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A r t u r  G r a b i e c

The stability of a generalized quadratic 
functional equation

Abstract. In the paper we consider the stability of the functional equa
tion

f ( x + У) +  f ( x ~y) +  IIf ( x +  У )~  f i x -  2/)l|w = 2f (x)  + 2f(y),

where /  : G —> X,  X  is a normed space, u £ X  such that ||u|| > 1 and 
IHI ф 3 is fixed and G is an abelian group, with suitable assumptions on 
X  and G.

In [1] A. Chaljub-Simon and P. Volkmann proved that if G  is an abelian 
group and /  : G  —> 1R then the general solution of the functional equation

max { f ( x  +  y ) , f ( x - y ) }  =  f {x)  + f { y )  for x , y e G  (1)

is of the form f ( x )  =  |a(æ)| for x G G,  where a : G  - t  1R is an additive 
function. J . Tabor considered in [3] the following generalization of the above 
equation

f ( x  +  y) +  f ( x  - y )  +  II f { x  +  y ) ~  f { x  -  y)\\u =  2f ( x )  +  2f{y)
(2)

for x , y  e  G,

where /  : G  —> X ,  G  is a group, A  is a normed space and и 6 X ,  ||u|| =  1. 
Then, under the assumption that there exists a subspace X i  of X  such that 
X  =  Lin(u) ф  X \  and ||a +  6|| >  max(||a||, ||6||) for a E Lin(u) and b G X i ,  
the general solution of equation (1) is given by the formula f ( x )  =  f u{x)u for 
x € G,  where f u : G  —> 1R satisfies the equation

f ( x  +  y) +  f ( x  - y )  +  I f ( x  +  y) -  f { x  -  y) I HU =  2f {x)  +  2f ( y )

for x, y £ n
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Let us notice that (3) with ||u|| =  1 is equivalent to (1). Z. Moszner and 
B. Pilecka-Oborska observed in [2] that using the similar reasoning we get the 
same characterization of /  in the case ||«|| >  1. They also gave the general 
solution of the equation

f ( x  +  y) +  f { x  -  y) +  If { x  +  y ) ~  f { x  -  y)\c =  2f {x)  +  2f {y)  for x , y  e G ,

where /  : G  —> Ж, G  is an abelian group and c is a fixed element of the set

In this paper we consider the stability of equation (2). We prove the 
following theorem.

Theorem 1. Let X  be a normed space over IK £ {1R,<D}, let a и E X  such 
that ||u|| >  1 and ||u|| ф 3 be fixed and let G  be an abelian group (additionally, 
in the case ||ii|| >  3, uniquely divisible by 2). We assume that there exists a 
subspace X \  of X  such that

(i) X  — Lin(u) ® X i  
and

(ii) ||a +  b\\ >  max{||a||, ||6||} for a £ Lin(u),fe £ X \ .
If £ >  0 and f  : G  —» X  satisfies the inequality

||/(x +  y ) + f ( x  -  y) +  \\f{x +  y ) - f { x  -  y ) \ \ u - 2 f ( x ) - 2 f ( y ) \ \  <  £

for x , y  £ G

then there exists a unique solution T  : G  —> X  of (2) such that

\\T(x) -  f(x)\ \  <  ke for X  £ G,

where

|Kjwf=̂  + 1) * / K  = R .

(4)

(5)

Proof. Let /  : G  -»  X  satisfy (4). Due to (i) we have uniquely determined 
mappings f u : G  —> IK, gu : G  —> X \  such that f ( x )  =  f u(x) u+gu{x) for x £ G.  
In the case Ж =  C  we denote by / i ,  /2 the real and the imaginary part of /„ ,  
respectively. Putting in (4) x  =  у and applying (ii) we obtain

||/u(2x) +  /„(0 ) +  ||/(2x) -  /(0)|| -  4 /u(æ)|| ||u|| <  e for x £ G  (6)

and
\\gu(2x) + gu(0) -  4gu(x)|| < e for x £ G. (7)
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Then we get from (6)

