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Generalized convex sets

Abstract. Inthis paper we shall present a definition of convex set with
respect to a two-parameter family of functions. It appears that these sets
have some properties like convex sets in the usual sense.

For the convenience of the reader we first repeat two definitions and one
theorem from [1].

Definition 1. A family F of continuous real-valued functions ip, defined
on an open interval (a, b) is said to be a two-parameter family on (a, 6) if for
any distinct points xi, x2 in (a, b) and any numbers vyi, y2 there exists
exactly one 9 & F satisfying

<p{xi) = yi, i- 12

Definition 2. Let F be a two-parameter family on (a,b). We say that a
function ip continuous on (a, b) is convex (concave) function with respect to
the family F if for any points a < x\ < x2 < b the unique tpE F determined

by
<p(xi) =ip(xi), i= 1,2 (1

satisfies the inequality
xp{X) < <p(x), xe(xi,x?2).
(>)
THEOREM 1 (cf. [3]). Let F be a two-parameter family on (a, 6). Let

a< Xi <X2<b and y", y” be real numbers,

for n=0,12,... , such that
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X° = nlimo X?, yi = 71Liyr(Jrg yf, i=12
Lei ipn, where n —0,1, 2,... , be the element of F determined by the rela-
tions
Fn{Xi)=vi, i- 12

TNen ipn — g0 uniformly on every compact subinterval of (a,b).

Now we give a definition of convex set with respect to a two-parameter
family. First we introduce some notation.
Let F be a two-parameter family on (a, b), A, B G (a, b) x 1R, A = (®i, yi),
B = (X2,Y2)- If Xi = X2, then
[A,B]:= {(xx,y) :yx<y <y2}, yx< y2
[A,B] := {(xxYy) :y2< y<yi}, y\>y2
If xi ~ X2, then

[AF] :

{(x,<™(X)) :xi < k< x2}, £i <,
[AF] :

{(x,</?2(2)) : M2 < x < Zi}, xx> z2,
where € F is determined by

>H) =, =12 )

Definition 3. A set D ¢ (a, 6) x IR will be called convex with respect to
a two-parameter family F (or briefly F-convex) iffforany A,B& D we have

[A,B\ c D.

If F is the family of straight lines, then a set is F-convex iff it is convex in
the usual sense.
Let C(a,b) denote the set of all continuous function o : (a, b) —» 1R
Set
B := {(x,y) :xe (a,b), y > d(x)},

Py m= {(x,y) :x €(ab), § < d(x)},
for ¢ e C(a, b).

We give a generalization of the theorem: ”A function ¢ is convex (concave)
iff the set D~ (D) is convex.”

THEOREM 2. LetF be a two-parameter family on (a, b) and let ¢ 6 C(a, b).
Then

a) ¢ is convex function with respect to the family F iff the set D™ is
F-convex;
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b) ¢ is concave function with respect to the family F iff the set is
F -convex.

Proof. We shall prove a), the proof of b) is analogous. Let us assume that
¢ is convex function with respect to F and let

A = {xi,yi), B = (x2,y2), A,B G D~
Hence
Vi>rp(xi), r=1,2. 3)

If x\ = x2 then obviously [A,B] C . Let x\ ® x2. Without loss of
generality we may assume that x\ < x2. Then

[A B] = {(x,v?(X)) : xi < X< x2},
where (p G F is determined by (2). From (2) and (3) we deduce that
4>(xi) > d(xdp,r= 1,2. (4)

Suppose, on the contrary, that [A,B\ (£ D~”. This means that there exists a
¢ G (xi,x2) such that

PO < V(o) ©)
Hence, by the continuity of 9 and ¢ and from (4), it follows that there exist
ci G (xi,c) and c2 G (c,x2) such that

p(ci) = d(cr), r= 1,2.

Since ¢ is convex with respect to F,

p{x)>(x), X G (ci,c2).

In particular, ip(c) > ¢(c), contrary to (5).

To prove the converse implication, we assume that the set is T-convex.
Let a< x\ < x2< b and let ipGF be determined by (1). We have to show
that

d{x)<b(x), XG(xi.x2).
Set
A = (xr,(x1), B = (x2,p(x2)).
It is evident that A, B G . Since D™ is F-convex, \A,B] C . Hence

x, p(x)) G for x G[xi,x2],
ie. d(x) < <p(x) for x G(xi,x2). This completes the proof.

If p G F, then ip is convex and concave with respect to F. This way from
Theorem 2 we get
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REMARK 1. Ifip E F, then the sets ,DV are F -convex.

Now we give an example of a set, which is F-convex but is not convex in
the usual sense and an example of a set, which is convex in the usual sense
but is not F-convex.

