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Generalized convex sets

Abstract. In this paper we shall present a definition of convex set with 
respect to a two-parameter family of functions. It appears that these sets 
have some properties like convex sets in the usual sense.

For the convenience of the reader we first repeat two definitions and one 
theorem from [1].

Definition 1. A family F  of continuous real-valued functions ip, defined 
on an open interval (a, b) is said to be a two-parameter family on (a, 6) if for 
any distinct points x i, x2 in (a, b) and any numbers yi, y2 there exists 
exactly one <p & F  satisfying

<p{xi) =  yi, i -  1, 2.

Definition 2. Let F be a two-parameter family on (a,b). We say that a 
function ip continuous on (a, b) is convex (concave) function with respect to 
the family F  if for any points a <  x \  <  x 2 <  b the unique tp E F  determined
by

<p(xi) =ip(xi ) ,  i =  1,2 (1)

satisfies the inequality

xp{x) <  <p(x), x e ( x i , x 2).

(> )

THEOREM 1 (cf. [3]). Let F  be a two-parameter family on (a, 6). Let 

a <  Xi <  X2 <  b and y", y” be real numbers, 

for n =  0, 1, 2, . . .  , such that

AMS (1991) subject classification: Primary 52A01, Secondary 26A51.



60 Janusz Krzyszkowski

x° =  lim x? , yi =  lim y f , i =  1, 2.
n —> 0 0  71—УОО

Lei ipn, where n — 0,1, 2 , . . .  , be the element of F  determined by the rela
tions

F n { X i ) = V i ,  i =  1, 2.

ТЛеп ipn —> <po uniformly on every compact subinterval of (a,b).

Now we give a definition of convex set with respect to a two-parameter 
family. First we introduce some notation.

Let F  be a two-parameter family on (a, b), A, B  G (a, b) x 1R, A =  (®i, yi), 
в  =  (Х2,У2)- If Xi =  X2, then

[ A , B ] : =  { (xx,y)  : y x < y  < y 2}, yx <  y2,

[A,B] : =  { (xx,y)  : y2 <  у <  yi}, y\ >  y2.

If xi ^  X2, then

[A,F]  :=  {(x,<^(x)) : xi <  ж <  x2}, £i <  ж2,

[A ,F] :=  {(x,</?(z)) : ж2 <  x <  Zi},  x x >  z 2,

where € F  is determined by

Ч> Ы) = Уг, г = 1,2. (2)

Definition 3. A set D  c  (a, 6) x 1R will be called convex with respect to 
a two-parameter family F  (or briefly F-convex) iff for any A , B & D  we have

[A,B\  C  D.

If F  is the family of straight lines, then a set is F-convex iff it is convex in 
the usual sense.

Let C ( a , b) denote the set of all continuous function ф : (a, b) —» 1R.
Set

В>ф :=  {(x , y ) : x e  (a,b), у >  ф(х)},

F>y ■= {(x,y)  : x <E (a, b), у  <  ф(х)},

for ф e C(a,  b).
We give a generalization of the theorem: ” A function ф is convex (concave) 

iff the set D ^  (D ф) is convex.”

THEOREM 2. Let F  be a two-parameter family on (a, b) and let ф 6 C (a , b). 
Then

а) ф is convex function with respect to the family F  iff the set D ^ is 
F-convex;



Generalized convex sets 61

b) ф is concave function with respect to the family F  iff the set is 
F -convex.

Proof. We shall prove a), the proof of b) is analogous. Let us assume that 
ф is convex function with respect to F  and let

A =  {xi ,yi ) ,  B  =  (x2, y2), A,  B  G D^.

Hence
Vi>rp(xi ) ,  г =  1,2. (3)

If x\  =  x2l then obviously [A,.B] C  . Let x\  Ф x 2. Without loss of 
generality we may assume that x\  <  x2. Then

[A, B]  =  {(x,v?(x)) : xi  <  X <  x2},

where (p G F  is determined by (2). From (2) and (3) we deduce that

4>(xi) >  Ф(хф,  г =  1,2. (4)

Suppose, on the contrary, that [A,B\  (£ D^.  This means that there exists a
c G ( x i , x 2) such that

<p(c) <  V»(c)- (5)

Hence, by the continuity of <p and ф and from (4), it follows that there exist 
ci G (xi,c)  and c2 G (c,x2) such that

p(ci) =  ф(сг), г =  1,2.