\ M 2x) +  f i (0) +  ||/(2x) -  /(0)|| -  4f i(x) \  ||u|| <  £ for x E G  (8)

and
|/2(2x) + / 2(0) -  4 /2(x)|||u|| <  £ for x E G .  (9)

Inserting into (4), (7), (8) and (9) x =  y =  0 we have

||/(0)|| <  ||5u(0)|| <  l/i(0)| ||u|| <  I  and |/2(0)| ||u|| <  (10)

Moreover, by (ii) we get

\ f i (x ) — /l(y)IIM I ^  \\f(x) — f{y)\\ for x , y e G .  (11)

Now we prove that

l /2(z)| I|u|| <  I  for x & G  (12)

and
ll0u(aOH <  !  f o r x e G .  (13)

By (8) and (10) we obtain

l/i(2x) +  ||/(2x) - /(0)|| — 4 / x(x)| ||u|| <  ^£ for x G G.  (14) 

Condition (11) and ||u|| >  1 yield

l/t(2x) -  /i(0 )I ||u|| <  П /(2x) -  /(0)|| <  П /(2x) -  /(0)|| ||u|| for x € G, 

and hence in view of (10)

l /i  (2x) I ||n|| <  ||/(2x) -  /(0)|| ||u|| +  £-  for x E G .

Using the above inequality we get for x E G

(Zi(2x) +  |/,(2x)| -  4/,(x))||u|| <  / ,(2 i )| M  +  ||/(2 -  /(0)|| H I

+ |  -  4 /lM IM I,

which together with (14) implies

(/i(2 x ) +  l/i(2x)I -  4/1 (x))||u|| <  2e for x € G. (15)
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In the same way, in view of (11), ||u|| >  1, (10) and (14), we obtain

(/i(2 x ) +  |/2(2x)| -  4 /1(x))||u|| < 2 e  for x G G  (16)

and
/i(2x)||u|| +  \\gu{2x)\\ -  4/i(x)||tt|| <  2e for x G G. (17)

By (15) we have
—4/i(x)||u|| <  2e for x G G,

and further
0 < /i(x)||u|| +  !  for x G G. (18)

Next, (9) and (10) imply that

4|/2(®)| N 1  -  \M 2x)\ ||n|| <  |/2(2x ) -  4 /2(x)| ||u || < ^ e  for x G G

i.e. J
4|/2(z)|||u|| < -e  +  |/2(2x)|||u|| for x G G. (19)

We get from (18), (19) and (16)

41/2(1)1 Hull “ Vi (x)IMI < I + /i(2x)||u|| +4|/2(i )| ||u|| — 4/1 (x)||u||

<5 + /i(2*)H + |e + l/2(ä*)IM
—4/i(x)||u|| < 4e for i é G,

and hence
l /2(x)| ||t*|| < e  +  /i(x)||u|| f o r x G G .  (20)

Making use of (19) and (16) we obtain

/i(2x)|M| +  4|/2(x)| ||u || <  /i(2x)||u|| +  ÿ  +  |/2(2x)| ||u ||

<  4/i(x)||u|| +  2e +  for x G G,

and further

^/i(2x)||u|| +  |/2(x)| ||u|| <  /i(x)||u|| +  7~e  for x G G. (21)

We will show that for every n G IN

/i(z )IM I +  >  n \h ( x )\ INI for x G G. (22)

By (20) this inequality holds for n =  1. Assume now (22) to hold for an n G IN 
and fix an x G X . From (21), (22) and (19) we get
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/i(* )IM I >  ^/i(2®)ll«ll +  1/г(*)| im i -  У

