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W o j c ie c h  J a b ł o ń s k i

On some subsemigroups of the group L]

Abstract. In this paper we generalize the results concerning determi
nation of some form subsemigroups of the group L\.  We show that for 
s >  4 +  2i there are no subsemigroups Z ls s(f)  and T ' s(g). We determine 
all subsemigroups of mentioned form for s <  3 +  2i. Moreover we use 
obtained results to determine the subsemigroups Р®’*(/1) and P*’l (h i ,hs).

0. Denote by Z the set of all intégral numbers and by R -  the set of all 
real numbers. Let

Ro :=  R  \  {0}, |fc, 2| :=  {n € Z : к <  n < /} for k,l G Z.

We adhere to the convention that

0° =  1,
П

at =  0 and |m, n| =  0  for m >  n .
k=m

Definition 1. Let s be a natural number. A set

Z s : =  {xs : =  (x i , . . . , i s) g R s : £ i ф 0} 

with the operation
xs -ÿs - z s (0.1)

if and only if

П  П

zn = ̂ 2xk Y, Айп П  y? for n e i1̂ !’ (°-2)
*=i uneun,k j=i

where

AMS (1991) subject classification: 39BB2, 20M99.
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Un,k ■= |un :=  ( u i , . . . ,u „ )  G |0,fc|n : ^  щ =  к A ^  ш* =  n 1 ,  (0.3)
l i=l i=l J

Aûn ~  n  ' i (0.4)
П  («i!(t!)“0
t=i

is a group, which is denoted by L \ (see [3]).

In this paper we will consider the subsemigroups of the group L] such that 
the last parameter or the first one and the last one are the functions of the 
remaining ones. Such subsemigroups for s <  6 have been determined in [3],

w, m-[n]-
At first we will give some properties of the sets Un,k ■

(i) U nA =  { (0 , ..  . ,0 ,1 )} .

(ii) Un,n =  { ( n ,0 , . . . ,0 ) } .

(iii) If йп 6 Un,k (2 <  к  <  n), then Uj =  0 for all j  £ |n — к  +  2, n|.

Let n >  3 and к £  |2, n — 1|.

(iv) If ü„ € Un,k , then there exists j  6 \2, n — к  +  1| such that Uj >  1.

(v) If ûn £ Un,k and Uj =  0 for all j  £ |2,n -  fc|, then ui =  к  — 1 and

“n-Jfc+l =  1-

(vi) If щ  =  к — 1, un_fc+1 =  1 and Uj — 0 for all j  £ |2,n| \  {n -  к  + 1}, then 
fin ^ Un ,k •

(vii) If 4 <  2Â: <  n, й п  6 Un,k and u\ = i < к  — 2, then there exists

j  £  |2, such that Uj  >  1.

([x] denotes the integral part of x).

Proof. Properties (i)-(iv) have been proved in [2].
Let n >  3, к  £ |2, n — 1|, й п  £ Un,k and Uj =  0 for all j  £ |2, n — k\.
By (iii) we have Uj — 0 for all j  £ \n — к +  2,n|. Thus from (0.3) we get

f ui +  Un-k+i =  к
\  ui +  (n -  к  + l)un_fc+i =  n

so щ  =  к  — 1 and un-k+i =  1.
Prom (0.3) we obtain (vi), immediately.
Let 4 <  2к <  n, йп £ Un к and щ  =  i <  к — 2.
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Suppose that uj =  0 for all j  E |2, [ ^ j  |. From (0.3) we get

n =  è  =  * +  £  Juj  > * +  ( [ i =î ] +  l )  £  «j
i=[A]+i

=i + ([rh] + 1) (t“<) = [rb] <*-<>+*>»■
This demonstrated (vii).

From (i), (ii) and (0.4) we have

Corollary 1. Aÿ_n — 1 for all йп e  Un,i и Un,n .

We will characterize some properties of expressions (0.2). In particular 
cases we get

z\ -  Х1У1,

Z2 =  Х\У2 + X2 Vi,

z 3 = Xiy3 + ЗХ2У1У2 + x3yf.