Since ф is convex with respect to F,

<р { х ) > ф ( х ) ,  X G (c i ,c2).

In particular, ip(c) >  ф(с), contrary to (5).
To prove the converse implication, we assume that the set is T-convex. 

Let a <  x \ <  x2 <  b and let ip G F  be determined by (1). We have to show 
that

ф { х ) < 1р(х),  X G (x i . x 2).

Set
A  :=  (хг,ф(х1)), В  :=  (х2,ф(х2)).

It is evident that A, B  G . Since D^  is F-convex, \A,B]  C  . Hence

(x, p(x))  G for x G [ x i , x 2],

i.e. ф(х) <  <p(x) for x G ( x i , x 2). This completes the proof.

If p  G F,  then ip is convex and concave with respect to F.  This way from 
Theorem 2 we get
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REMARK 1. I f  ip E F , then the sets ,D V are F -convex.

Now we give an example of a set, which is F -convex but is not convex in 
the usual sense and an example of a set, which is convex in the usual sense 
but is not F-convex.

Example 1. Let

F  { a x  +  ß — X2 : a, ß G IR, x G IR} and р(х)  :=  —x 2, ж € IR.

Since уз 6 F, the set D v is F-convex (see Remark 1). It is evident that D 43 is 
not convex in the usual sense.

Example 2. Let

D  :=  {(ж,у) : x2 +  у2 <  1} and F  :=  {ax +  ß +  2x2 — 2 : a , ß  G IR; x G Ж}.

It is obvious that D  is convex in the usual sense. We prove that D  is not F - 
convex. Consider points A, B  G D  such that A =  ( — 1,0), В  — (1,0). A simple 
computation shows that the unique <p G F  satisfying

¥ > ( - ! ) =  0, ¥>(1 ) = 0  

is ip(x) =  2x2 — 2. Therefore

[A, B] =  {{x,2x2 - 2 )  : —1 <  x <  1}.

Since (0, —2) ^  D,  [A, В ] (£ D . This means that the set is not F-convex.

It is well known that if D  is a convex set, then int D  and cl D  are convex 
sets. We shall give a generalization of this theorem. First we prove a lemma 
needed in the sequel.

Lemma 1. Let F  be a two-parameter family on (a,b ), a <  x \  <  X2 <  b, 
Ух <  yi, У2 <  У2- Assume that € F  and

‘P i { x i ) = V i ,  г =  1,2; (p2( x i ) = y ' i ,  г =  1,2.

Put
P  ■= {(ж,у) : x\ <  x <  x 2, <р2(х) <  у <  <Pi(a;)},

F\ ~  {ip G F  : y[ <  ip{xi) <  yi, y '2 <  ip{x2) <  y2}.

Under the above assumptions

P =  U U (x ^ ( x ))-
veEi xe[xi,x2\

Proof. If ip G F i, then

F ^ i )  <  У1 =  4>\{x i), P ix 2) <  У2 =  P\ {x2).

Hence
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<p{x) <  <f\(x), x € [ x i , x 2],

because F  is a two-parameter family. Similarly ip(x) >  </?2(ж) for x  G [x i ,x 2]. 
This means that

U U ( x ,v ( x ) ) C P .
v>£Fi

To prove the converse inclusion, it suffices to show that if (xo,yo) £ P, 
then

(хо,Уо) £ [ J  (x0,^ (x 0)).
ipeFi

Fix (x0,y 0) £ P, i.e.

x i < x 0 < x 2, <p2{x2) <  y0 <  (p\(x0).

If yo =  <f2(x0), then (x0,y 0) =  (x0,<p2(x0)) and consequently

(хо,Уо) £ IJ (жо,¥>(жо)),
(ре Ft

because <p2 G F \.
The same conclusion can be drawn if yo =  <f\{xo).