Example 1. Let
F {ax + R —X2:a,R GIR, x GIR} and p(x) := —x2, £ IR

Since y36 F, the set Dv is F-convex (see Remark 1). It is evident that D 8 is
not convex in the usual sense.

Example 2. Let
D := {{(Ky) :x2+ y2< 1} and F = {ax + R+ 2x2—2:a,B8 G IR; x G X}.

It is obvious that D is convex in the usual sense. We prove that D is not F-
convex. Consider points A, B G D such that A = (—1,0), B —(1,0). A simple
computation shows that the unique 9 G F satisfying

¥>(-1)=0, ¥w(1)=0
is ip(x) = 2x2 —2. Therefore
[A,B] = {{x,2x2-2) :—1< x < 1}.
Since (0,—2) ~ D, [A,B]( D. This means that the set is not F-convex.

It is well known that if D is a convex set, then intD and clD are convex
sets. We shall give a generalization of this theorem. First we prove a lemma
needed in the sequel.

Lemma 1. Let F be a two-parameter family on (a,b), a < x\ < X2 < b,
YW < yi, Y2 < ¥Y2- Assume that €F and

Pi{xi)=Vi, r= 1,2; E2(xi)=y'i, r= 1,2,

Put
P m= {(ky) : X\ < X < X2, 2(x) < y < <Pi(a)},

F\ ~ {ipGF :y[ < ip{xi) < vyi, y2< ip{x2) < y2}.
Under the above assumptions

p= U U x» %)

veEi xe[xi,x2A
Proof. If ipG Fi, then
Fri) < Yl= 4\{xi), Pix2) < ¥2= P\{x2).

Hence
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<pf¥) < <f\(x), x €[xi,x2],

because F is a two-parameter family. Similarly ip(x) > 4201 for x G [xi,x2].

This means that
U U (x,v(x))CP.
V>EFi

To prove the converse inclusion, it suffices to show that if (xo,yo) £ P,
then
(xo,Yo) £ [J (x0,~(x0)).
ipeFi
Fix (x0,y0) £ P, ie.
xi<x0<x2 g2{x2) < y0 < (p\(x0).
If yo= <f2(x0), then (x0,y0) = (x0,<p2(x0)) and consequently

(xo,Y0) £ IJ (>k0,¥>(>k0)),
(peFt

because <2 G F\.
The same conclusion can be drawn if yo = <f\{xo0).
Let ip2(x0) < Yo< f\(xo0) and let ipo GF be determined by

V3(xi) = y[, <P3{x2)=y2.
It is seen at once that (BGF\ and
P2(x) < <P3(X) < <Pi(x), xG[xbx2].

Three cases are possible

1 Yo= P3bl),

2. yo > <P3(x0),

3. yo < <P3{xo)-

1. It is evident that

(x0,yo) £ U (x0,if{x0)).
(fieFi

2. Let ipt GF be determined by
A4N0) = YO, WL (x2) = Y2.
Since ipi(x2) = (12 = <3(*2) and B(x0) < ¥A(H0) < <Pi(x0),
ip3(x) < ipd(x) < ipi(x), x G (a, x2).

In particular, <8(xi) < ifi(xi) < £1L(*D- But ~i(xi) = yi and <$8(xi) = y\.
Therefore y\ < ipA{x\) < y\, i.e. (A GF\. Hence it follows that
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(*0,2/0) G (J (x0,y?(rco)).
V%R

3. The proof is similar to the proof in case 2, then we omit it.

Theorem 3. Let F be a two-parameter family on (a,b) and let D C
(a,b) x R. If D is F -convex, then intZ) and cID are F -convex.

Proof. To prove the first part of the theorem, it suffices to show the fol-
lowing implication
A,B GintD =>[/1,B] C intD.

Let A,B € intF and A — (xi,yi), B = (X2,Y2)m Consider first the case
xi = X2-Since A,F GintD, there exists r > 0 such that

K(A,r) C D and K{B,r) C D,
where K (C,r) isthe open ball centered at C and with the radius r. Therefore
{{x,yi) :xi - r< X< Xi+r}cD, r=1.2.

Hence
{(X,y) :Xi-r <x <xx+r, W< Y< ¥nc D,

because D is F-convex. It follows that for any C € [/1, B] we have K(C,r) C
D. Consequently
[A, B]C mtD.

Consider now the case where xi / X2- Let for example X\ < X2- Then
[AB] = (xipx)) <X<xZ,

where G F is determined by (2). Analysis similar to that in the proor of the
case where X\ = X2 shows that there exists an r > 0 such that

K(A,r) C D and K(B,r) C D.