Lemma 1. For every n >  2 we have

n —1 n—1

zn =  x\yn +  ^ 2  xk ] Г  Айп П  y“J +  xny*. (0.5)
Hn€Un,k 3 =1

Proof. From (i), (ii) and Corollary 1 we get

n—1 n

Z n  =  Xl  yn + X k А йп П Уj 1 + Х п У1- (°-6)
fc=2 u eu n,k 3= 1

For n =  2, from (0.6), on the ground of accepted agreement, (0.5) follows, 
whereas for n >  3, к E |2,n — 1| and йп E Un>k , by (iii) we obtain

Uj =  0 for all j  E \n — к +  2, n\ D {n}

and then
n n — 1

П у ?  =  П y ? -
j = i  3= 1

Consequently from (0.6) we get (0.5).

Next we prove

LEMM A 2. Let p, q be natural numbers such that I <  p <  q and let 
r =  p +  q +  1. I f  Xj =  0 for all j  E |2, q| and yj =  0 .for all j  E |2,p|, then zn 
specified by (0.21 will be of the form
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1) Z l  =  Х \ У \  ,

2) zn =  0 for n £ |2,p|,
3)  zn =  x iy n for n £ \ p + l ,q \ ,
4) zn =  x iy n +  x ny? for n £ \ q  +  l ,p  +  q\,

5) zr =  х \Уу +  j )  x q+iy\yp+\ +  x ry \.

Proof. By the assumption, for n £ |2, q 4- 1|, we have

ï > *  E Ч П » ? = 0 .  (0.7)
fc=2 uneunik j= i

Thus from (0.5) we get 2), 3) and 4) for n =  g +  1.
Let us fix n £ |<7 +  2,p +  g|. Then

J2xk Aûn П  У? = °- (°-8)
*=2 ипеип,к j = i

If A: € \q +  l ,n  — 1|, then by (iv), for every ün £ Un>it, there exists

j  £ |2,n — A; +  1| C |2,n — (q +  1) +  1| C  |2,p| suchthat Uj >  1.

By the assumption (yj =  0 for all j  £ |2,p|) we obtain

E E Aun П  y? = °-
k=q+l Uneun_k 3 = 1

Thus from (0.8) and (0.5) it follows that 4) holds for n £ \q +  2,p +  q\.
Now let n — r. For every к £ \q +  2 ,r  — 1| and ur £ Ur^ , by (iv) there exists

j  £ |2, r — к +  1| C  |2, r — (q +  2) +  1| C  |2,p| such that Uj >  1,

hence

E x* E П  у? = °-
fc=9+2 UreUT, k 3 = 1

Since (0.8) holds too, so

E x* E  Aür П  Vj* =  x9+i E Л й г П  У?  -
A:= 2  и геигЛ 3 = i ureUr,q+1

(0.9)

Let us notice that if for some ur € t/r,g+1 there exists j  £ |2,p| such that 
Uj >  1, then we have

r —l

П  »? = o.
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Moreover, if for an ur G Ur>q+1 Uj =  0 for all j  6 |2,p|, then by (v) we have 
ni =  q, up+1 =  1 and next from (0.4) we get

r— 1 I
* 9+i E Айг П y ?  =  rP+iiifli хя+1Уч1Ур+1 ■

u reUr,q+i j = i ^

Thus from (0.5) we obtain 5).

L em m a  3. Let p, q be natural numbers such that 1 <  p <  q and let 
r = p + q +  1. I f  Xj  =  0 for all j  G |2,p| and yj =  0 for all j  G \2,q\, then
1) zi = xiyi,
2) zn =  0 for n G |2,p|,
3) zn =  /or n G |p +  1, g|,
4) zn =  xij/„ +  for n G |<7 +  l ,p  +  ç|,

5) 2r =  X iyr +  ^  J *p+Ü/l!/ç+l +  *rî/l-

Proof. By the assumption, (0.7) holds for n G |2,p +  1|, and from (0.5) 
we get 2) and 3) for n — p +  1.
Now let n G |p +  2,p +  ç|. Then

