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Krzysztof Cieplinski

General solution of a linear functional equation
of even order

Abstract. In this paper we show that the functional equation

n

A<fi{g{X)) = Y Anp(hl{x))

i=—n

has in an open interval | a solution tp depending on an arbitrary function.
An analogous result we obtain for continuous solutions.

In this note the functional equation

A<p(g(x)) = Y  Ajli(/ilx)), 1)

i=—n
where unknown function ip maps an open interval | = (a, b) into a linear space
X over a field K, nGN, d,A € if, i G{- n,..., n> is considered. One

or both endpoints of I may be infinite. Assume that functions h, g fulfil the
following conditions:

(H) h: 1 h»/ is an increasing bijection such that h(x) > x for all x G/,

(G) g ml y-i | is an increasing bijection such that for some xg G/ g{x) < X
for x > xo0, g(%) > X fot X < Xo

For/ = K —X = R, g(x) = gx, gG[0,1], h(x) = x+ 1, A_i ~ 0 A\
the general solution of (1) gave A. Grza$lewicz in [3] (the same result has been

obtained by W. Foérg-Rob, see [2]). The aim of this paper is to generalize
Grzaslewicz’s result.

AMS (1991) subject classification: 39B12.
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By f n we denote here the n-th iterate of the function / : 1 147, that is
/e :=id(¢, f1:=/, Intl:=/o/", f~n:=(N~\ n=12,...
It is easy to check that

{hn(xo), n G Z> is a strictly increasing sequence,

©

nIlanDhn(XO) = b, nI_i>r5|oh "(x0) = a.

Put
fjit := \hk(x0), hfc+1(x0)] for K G Z. ?3)
Now, note that relations (2) and (3) imply
i= U™
kez

Define a function £ :/ Z by the formula
E[X) := « for i G/*\ {hfc+1(x0)}, JtGZ. 4
First we formulate two lemmas

Lemma 1. 77ie functional equation (1) is equivalent to each of the follow-

ing functional equations:
1

In¥s(x) = I~ (a(/Tn(:n)) - N p(/r, _n(x)), (5)
i=—n

A-nP(X) = Av?Y(/in(x))) - Anp(ht+n(x)). (6)
r=—n+1
Proof. It is sufficient to put h~n{x) or hn(x) in place of x, respectively.
Lemma 2. Ifx Gh, then
0 < E(g(h~n(x))) < k+ 1—n for kK> n (7

and
K+ n—1<E(g(hn(x))) <0 for k< —n—L1L €))

Proof. By (3), (H), (G) we get
g{hk~n(xQ)) < g(h~n{x)) < g(hk+1~n(x0)).
Let K > n, then xo < hk~n(x0) < /ifc_n+1(xo) and by (G) we obtain
*0o = g bl < g(hk~-n(x0)) < 5(h-n(x)) < 9(/ifc n+1(x0)) < /1*~M+1bl

which together with (4) gives (7). We apply the same arguments for
K < — —1 to obtain (8). This completes the proof.
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Now, we can prove the following

Theorem 1. Letne N, A,A*e K, ief-n,...,n> A_, ®O0® An and
let functions h, g fulfil (H) and (G). Then equation (1) has in | a solution p
depending on an arbitrary function. More precisely, for an arbitrary function

A
i~ U A%
i—n

fulfilling the condition

Aip(xo) = Aiip(hl{x0)) 9
r=—
there exists exactly one function p : 1 i-> X satisfying equation (1) and such
that
1
p(x) = h(x) for Xe U n- (10
i=—n
This function is given by
T= Uk, I
Y ()
where the functions tpk : Ik X are defined as follows:
Pkix) = rp{x) if xkG{-n,...,n- 1}, X £ 4, (12)
n—1
4>K{x) = CONGE N (*)) -
i—n (1-j)

if « >n, X6 Ik,

TKix) A_n[ApE(g(hn(x))){g{h(;))) - )TII _Au.pK+i+nih (ae))]
i=-n+i (14)

if ¢k < —n —1, X € 1k-

Moreover, every solution p : | y-i X of equation (1) is given by (11), where
the functions pk are given by (12), (13), (14) and
n—
(ON | IJ X
i=—n

is a function satisfying condition (9).

