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General solution of a linear functional equation 
of even order

Abstract. In this paper we show that the functional equation

П

A<fi{g{x)) =  Y  Anp(hl{x))
i = —n

has in an open interval I  a solution tp depending on an arbitrary function. 
An analogous result we obtain for continuous solutions.

In this note the functional equation

A<p(g(x)) =  Y  A j(/j(/i1(x )), (1)
i = —n

where unknown function ip maps an open interval I  =  (a, b) into a linear space 
X  over a field K , n G N, d , Ą  € if , i G { -  n , . . . ,  n> is considered. One 
or both endpoints of I  may be infinite. Assume that functions h, g fulfil the 
following conditions:

(H) h : I  h-» /  is an increasing bijection such that h(x) >  x for all x G / ,

(G) g ■. I  y-ï I  is an increasing bijection such that for some xq G /  g{x) <  x 
for x  >  xo, g(%) >  x îot x <  Xo-

For /  =  К  — X  =  R, g(x) =  qx, g G [0,1], h(x) =  x +  1, A _i ^  0 ф A\  
the general solution of (1) gave A. Grząślewicz in [3] (the same result has been 
obtained by W. Förg-Rob, see [2]). The aim of this paper is to generalize 
Grząślewicz’s result.

AMS (1991) subject classification: 39B12.
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By f n we denote here the n-th iterate of the function /  : I  1-4 7, that is 

/ °  :=  id(/, f 1 :=  / ,  / n+1 :=  /  о / " , f ~ n :=  ( П ~ \  n =  1,2 , . . .  .

It is easy to check that

{hn(xo), n G Z> is a strictly increasing sequence,
(2)

lim hn(x0) =  b, lim h "(xo) =  a. 
n—ЮО n->00

Put
/jt :=  \hk(x0), hfc+1(x0)] for к G Z. (3)

Now, note that relations (2) and (3) imply

i = U '*•
kez

Define a function £  : /  Z  by the formula

E[x) :=  к for i G / * \  {hfc+1(x0)}, J t G Z .  (4)

First we formulate two lemmas

L e m m a  1. 77ie functional equation (1) is equivalent to each of the follow
ing functional equations:

71 — 1
Л п ¥ з ( х )  =  Л ^ ( д ( / Г п ( : г ) ) )  -  Л 1Ур ( / г , _ п ( х ) ) ,  (5)

i= —n

A -n<p(x) =  Av?(ÿ(/in(x))) -  Anp(ht+n(x)). (6)
г=—n+1

Proof. It is sufficient to put h~n{x) or hn(x) in place of x, respectively. 

L e m m a  2. I f  x G h ,  then

0 <  E(g (h ~ n(x))) <  к +  1 — n fo r  к >  n  (7)

and
к +  n — 1 < E(g(hn(x))) < 0 fo r  к <  —n — 1. (8)

Proof. By (3), (H), (G) we get

g{hk~n(xQ)) <  g(h~n{x)) <  g(hk+1~n(x0)).

Let к >  n, then xo <  hk~n(x0) <  /ifc_n+1(xo) and by (G) we obtain

*o =  д Ы  <  g(hk~n(x0)) <  5 (h -n(x)) <  9(/ifc- n+1(x0)) <  /1*~П+1Ы ,

which together with (4) gives (7). We apply the same arguments for 
к <  —n  — I to obtain (8). This completes the proof.
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Now, we can prove the following

Theorem l .  Let n e N, A, A* e K, i e f - n , . . .  ,n>, A _„  Ф О Ф An and 
let functions h, g fulfil (H) and (G ). Then equation (1) has in I  a solution p  
depending on an arbitrary function. More precisely, for an arbitrary function

71 — 1

i>- U ^  *
i——n

fulfilling the condition
n

Aip(xo) =  Aiip(hl {x0)) (9)
г = —п

there exists exactly one function p  : I  i-> X  satisfying equation (1) and such 
that

71—1
p(x) =  x/j (x ) fo r  X £ U Л- (10)

i = —n

This function is given by

T=  U Tk, (И)
fce z

where the functions tpk : Ik X  are defined as follows:

Pk{x) =  гр{х) i f  к G {  - n , . . . ,n  -  1}, X  £ 4 ,  (12)

n — 1

4>к{х) =  ( х ) ) ) ( » ( Л “ п ( * ) ) )  -
i——n (l-j)

i f  к  >  n, X 6 Ik,
Tl

T k i x ) A _ n [ApE(g(hn(x))){g{h (ił))) —  ) ' Ацрк+ i + n i h (æ ))]
i= -n + i (14)

i f  к  <  —n  — 1 ,  X  €  I k -

Moreover, every solution p  : I  y-ï X  of equation (1) is given by (11), where 
the functions pk are given by (12), (13), (14) and

n—l

Ф ■ IJ X
i = —n

is a function satisfying condition (9).

