation of objects on the family of
abstract objects with the same fibre of the power equal to TIG) has
a power
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Therefore the number of nonequivalent abstract objects with the
power of the fibre equal to T(G) is greater than the number of
elements of the group G Thus, in virtue of (4), the property (W3)
does not hold, which contradicts our assumption. We have just
proved that:

card G < *(M).

Hence the object (G,G,L), where L(x,g) = g ¢ x is for some n € N
equivalent to some partial object of the object Qn)(M). Were
(M,Gf) not a Klein space, it would mean that the operation f is
not effective. Thus, the operation f has at least two distinct
unities e and € h; e aznd e are the unities of the operation f,
then they are unities of the operation f*.  f**. as well
Consequently the operations of all objects £4(M), n e N have two
distinct unities et and e Hence, operations in all partial
objects of n<l(M), n e IN havetwo distinct unities ej and e~
Since the operation L of the object (GG,\L) has precisely one

unity, we arrived at contradiction. This completes the proof of
Theorem 2.

The question arises:

For which groups G and abstract objects (M,G,f) does the property
(W3) of Theorem 2 hold if we assume that T(G) a *(M)?

We presenta partial answer, the property (W3) is fulfilled
trivially if there exist only a trivial operation of G on

the sets of the power less than *(M). It is equivalent

to the non-existence of the normal subgroup Hc G such that
1< (GH) <*M).
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It

is easily seen that under the assumption T(G) ~ *(M) this

condition is particularly fulfilled if G is a simple group

or

if G is a divisible group of the power less than
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