E x* E A*n П у? = °- (°-10)
fc=2 ипеиП'к j= i

If /с G |p +  l ,n  — 11, then by (iv), for every йп G UHyk , there exists

j  G |2,n — к +  1| C  |2,n — (p+ 1) +  1| C  \2,q\ suchthat uj >  1.

and

E E Aûn П У? = °-
k=p+\ uneun>k j = i

From (0.10) and (0.5) we get that 3) for n G |p +  2,g| and 4) hold.
Let n =  r. For к G |p +  2, r — 1| and every ûr G UT,k > by (iv) there exists

j  G |2,r — A: +  1| C  \2, r — (p +  2) +  1| C  |2,g| suchthat uj >  1,

therefore

E xk E лйг П у? = °-
fc=P+2 ureur,k j= i

Since (0.10) for n =  r holds too, so

E xk E Лйг П У? = zp+i E Лйг П •
*=2 Ur€Ur,k j = 1 Ur£Ur,k j = 1

(0.11)
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Let us notice that for every ur G C/r,p+1 we have ui <  p.
Indeed, if щ  =  p +  1, then we will get Uj =  0 for all j  G |2, r|, so

Г
p +  q +  l =  r =  iui =  u\ =  p +  1 

i=l

and we obtain a contradiction with the assumption q >  1.
Prom (vi) we get

if ui =  p, uq+1 =* 1 and Uj =  0 for all j  G |2 ,r| \{ç+  1}, then ur G UrtP+ i . 

Hence from (0.4), on the right side of (0.11) we get

p\{q +  l ) \ Xp+iy' Vq+1 '

On the other hand, if for an ûr G Ur,p+i u\ =  i <  p — 1 holds, then we obtain

4 <  2(p +  1) <  r =  p +  q +  1 and 2 <  ------ ------ : <  <7.
.p +  1 — г.

Thus by (vii) there exists j  G 2, ■p+rl _ l C  |2,ç| such that Uj >  1.
Therefore

nV=o.
j=i

Consequently

Г Т  И H
xp+1 _ £  й̂гп У ? =  p!(g -j, 1)!а'Р+1У1Уч,+ 1 .

^ r 6 ^ r , p + i

which with (0.11) and (0.5) completes the proof.

Remark 1. For any fixed natural numbers p and q Lemmas 2 and 3 
determine some properties of the operation (0.1) in the group L \ for 2 <  s <  
p +  q +  1.

1. Denote by

Z \ :=  {xs G Z s : V j  G |2,1 +  *| x j =  0} ,

Zg .  ̂xs . (x j , Xi-)-2, • • • i x s ) . Xg G Z s  ̂ ,

T i : = { x s e Z \ :  X! =  l } ,

Tt |ä s :=  {xi+2, . . . ,  x s) : Xg G Ts J  .

One can prove that for any fixed non-negative integral number г the sets Z \ 
and T \  are closed with respect to the operation (0.1) in the group L \ .
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Let /  : Ż \ _ x—>R, g : Т^_1 —►R. Consider sets

z \,sU) :=  { ( * s - b / ( 5s - i ) )  : 6 Z '_ j }  for s > 2 + i, (1.1)

T l s ( 9 )  := ( f e - b S ^ - i ) )  : X s- i  e T Ś-i} for s >  З +  г. (1.2)

The subsemigroups Z ° s( / )  of the group L] for s 6 |2,6| have been determ
ined in [3], [4], [9] and [11]. S. Midura has proved in [3] that for the groups 
L \  and L \  such subsemigroups belongs to the families

( z 2,2 ( o o i ^ p i x f  -  *i)))pgR ,

^ 3 , 3  ( Ź2_)>^ + P (X1 _ x i ) ) )

respectively, whereas in [4], [9], [11] it has been shown that for г =  0 there do 
not exist any subsemigroups of the form (1.1) of the groups L \, L \  and L \. 
Furthermore it is known (see [2], [3]) that for s >  4 there does not exist any 
subsemigroup s( f )  of the group L \.
The subsemigroups Z ^ e( / )  for s € |4,6| have been considered in [4], [9], [11]. 
It has been proved that subsemigroups of the form (1.1) for * =  1 are the sets 
from the families

( Z 4A (хз->р{х\ ~  z i ) ) )  for the ërouP L \  -

5 ^X4->5—  +  p (x \ — for the grouP Lg .