Proof. Let A, Ai £ К  for г € { — n ,. . . ,  n}. A - n Ф 0 ф A n and let. the 
functions h, g fulfil (H) and (G), respectively. Assume first that the function 
<p satisfies equation (1) and put pk '•= (P\ik f°r aU к E Z,
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П— 1
ф  ■= U  ^k-

к=—п
Clearly, conditions (11), (12) are satisfied. Substituting xq for x in (1) and 
using (G) we get (9). If x £ Ik for к >  n, then from (3), (H) and (7)

hl~n(x) £ h + i-n  f°r г G { — n , . . .  ,n  — 1} and g(h~n(x)) £ I j ,

where j  =  E (g (h ~ n (x))) and 0 < j < k  +  l — n, whence by Lemma 1 we get 
(13). Similarly, We obtain (14). This completes the first part of the proof. 

Assume now that
П— 1

Ф-  U  4 - > *
k=—n

is an arbitrary function fulfilling condition (9). Define a sequence of functions

{.g>k i к  £  Z } ,

by formulas (12), (13) and (14), respectively. Clearly, the functions cpk are 
well defined on 4  for к £ { — n , . . . ,  n  — 1>. Let x £ I n. Then by Lemma 2

g(h~n{x)) £ I q

and in view of (3) and (H) we get

hl~n{x) £ Ц for г 6 { — n , . . . ,  n — 1},

which implies that the function ipn is defined on In by <pi for — n <  г <  n — 1. 
Let now к >  n and the functions be well defined on /j for — n <  i <  k. Let 
us note that (13) define the function ipk on by щ  for — n +  1 <  i <  k. In fact, 
if г £ { —n , . . .  , n —1} and ж £ /* , then hl~n(x) £ h + i-n  and —n < k + i —n <  
к — l, since n <  k. Further by Lemma 2 0 <  E (g(h ~n(x))) <  к +  l — n <  k, 
so g(h~n(x)) £ I j ,  where j  =  E (g (h ~n(x))) and 0 <  j  <  k. Thus ipk is 
defined by the previous functions. Consequently, by induction the functions 
ip к are well defined on Ik for к >  n. The same conclusion can be drawn for 
к <  — n — 1. Thus the functions <pk for every к £ Z  are well defined. Now we 
shall prove that for every к £  Z

v>k+i(y) =  <Pk{y) for у e 4+1  n 4 ,

that is, the condition

Vk+i{hk+1 (xq)) = ipk{hk + l(x0)) (15)

for к £ Z holds. By (12) we get

ipk+i(hk+1(x0)) =  ipk(hk+1(x0)) for к £ { -  n , . . .  ,n  -  2>. (16)
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Now we show that condition (15) holds for к — n — 1 and к =  —n — 1. In 
virtue of (9) and (12) we see that

— 1 П

Ац>о(хо) =  ^  A m ( h' ( xo)) +  Ц  A-V’i-H fc'fo))) (17)
i = —n 1=0

whence by (13), (G ), (4) and (16) we obtain
и — 1

<p„(hn(xo)) =  A ~ l [A^o(x0) -  ^ 2  Anpi(hl (x0))]
i = —n

=  A ~ l [ £  A m (h'(xo)) +  è  A m - х(Л4(*о))
i = —n i—0

- 1  n - 1

-  ^  Anpi{hl {xо)) -  Л ^ (/1 * (х 0))]
г=—n г=0

=  -  £  Л ^ - 1 ( / * Ч х 0 ))]
1=0 1=0

=  <^n-i(hn(a:o))-

Using (14), (G ), (4), (17), (16) we get the following equalities
П

<P-n- i { h ~ n{xo)) =  А:\[Ач>0(х0) -  E  Л<^_!(Л *(х0))]
i=—n+1

— 1 n

=  A l ' l  ^  Ai(pi(hl(xо)) +  5 Г ^ <_ 1(Л*(х0))
i=-n  i=0

—  1 n

-  E  i4i¥?i_i(h‘ (x0)) -  X ]  ^ i - l ^ f a o ) ) ]
i=—n+1 i=0

- i  - 1

=  ^ - i [ E  ^ . ( Ä ' W ) -  E  Л^«(Л '(хо))]
t=—n i = - n+1

=  <p_n( / i -n(x0))-

Hence and by (16) we have (15) for к  € { — n — 1 , . . . ,  n — 1}. Now, f i x l > n  
and assume

y?i+ i(/iî+1(xo)) =  <Pi{h1+1(xo)) for -  n -  1 <  г <  к .  (18)

We shall show that

Vk+i(hk+l(xo)) =  <Pk(àk+1(x0)). (19)