Tl  7 9 - 4 - 1  7

> I I /2(2x )| Hull -  +  |/2(x)| ||u|| -

> n\f2(x)\ Hull -  y e -  + l̂ 2^ l  N1 “

=  { n +  1) 1/ 2(3-)I I|u|| -

which completes the inductive proof of (22).
By (22) we have

l/2(x)| ||u|| <  i | / i (x ) |  ||u|| +  for i e G .
n Zn

Letting n increase to 00 we obtain immediately (12).
In the similar way we prove (13). Namely, (7) and (10) yield

4||0u(x)|| <  y  +  ||öu(2x)|| for X G G, (23)

whence by (18) and (17) we have

4||s«(*)l|-4/i(x)||u|| < |  +  / 1(2x)||u|H-4||5tl(x )| | -4 /1(x)||u||

<  I  +  /i(2x)||u|| +

+  Il9u(2x)|| -  4/i(x)||u|| <  4e for x €  G

and, as a consequence,

Il0u(x)|| <  e +  /i(x)||u|| for x e  G. (24)

From (23) and (17) we get

/1 (2x)||u|| +4||gu(x)|| <  /1 (2x)||u|| +  +  ||gu(2x)||

<  4/x (x) ||u|| +  2e +  for x € G,
£

and hence

^/i(2x)||u|| +  ||<7u(x)|| <  /i(x)||u|| +  for x € G. (25)

With the aid of (24), (25) and (23) we easily obtain

~/i(x)||u|| 4- — llffu(x)|| f o r x € G
n Zn
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(it is sufficient to substitute |/ 2(-)I IMI f°r Il5u(')ll in the proof of (22)), which 
implies immediately (13).
Now, in view of (11), (10) and (14) we have

(1 + IMD/i(2x) -  4/1 (x) < /i(2x) + |/i(2x)| ||u|| -  4/!(x)

< fi{2x) + l/i(2x) -  /i(0)I |iu||

+ 1/1 (0)1 Hull-4 /i(x )

< /i(2x) + ||/(2x) -  /(0)|| + l/i(0)| ||u|| -  4/1 (x)

- l  + 2 l R s f o r l € G -
Therefore

(1 + l|u||)/i(2x) -4 /i(x ) < e Q  + 2^ij[) { o r xe G- (26) 

By (18) it is evident that

l/i(z)| IMI < /i(®)IMI +£ for x 6 G. (27)

Conditions (12) and (13) yield

Il/(2x)|| < |/u(2x)| ||u|| + ||9u(2x)|| < |/i(2x)| ||u|| +c-e  for x € G,

f -  if K = R, 
where c := 2

1 if K=C,
whence using (10) we get

II/(2x) -  /(0)|| < l/i(2x)I ||u|| + £ ( c +  for x e G.

By (27), the above inequality and (14) we have

(1 + ||u||)/i(2x) -  4f x(x) > /i(2x) + l/i(2x)I ||u|| -  e -  4/i(x)

> / 1(2x) + | | /(2x)-/(0) | |

-  ( c + 2) e — e — 4/i(x)

г _ £ ( С + ^ +  1 +  2 Й | ) t o r x € G '

which together with (26) gives

1(1 + IM I)/i(2z) -  4/1 (x)| < ( c + ^ + 2щ )  £ for x € G,

and consequently.
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^ / . < * * ) - Л М | < | ( < + §  +  2 н ) «  « » х е с  (28)

X
or, assuming that G  is uniquely divisible by 2 and replacing a: by —,

г^ л ( | ) - л Н 5 т т м (с + 1 + 2й ) £ torieG' (29)
Put

■ 2 if 1 <  IMI <  3, [ 1 + 4 u if i <  M l <  3,

and

Н с + ^ +  2Й | )  i f ‘ S N I < 3 ,

P ■ i /  3 3 \
Г -Т -7 7  ( c + ^  +  T T T  if ll“ ll > 3-1 +  IMI V 2 2\\u\\J

We show that for every n  G N

n—1
\bnf i{a nx) -  /i(x)| <  pe ^  bl for x G G. (30)

i=o

Namely, from (28) or (29) we get (30) for n =  1. Assume now that (30) holds 
for an n G IN. Then