S. Midura has proved in [9] that there does not exist any subsemigroup Z g 6( / )  
of the group L \ .
In this part we will prove that for s >  4 +  2i there do not exist any subsemi
groups Z ls s( f )  and Tl s(g). We will show it by proving that suitable functional 
equations have not any solutions.

The sets Z's s ( f )  and T ls s (g) are subsemigroups of the group L\  if and only 
if the functions /  and g are solutions of the equations:

5—1
/ ( z s_i) =  Xx f ( y s - i )  + E n E А й ,  П y“J + y f f ( x s - i )

k = 2  u s1 e u s,k j = 1

for x i - u ÿ ^ x  €  Z \ _ x  ,

5 — 1 5-1
g ( z 5 - 1 ) =  ô(ÿs-i) +  H  x k E А й , П у /  + 9 ( x s- i )

k = 2 u , e u , <k j = i

for x s- i , y s_ x  6 T l _ x ,

(1.4)
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where żs- \  and zs- \  are defined by

zn = i t xk Л  Aü n f [  У ?-
k= i uneun,k j = i

(1.5)

We are going to prove

T h e o r e m  1. For s >  4 +  2i the equation (1.4) has not any solutions in 
the class of fonctions g : T j_ 1—>R.

Proof. Suppose that the function g : T j_ l -> R  is a solution of the equation 
(1.4) for s >  4 +  2i.
Put in (1.4) Xj =  0 for all j  G \i +  2 ,s  — г — 2|. By Lemma 2 (p =  i +  1, 
q — s — i — 2) we get

g(zs- i )  = g{xs- i ) +  + xs- i - i y l+2 + g(ys-i)  

for xs_i e € T ‘_ j ,
(1.6)

where
Zji =  yn for n £ \i 4- 2, s — i — 2|, 

zn =  xn +  yn for n G |s -  i -  l , s  -  1|.

Set in (1.4) yj =  0 for all j  G \i +  2, s — i — 2| now. By Lemma 3 we obtain

g(źs-i) =  g{xs- 1) + xi+2ys- i - i  + g ( y s- i )

for xs—i € Tsl_ ! ,  G TfZ{~3,

where
Zn =  x n for n G |г +  2, s — i — 2|,

zn =  xn +  yn for n G |s — i — 1, s — 1|.

If we put in (1.6) vs- i  :=  ÿs_ l , tös_ i :=  xs_ i , then we obtain

g(żs-i) = g{ws- 1) + (j  ̂2) w» -i- lVi+2 + g(vs-i)

for ws- 1 G T /r î -3 , ûs- i  G T's_ l ,

where
zn — vn for n G |г +  2, s — i — 2|,
z„ =  u;n +  nn for n  G |s — i -  l , s  -  1|.

If we set in (1.7) vs- i  :=  x s- \ , û)s_ i :=  ys -1 , then we get

(1.7)

(1.8)

(1.9)
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g ( ź s - i )  = g ( v s - 0 +  ( i  + 1) u,*-*-it,»+2 + ff(,i&*-i) 

for г05_ !  G T /T Î-3 , ûs_ i G T j_ !  ,
( 1. 10)

where zs- \  is defined by (1.9). 
Compare (1.8) and (1.10). We obtain

Thus

(  г + 2 )  ™s- ‘- lVi+2 = (  1 + 1 )  u,«-*-iw*+2 for a11 u>+2 > G R-

s =  3 +  2г,

and we have a contradiction with the assumption s >  4 +  2i, which completes 
the proof.

From above theorem it results

Theorem 2. For s >  4 + 2i there does not exist any subsemigroup T f s(g) 
of the group L \ .