Let ip2(xo) <  Уо <  f \(x o )  and let ipo G F  be determined by

V 3 ( x i )  =  y [ ,  < Р з { х 2) =  у 2 .

It is seen at once that (/53 G F \ and

<P2(x) <  <Рз(х) <  <Pi(x), x G [ x b x2].

Three cases are possible 

1- Уо =  Р з Ы ) ,

2. yo >  <Рз(хо),

3. yo <  <Рз{хо)-

1. It is evident that

(x0,yo) £ U  (x0,if{x 0)).
(fie Fi

2. Let ipt G F  be determined by

^ 4(^0) =  УО , Щ (х2) =  У2 .

Since ipi(x 2) =  <̂>4(^2) =  <̂ 3(^2) and <p3(x0) <  ¥>4(жо) < <Pi(xo), 

ip3(x) <  ip4(x) <  ipi(x), x G (a, x 2).

In particular, <̂ 3(xi) <  i f i(x i)  <  4> 1(^1)- But ^ i(x i)  =  yi and </>3(xi) =  y\. 
Therefore y\ <  ip^{x\) <  y\ , i.e. (/74 G F \ . Hence it follows that
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(*o,2/o) G ( J  (xo,y?(rco)).
V?€Fi

3. The proof is similar to the proof in case 2, then we omit it.

Theorem 3. Let F  be a two-parameter family on (a,b) and let D  C  
(a, b) x R . I f  D  is F -convex, then intZ) and cl D  are F -convex.

Proof. To prove the first part of the theorem, it suffices to show the fol
lowing implication

A, В  G int D  =>• [Л, В] С  int D.

Let А, В  € int F  and А — (x i ,y i ) ,  В  =  (Х2,У2)■ Consider first the case 
xi =  X2- Since A, F  G int D , there exists r >  0 such that

K ( A ,  r) C  D  and K { B , r )  C  D,

where К (C , r) is the open ball centered at C  and with the radius r. Therefore 

{{x,yi) : xi -  r <  X <  Xi +  r} C  D,  г =  1,2.

Hence
{(x,y)  : x i - r  < x  < x x + r ,  У\ <  У <  Ут) c  D,

because D  is F-convex. It follows that for any C  € [Л, B] we have K ( C , r )  C  
D.  Consequently

[А, В ] C  mt D.

Consider now the case where xi  /  X2- Let for example x\ <  X2- Then 

[A,B] = { ( x , ip (x ) )  : X\ < X < x2},

where G F  is determined by (2). Analysis similar to that in the proor of the 
case where X\ =  X2 shows that there exists an r >  0 such that

K ( A , r )  C  D  and K ( B , r )  C  D .

Hence

E i  ~  j ( x b y) : y i — £ < У <  У\ +  C  D ,

E 2 ■= |(®2,У) : У2 -  ^ <  У <  У2 +  C  D .

Let ipi, ip>2 G F  be determined by the conditions

<Pi(zi) =  yi +  §, * =  1,2,

<P2{xi) = yi -  § ,  * =  1, 2.

It follows from the definitions of <pi, cp2 and <p that

4>2{x) <  <p(x) <  <Pi{x), X G [æ i, x 2]. (6)
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Since D  is F-convex and F i , F 2 C  D , we have

{(x , y ) : xi <  X <  X2, (P2(x) < y <  <Pi(x)} C  D , (7)

by Lemma 1. Let

r\ :=  in f{d((a ;,v j(x)),(x ,^i(x))) : x ,x  G [xb x2]}, 

r2 :=  inf{d((x,yj(x)),(Æ,v52(Æ))) : x ,x  G [x i,x 2]}, 

f  :=  m in(ri,r2),

where d is the euclidean metric. By the continuity of tp, <pi and </?2, and from 
(6) we get rq >  0, r2 >  0. Therefore f  >  0. It follows from the definition of f  
and from (7) that for any C  G [A ,B \ we have K { C , f )  C  D . This means that 
[А, В } C int D , which completes the proof of the first part of the theorem.

To prove the second part of the theorem, it suffices to show the following 
implication

A, B  G cl D  =>• [A, B] C  cl D .