By (13) and (18) we have
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tpk+i{hk+1{x о)) =  A ^ l A i p E ^ k + i - n ^ ^ i g i h ^ 1 n(x0)))

-  £  A m + l + l _ n(hk+l+i~n(xo))]
i——n

=  К 1 [^Е(р(Л ‘ +*-»(х0))) (P(^fc+1_" Ы ) )

-  £  A m + i . n(hk+1+i~n(xo))]
i=—n

=  4>k(hk+1{x o)),

i. e. (19). Consequently, by induction, condition (15) holds for every 
к >  —n — 1.
Now, let к <  — n — 2 and assume that

<Pt+i(h,+1(xo)) =  <Pi(ht+l (x0)) f°r i >  k. (20)

We shall prove that condition (20) holds for i =  к, i. e. condition (19). By 
(14) and (20) we get

-  Ê  .^ C T + i+ n № ‘ +1+i+"(io ))]
i=—n+1

=  Л ^ [ .4 '? Е(3(п,. + 1+1:(10,„((?{ЛП+1+*{хо)))

-  £  4 j*>*+i.H+»№*+1+i+’' M ) ]
i=—n+1

=  <Pk+i(hk+1{x o)),

since A: +  г +  n >  A: for —n +  1 <  i <  n. Thus we have (19) and by induction we 
infer that (15) holds for к <  — n — 2, which consequently gives (15) for к G Z. 
Since for every к €  Z <pk maps I k into X ,  I  =  U/teZ /* П /*+1 =  {/ifc+1(xo)> 
and condition (15) holds we may define the function <p : I  н+ X  by formula 
( 11) .

Now, we shall show that <p satisfies equation (1). To this aim, we prove 
that

П
Vk{x) =  AZ\[AipE[g{hn{x))){g(hn(x))) -  Ai(pk+i+n(ht+n(x))]

i=—n+1 (21)

for к € Z, X € I k-

Let к >  —n, X € ffc. Then A; +  2n >  n, h2n(x) 6 7fc+2n and by (13) we obtain
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А - 1п{Ац>Е{д(Нп(х))){д{кп(х))) -  A lipk+i+n(h1+n(x))]
i——n+ 1

TL —  1

= ^:J,[>i<p£;(s{/ln{l)))(ö(/in (i)))  -  Y ,  Am +i+n{ht+n(x))
i= — n+1

~An<Pk+2n{h2rl (x))]

=  AZЛп[А(рщд^п (х))){д{Нп(х))) -  J 2  Aiipk+l+n(h1+n(x))
i= -n + 1

- A n( A - l{VE(g(h"(x)))(9{hri{x))) -  £  Ai<pk+i+n{ht+n{x))J))
i=—n

=  <Pk{x),

which together with (14) gives (21). By (21), (11) we immediately deduce that 
the function <p satisfies (6) and consequently, by Lemma 1, ip satisfies equation 
(1). The uniqueness of ip follows immediately from induction and the above 
proof. This completes the proof.

Since I k, к E Z  are closed intervals, the proof of Th. 1 and induction give 
the following

C o r o l l a r y  1. I f  X  is a linear topological space over the field К  of real 
or complex numbers and ip is a continuous function, then the unique extension 
of ip to a solution of equation (1) is continuous.

In the case A = 0  we get

C o r o l l a r y  2. Let n e N , Аг e  K , i e  { — n , . . . ,  n>, Ф О Ф An and 
let h fulfils (H). Then equation

£  A tip(hl (x)) =  0 (22)
i= —n

has in I  a solution ip depending on an arbitrary function. More precisely, for 
xq E I  and an arbitrary function

П— 1
iP: ( J

i=—n

fulfilling the condition
П

Aiip[hl {x0)) =  0
i——n

(23)
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there exists exactly one function <p : 1 1-» X  satisfying equation (22) and such 
that condition (10) holds. This function is given by formula (11), where the 
functions cpk : Ik ^  X  are defined as follows:

ipk{x) =  ip(x) i f  к £ i - n , . . . , n -  1>, X  e  I k, (24)

П—1
<Pk(x) =  - A " 1 A tipk+i-n(hl~n{x)) i f  к > n ,  x G I k, (25)

i——n
n

Tk{x) =  - A I »  Ai(pk+i+n{hl+n(x)) i f  к <  - n  -  1, x G I k- (26)
i=—n+1

Moreover, every solution ip : 1 1-4 X  of equation (22) is given by (11), where 
the functions y>k are given by (24), (25), (26) and xq G I ,

Tl— 1
Ф :  ( J

i——n

is a function satisfying condition (23).
I f  X  is a linear topological space over the field К  of real or complex numbers 

and яр is a continuous function, then the unique extension of яр to a solution 
of equation (22) is continuous.

The paper [1] deals with the case I  — К  — X  =  R , n =  1, A _ i  =  0. 
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