\bn+lfi{an+lx) -  /i(x)| < Ib ■ bnfi{an ■ ax) -  bfi{ax)\ + |b/i(ax) -  /i(x)|
71—1 П

<  pe]Pb*+1 +  pe =  p e ^ b 1 f°r x £ G,
i=0 i=0

which gives (30) for (n +  1).
Now, fix an x £ G  and choose arbitrary m, n G IN such that m >  n. Then, by 
(30)

\brn f  i (a771 x) -  bnf i ( a nx)\ =  bn\bm~n f x{am- nanx) -  / i (a nx)|

m —n —l m — 1

<  pebn ^  bl =  pe У "  bl ,
г= 0  i = n

which, seeing that 0 <  b <  1, means that the sequence {bnf i ( a nx) : n G IN} 
satisfies Cauchy’s condition, and therefore it is convergent for each x G G.
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We define mappings A : G  —> ]R and T  : G —> X  by the formulas

A(x)  : =  lim bnf i ( a nx),  x £ G,n—>oo
T (x) A(x)u,  x £ G.

From (30) we get at once

Щ х )  -  f \ (x) \  <  for x £ G.  (31)

Now we prove that T  fulfils the equation (2). By (12), (13) and (11) we obtain 
for x , y  £ G

Il f(x  +  y) -  f{x  -  y) II -  2e <  I f u(x +  y) -  fu(x -  y) I ||u||

+  Il0u(z + y) -  9 u { x  -  y)|| -  2e

< \fi (x +  y) -  f i{x -  y)\\\u\\

< IIf (x + y) -  f { x - y )||.

Using (ii), (4) and the above inequalities we get for x , y  £ G

- ^ - 2 е < М х  + у )  + М ? - У ) + ||/(a; + у) -  f { x  -  у),I 

- 2 / i ( x )  -  2 /i(y ) - 2e <  f i {x  +  y) +  / i ( x  -  y) 

+ l/i(2: +  y ) - / i ( x - y ) |  Ц и Ц - 2 / ! ( ж )  -  2/i(y )

<  /1(2: +  у) +  /1(2: — у)

+  11/(2: +  у) -  / ( x -  у)|| -  2/г (гг) -  2 / х(у) <
u

1/ 1(2: +  у) +  / 1(2: -  у) +  |/i(x +  у) -  f i ( x  -  у)| ||u|| -  2/1 (x) -  2/1 (y)| <  Зе

for x, у £ G.

Thus
||bn/ i ( a nx +  any)u  +  bnf i ( a nx — any)u

+\\bn f i ( a nx +  any)u — bnf \ (a nx — any)u\\u

—2bnf i ( a nx)u  -  26n/ i ( a ny)u|| <  3ftn||u||e

for x ,y  £ G , which, letting n —> 00, implies that T  fulfils (2). 
To prove (5) notice that
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||T(a:) -  Д х ) Il =  ||A(x)u -  ( / U(x)u +  gu(x))\\

<  IA(x)  -  / u(x)| ||u|| +  \\çu(x)U for X G G. 

Therefore, in the case K  =  IR, we have from (31) and (13)

Г ( х )  -  Д х ) Il < IА ( х )  -  Ш I ||п|| +  \ Ы х ) \ \  < j^ r bM \ + \

= ( 2 + ЭДТ ii i, + Л е
(lIN I -з|  ,| + 2у

1/4NI + 3 Л=  -  т̂ т-п1---- гг +  1 £ for X G G.2 V I H - з |  J
In the case К  =  C  we obtain by (31), (12) and (13)

l|T(x) -  /(x)|| <  ^ [ ( j4(x ) -  /i(x))||it||]2 +  (|/2(x)| ||n||)2 +  ||Stt(x)||