Let A, B  G cl D  and A — (x \ ,y i ) ,  B  =  (ж2,у 2). First we consider the case 
where x\ — x2. Since A, B  G c lD , there exist sequences {An}, {B n} c  D  
such that

An —̂ A  and B n —̂ B.

Hence [An,B n] C  D  for n =  1 ,2 , . . .  , because D  is F-convex. Fix r >  0 
and let no G N  satisfies the conditions

d {A ,A no) < r , d{B, B no) <  r. 

It is easy to check that for any C  G [A, B\ we have

[АП0, В П0] П К ( С , г ) ф Ъ .

It follows from this that for any C  G [A, В ]

D  П K (C , г) Ф 0.

Consequently
[A ,B ] C  c lD .

Consider now the case where x\ Ф x2. Let for example aq <  x2. Then 

[A ,B] =  {(x,ip(x)) : xi <  X <  x2},

where ip £ F  is determined by (2). As in the proof in the case where x\ =  x2, 
there exist sequences {A n}, {B n} C  D  such that

A n -¥  A, B n -> В  and [An, B n\ C Ü  for n =  3 ,4 , . . .  .
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Let A n =  (xn,y n), B n =  (x'n,y'n). Whithout loss of generality we may assume 
that xn <  x'n for n =  3 ,4 , . . .  . Obviously, xn -»  x \ , yn -»  y \ , x'n ->  x2 and 
y'n —> î/2 • Let ipn € F  for n =  3 ,4 , . . .  , be determined by the conditions

¥ > n (Z n )  =  Уп , 4>n{x'n) = Vu-
Then

[An,B n\ =  {(x,ipn(x)) : х п <  X <  х'п} С  D , п -  3 ,4 , . . .  .

By Theorem 1 у>п —> <р uniformly on every compact subinterval of (a, b). 
From this we deduce that

[A ,B] c  cl D ,

which proves the theorem.

An easy consequence of the definition of F-convex set is

LEMMA 2. Let F  be a two-parameter family on (a, b). The intersection of 
any family of F -convex subsets of (a, i i ) x R  is F -convex.

From the above lemma and from Remark 1 it follows

R e m a r k  2. I f  then the set

D *1 П D V7

is F -convex.

As in the case of the usual convexity, we may introduce the definition of 
the convex hull.

D e f i n i t i o n  4. Let F  be a two-parameter family on (a, b) and D  C  (a, b) x 
IR. The set

c o n D  :=  P ){F  C  (a, b) x IR : U  is F-convex, D  C  U} 

is called the convex hull of D  with respect to the family F.

From this definition and from Lemma 2 we get

T h e o r e m  4. Let F  be a two-parameter family on (a,b) and let D ,D \ , 
D 2 C  (a, b) x IR. Then

1. D  C  conv f- D ,

2. conv f  D  is the smallest F-convex set containing D ,

3. D  is F-convex set iff D  =  convFD ,

4- if D \  C  D 2 , then convf  D \  C  conv p D 2.
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One can prove that if D  is a closed (an open) set, then the set conv^ D  is 
closed (open).

D. Brydak in [2] has proved the following

THEOREM 5. Let F  be a two-parameter family of differentiable functions 
on (a,b ) such that for any xo G (a, b) and for any real numbers yo, у i there 
exists exactly one element cp G F  satisfying

Ч>Ы) =  Уо, <p '(xq) =  yi-

Suppose that a function xp is differentiable on (a, 6).
Under the above assumptions the following conditions are equivalent:

(A) the function xp is convex with respect to the family F ;

(B) for any xo G (a, b)

xp(x) > <pX0(x) for X G (a ,b),

where <pXo G F  is determined by

<Px0M  = 4>(xo), <Px o(*o) = Ф ' ( х  о)- (8)

We are able to give a simpler proof of the implication (В ) => (A) than 
that given in [2].

We see at once (from (B)) that

= p| DVx o,
xo6(a,b)

where ipXo £ F  is determined by (8). By Remark 1, the set D Vxо is F-convex 
(for any xo G (a, 6)). It follows from Lemma 2 that the set D ^  is F-convex 
and consequently ip is convex with respect to the family F  (see Theorem 2).
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