Proof. Let AJAi £ K forr€ { —n,..., n}. A-n ® 0 ¢ An and let. the
functions h, g fulfil (H) and (G), respectively. Assume first that the function
P satisfies equation (1) and put pk '= P\ik f°’r aU K E Z,
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M4

o m= U "k-
K=—

Clearly, conditions (11), (12) are satisfied. Substituting xq for x in (1) and
using (G) we get (9). If x £ Ik for k > n, then from (3), (H) and (7)

hl~n(x) £ h+i-n  f’r rG{—n,... ,n —1} and g(h~n(x)) £ Ij,

where j = E(g(h~n(x))) and 0<j<k + |I —n, whence by Lemma 1 we get
(13). Similarly, We obtain (14). This completes the first part of the proof.

Assume now that
4

- U 4->*
k=—n

is an arbitrary function fulfilling condition (9). Define a sequence of functions
{g>k i K £ Z },

by formulas (12), (13) and (14), respectively. Clearly, the functions gk are
well defined on 4 for k £ { —n,..., n —1> Let X £ In. Then by Lemma 2

g(h~n{x)) £ Iq
and in view of (3) and (H) we get
hiI~-n{x) £ for r6 {—n,..., n —1},

which implies that the function ipn is defined on In by g for — < r< n —1.
Let now K > n and the functions be well defined on /j for — < i < k. Let
us note that (13) define the function ipkon by uw, for —+ 1< i < k. In fact,
ifrf {—,... ,n—1} and £ /*, then hl~n(x) £ h+i-n and — <k +i-——n«<
K —I, since n < k. Further by Lemma 2 0 < E(g(h~n(x))) < K+ | —n < k,
so g(h~n(x)) £ 1j, where j = E(g(h~n(x))) and 0 < j < k. Thus ipk is
defined by the previous functions. Consequently, by induction the functions
ipk are well defined on Ik for k > n. The same conclusion can be drawn for
K < — — 1. Thus the functions gk for every kK £ Z are well defined. Now we
shall prove that for every K £ Z

v>k+i(y) = <Pk{y) for y e 4+1 n 4,
that is, the condition
Vk+i{hk+1 &q)) = ipk{hk+1(x0)) (15)
for K £ Z holds. By (12) we get
ipk+i(hk+1(x0)) = ipk(hk+1(x0)) for K£ {- n,... ,n - 2>, (16)
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Now we show that condition (15) holds for Kk — n —1and k = — —1 In
virtue of (9) and (12) we see that
—1 n
Au>o(xo) = N Am (h'(x0)) + LI A-V'i-Hfc'fo))) a7)
i=—n 1=0
whence by (13), (G), (4) and (16) we obtain
A~I[A”0o(x0) - ~2 Anpi(hl(x0))]

i=—n

<p,,(hn(xo0))

A~I[£ Am (h'(x0)) + ¢ A m -x(J14(*0))
i=—n i—0
-1 n-1
~  Anpi{hl{xo0)) - n~(/1*(x0))]
r=—n r=0

= - £ NA7N-1(/*4 x0))]
1=0 1=0

<"n-i(hn(a:0))-

Using (14), (G), (4), (17), (16) we get the following equalities
<P-n-i{h~n{xo0)) = A:\[Au>0(x0) - E N<~_1(N*(x0))]
i=—n+l
—1 n
Al'l ~ Ai(pi(hl(x0)) + 5 T ~ < 1(J1*(x0))
i=-n i=0

E  i4iwi i(h'(x0) - X]Ai-1Afao0))]
i=—n+1 i=0
S -1

~N-i[E N~ (A'W )- E N™«(J1'(x0))]
t=—n i=-ntl

<p_n(/i-n(x0))-

Hence and by (16) we have (15) forx € { —n —1,..., Nn—1}. Now, fixIl>n
and assume

V2i+i(/iT+1(x0)) = <Pifhl+1(x0)) for - n- 1< r< K. (18)
We shall show that
Vk+i(hk+1(x0)) = <Pk(ak+1(x0)). (19)
By (13) and (18) we have
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tpk+i{hk+1{x0)) = A~IAIipE"~k+i-n*”~igih”~1 n(x0)))