Г ( |  +  Э Д т )  N I  1  (e_\2 e
- \ [  I N I - 3 1  J Ы  + 2

=  5 ï o r x e G -

It results from Theorem 3 in [2] that the only one solution of equation (2) for 
1И1 >  1 and ||u|| ф 3 is the function /  =  0. Therefore, to prove the uniqueness, 
it is sufficient to consider the case ||u|| =  1. To this end assume the existence 
of two solutions Tb T2 : G  —> X  of equation (2) and two constants 0 i ,  0 2 >  0 
such that

By Theorem 2 in [3] there exist additive functions ai , a2 : G  —> IR such that 
Ti(x)  =  \ai(x)\u for X £ G,  i =  1,2. Hence in view of the last inequality we 
get

||7i(x) -  /(x)|| <  ©j for X € G,  i — 1,2.

I |ai(x)| -  |a2(x)| I ||u|| <  0 i +  0 2 for X  e  G ,

and further

2"I |ai(x)| -  |a2(x)| | ||u|| =  | \ах{2пх)\ -  |a2(2na:)| | ||u|| <  0 ] +  0 2

for X 6 G  and n 6 IN.

Since the right-hand of this inequality is constant, it becomes apparent that 
|ai(x)| =  |a2(x)| for X E G  and as a consequence T\ — T2.
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From Theorem 2 in [3] and Theorem 3 in [2] we obtain directly the following 
corollary.

C o r o l l a r y . Let X  be a normed space over Ж G {1R,<D}, let a u  G X  such 
that H  >  1 and ||u|| Ф 3 be fixed and let G  be an abelian group (additionally, 
in the case ||u|| >  3, uniquely divisible by 2 ) . We assume that there exists a 
subspace X \  of X  such that (i) and (ii) hold. I f  £ >  0 and f  : G  —t X  satisfies 
the inequality (4) then, in the case ||u|| =  1, there exists an additive function 
a : G  -А Ж such that || f ( x )  — |a(a:)|u|| <  ke for x G G, or, in the case ||u|| >  1, 
||/(x)|| <  ke for x G G, where the constant к is defined as in Theorem 1.

We have also the following Theorem.

T h e o r e m  2. Let G  be a group, let X  be a normed space over K  G {Ж ,С}, 
let а и € X  such that и ф 0 be fixed and let T  : G  —> X  be a solution of (2).
I f  г/ >  0 and f  : G  -A X  satisfies the inequality

\\T(x) -  f ( x ) \ \ < g  f o r x e G ,  (32)

then f  fulfils (4) with e =  kg, where к :=  (6 +  2||u||).

Proof. By the fact that T  fulfils (2) and use (32) we obtain for x ,y  G G

||/(x +  y) +  f ( x  ~ y )  +  II f{ x  A y) -  f ( x  -  y)\\u -  2f ( x )  -  2/(y)||

=  II f { x + y )  -  T { x + y ) + f { x  - y ) ~  T ( x  -  y) +  \\f{x A y ) -  f { x  -  y)\\u 

- I IT (x  +  y ) ~  T (x  -  y)||u -  2{f{x)  -  T(x) )  -  2( f (y)  -  T ( y ))||

<677 +  11 ||/(x +  y) -  f ( x  -  y)\\u -  ||T(x A y ) -  T ( x  -  y)||u||

=  677 +  1 ||/(x A y ) -  f ( x  — y)|| — ||T(® +  y) -  T( x  — y)|| I ||u||

<  677 +  ||/(® A y ) -  T{x A  y)|| ||u|| +  ||/(® -  y) -  T( x  -  y) II ||u||

<  6y +  2t/||u ||.

The following problems remain open.

P r o b l e m  1. Solve the problem of stability of the equation (2) in the 
case II гг К =  3 (Let us notice that the case ||u|| =  3 is also non-typical for the 
solutions of equation (2) (see Theorem 3 in [2])).

P r o b l e m  2. Do the above results hold without the assumption that G  is 
uniquely divisible by 2 in the case ||u|| >  3?
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