Hence
Ei ~ J(xby):yi—E£ <y<wn+ C D,

E2m= |(®2Y) :Y2- "< Y< W2+ C D.
Let ipi,iP2G F be determined by the conditions
<Pi(zi) = yi+ § *= 1.2,
) =Vi-s =12
It follows from the definitions of <pi, P2 and < that

452{x) < <p(X) < <Pi{x), X G [=i,x2] (6)
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Since D is F-convex and Fi,F2C D, we have
{(x,y) :xi < X< X2, P2(x) <y < <Pix)} C D, @)

by Lemma 1. Let

r\ := inf{d((a;,vj(x)),(x,i(x))) : x,x G [xb x2]},
r2 := inf{d((x,yj(x)),(/££,v52(A))) : x,x G [xi,x2]},
f = min(ri,r2),

where d is the euclidean metric. By the continuity of tp, o and ¢2, and from
(6) we get rq > 0, r2 > 0. Therefore f > 0. It follows from the definition of f
and from (7) that for any C G [A,B\ we have K{C,f) C D. This means that
[A,B} C int D, which completes the proof of the first part of the theorem.
To prove the second part of the theorem, it suffices to show the following
implication
A,B GclD =>[A B] C cID.

Let A/B GcIlD and A — (x\,yi), B = (K,y2). First we consider the case
where x\ —x2. Since A,B G clD, there exist sequences {An}, {Bn} c D
such that

An—2A and Bn-—£B.

Hence [An,Bn]C D for n= 1,2,..., because D is F-convex. Fix r > 0
and let no G N satisfies the conditions

d{A,Ano)<r, d{B,Bno)<r.
It is easy to check that for any C G [A, B\ we have
[AT0,BMMOIMK(C,r)db.
It follows from this that for any C G [A, B]
DNK(C,r) ® 0.

Consequently
[A,B] C cID.

Consider now the case where x\ ® x2. Let for example ag < x2. Then
[A.B] = {(x,ip(x)) :xi < X< x2},

where ip £ F is determined by (2). As in the proofin the case where x\ = x2,
there exist sequences {An}, {Bn} C D such that

An-¥ A, Bn->B and [An,Bm\C U forn=3,4,... .
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Let An= (xn,yn), Bn= (Xn,y'n). Whithout loss of generality we may assume
that xn< xn forn = 3,4,... . Obviously, xn-» x\,yn-» y\, xXn -> x2 and
yn —1i2+ Let ipn € F for n= 3,4,... , be determined by the conditions

¥>n(zn) = yn , bn{X'n) =Wk
Then
[An,B n\ = {(x,ipn(x)) :xn< X< xn}CD, n- 3,4,...

By Theorem 1 yn — 9 uniformly on every compact subinterval of (a, b).
From this we deduce that
[A,B] c cID,

which proves the theorem.
An easy consequence of the definition of F-convex set is

LEMVA 2. Let F be a two-parameter family on (&, b). The intersection of
any family of F -convex subsets of (a, ii)X R is F -convex.

From the above lemma and from Remark 1 it follows
Remark 2. If then the set
D*1nDV7
is F -convex.

As in the case of the usual convexity, we may introduce the definition of
the convex hull.

Definition 4. Let F be a two-parameter family on (a, b) and D C (a, b) x
IR. The set

conD:=P){F C (a,b) xIR:U is F-convex, D C U}
is called the convex hull of D with respect to the family F.
From this definition and from Lemma 2 we get

Theorem 4. Let F be a two-parameter family on (a,b) and let D ,D\,
D2C (a,b) x IR. Then

1. D C convf-D,
2. convf D is the smallest F-convex set containing D,
3. D is F-convex set iff D = convFD,

4- if D\ C D2, then convf D\ C convpD 2.
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One can prove that if D is a closed (an open) set, then the set conv” D is
closed (open).
D. Brydak in [2] has proved the following

THEOREM 5. Let F be a two-parameter family of differentiable functions
on (a,b) such that for any xo G (a, b) and for any real numbers yo, yi there
exists exactly one element @G F satisfying

U>bl) = Yo, ¢'(xq) = vi-

Suppose that a function X is differentiable on (a, 6).
Under the above assumptions the following conditions are equivalent:

(A) the function »p is convex with respect to the family F;

(B) for any xo G (a, b)

() > PO(x) for XG (ab),

where X0 G F is determined by
BOM = &(x0), <Bo(*0) = 0" (x0)- 8

We are able to give a simpler proof of the implication (B) => (A) than
that given in [2].
We see at once (from (B)) that

= p| DM\o,
xo6(a,b)

where ipXo £ F is determined by (8). By Remark 1, the set D Wo is F-convex
(for any xo G (a, 6)). It follows from Lemma 2 that the set D™ is F-convex
and consequently ip is convex with respect to the family F (see Theorem 2).
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