- £  Am +1+1_n(hk+l+i~n(x0))]
i—n

= K 1"E(p (1" +*-»(x0))) (P("c+1 " bl ))

- £ Am +i. n(hk+1+i~n(x0))]
i=—hn
= 4>k(hk+1{x0)),

i. e. (19). Consequently, by induction, condition (15) holds for every
K> -——1
Now, let K < — —2 and assume that

<Pt+i(h,+1(x0)) = <Pi(ht+l (x0)) f°r i > k. (20)

We shall prove that condition (20) holds for i = Kk, i. e. condition (19). By
(14) and (20) we get

- B ACT+i+nNe‘+1+i+"(io))]
i=—n+1

= N~[.4'?E(3(n,.+1+L(20,,,((?{N1N+1+*{x0)))

- £ 4 j*>*+i.H+»No*+1+i+"M )]
i=—n+l

= <Pk+i(hk+1{x0)),

since A+ r+ n > Afor—n+ 1< i < n. Thus we have (19) and by induction we
infer that (15) holds for k < — —2, which consequently gives (15) for kK G Z.
Since for every k € Z gk maps Ik into X, | = UlteZ [*0 *+1 = {/ifc+1(x0)>
and condition (15) holds we may define the function g : 1 H+ X by formula
(11.
Now, we shall show that < satisfies equation (1). To this aim, we prove
that
n
VKk{x) = AZ\[AipE[g{hn{x))){a(hn(x))) - Ai(pk+i+n(ht+n(x))]
i=——n+l (21)
for k€ Z, X€ Ik-

Let k> —, X € ffc. Then A+ 2n > n, h2n(x) 6 7fct2n and by (13) we obtain
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A - o {AE{aHN(X))){a{kn(x))) - Alipk+i+n(h1+n(x))]
i—n+1
-1
= N [Pi<pEE{In{D)(O(/in(i))) - Y, Am+i+n{ht+n(x))
i=—n+1
~An<Pk+2n{h2r (x))]

= AZR[A(pwarn(X)){a{Hn(x))) - J2 Aiipk+l+n(h1+n(x))
i=-n+1

-A n(A-I{VE@@(h"()))(O{hri{x))) - £ Ai<pk+i+n{ht+n{x))J))
i=—n

<Pk{x),

which together with (14) gives (21). By (21), (11) we immediately deduce that
the function <psatisfies (6) and consequently, by Lemma 1, ip satisfies equation
(1). The uniqueness of ip follows immediately from induction and the above
proof. This completes the proof.

Since Ik, K E Z are closed intervals, the proof of Th. 1 and induction give
the following

Corollary 1. If X is a linear topological space over the field K of real
or complex numbers and ip is a continuous function, then the unique extension
of ip to a solution of equation (1) is continuous.

In the case A=0 we get

Corollary 2. Letne N, Are K, ie {—n,..., n>, ® Od An and
let h fulfils (H). Then equation

£ Atipthl(x)) = 0 (22)
i=—n

has in | a solution ip depending on an arbitrary function. More precisely, for
xq E | and an arbitrary function

fulfilling the condition

Aiip[h1{x0)) = 0 (23)
i—n
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there exists exactly one function :1 I» X satisfying equation (22) and such
that condition (10) holds. This function is given by formula (11), where the
functions gk : Ik ~ X are defined as follows:

ipk{x) = ip(x) if KEi-n,...,n - 1> xe lk, (24)
mn4
<Pk(x) = -A "1 Atipk+i-n(hl~n{x)) if k>n, xGIKk, (25)
i—n
n
Tk{x) = -Al» Ai(pk+i+n{hl+n(x)) if k< -n -1 xGIlk- (26)
i=—n+l

Moreover, every solution ip : 1 1-4 X of equation (22) is given by (11), where
the functions yk are given by (24), (25), (26) and xq G I,

T
o (J
i—n
is a function satisfying condition (23).
If X is a linear topological space over the field K of real or complex numbers
and sp is a continuous function, then the unique extension of sp to a solution
of equation (22) is continuous.

The paper [1] deals with the case | —K —X = R, n= 1 A_i = 0.
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