Consider the equation (1.3) now. Fix x \ =  y\ =  1. If we denote 

3(xs_ i )  :=  / (1 , i) for £ s_ i G f \ _ x , 

then by Theorem 1 we will get 

Theorem 3.

(i) For s >  4 +  2i the equation (1.3) has not any solutions in the class of 

functions f  : Ż \ _ x—>R.

(ii) For s >  4 +  2i there does not exist any subsemigroup Z \ s( f )  of the group

L l

2. In this part we determine all the existing subsemigroups Z ls s { f)  and 
Tg s(g). At first we present solutions of some functional equations.

L e m m a  4 ([3], Theorem 1). Let n >  1 be a natural number. The general 
solution ip : R o - t R  of the equation

ip(xy) =  x<p{y) +  ynip{x)

is the family of functions
ip(x) — a(xn — x),

where a is an arbitrary real number.

L e m m a  5 ([11], Lemma 1). Let t be a real number, n -  a natural number. 
The general solution ip : R q x R -> R  of the equation
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(p(x iy i ,x iy 2 +  x 2 y "+ l ) =  xi<p(yi,y2) +  tx2y \y 2 +  Vin+1<p(x i ,x 2) 

is given by

<p(xi,x2) = + a (xfn+1 -  xi) ,
Z X1 '  '

where a is ап arbitrary real constant.

In [11] it has been proved

L e m m a  6. Let t be a real number. The general solution ip : R —>R of the 
equation

<p(x +  y) =  ip(x) +  txy +  ip{y) 

is the family of functions

<p(x) = ф ( х )  +  I X2,

where ip : R —>R is an arbitrary additive function.

LEM M A 7 ([8] Lemma 1). Let b >  2, c >  2, b ф c be integers. The general 
solution ip : R o x R —»R of the equation

4>{xiyi,xiy2 +  x2y\) =  xiip(yu y2) +  y[<p(x i ,x2)

is given by
4> (x \,x 2) ï= a{±\ -  x i),

where a is an arbitrary real constant.

L e m m a  8 (see [1], Proposition 1, p. 35). The general solution *p : R n-* R  
of the equation

p{x +  y) = 4>{x) +  ip(y)

is given by
n

Т(х) =  Y ^ ^ k ix k ),
k=l

where x =  ( x i , . . . , x n) and ip к : R —tR  for к G |l,n| are arbitrary additive 
functions.

In the first part of our paper we have proved that for s >  4 +  2i there do 
not exist any subsemigroups Z \ s( f )  and T ls s(g). In order to determine the 
subsemigroups of the form (1.1), (1.2), we will consider the equations (1.3) 
and (1.4) for s <  3 +  2i.

Consider the equation (1.3) in two cases:
1) s E |г +  2 ,2г +  2|,
2) s =  3 +  2г.

1) For s E |г +  2, 2г +  2| we have (Lemma 2, p =  q =  i +  l)
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/ ( ż a_i) =  x i / (ye_ i ) +  yf/(xs_i) for x „ - i ,ÿ s_ x G Ż ‘ _ j , (2.1)

where
zi =  x xy i ,
zn =  х\Уп +  xny \  for n G |г +  2, s -  1|.

We will prove

THEOREM 4. 77ie general solution f  : Ż l _ l —»R of the equation (2.1) is 
the family of functions

f ( x s- 1) =  a(xf -  z i ) , 

where a is an arbitrary real constant.

Proof. Suppose that a function /  : >R is a solution of (2.1). In a
case CARD|i +  2, s — 1| <  1 we get the statement by Lemma 4 or Lemma 7. 
Let CARD|i + 2, s — 1| > 2 .  Put in (2.1) Xj =  yj =  0 for all j  G \i + 2, s — 2|. 
We have

f { x i y i ,0 , . . . ,0 ,x i y s- i  + z s_ i yf_1) =  x i / ( y b 0 , . . . , 0 ,y e_ i)

+yf / (x i ,0 , . . . ,0 ,xs_i)

and by Lemma 7
f ( x i ,0 , . .  . , 0,x s_ i)  =  a(x* -  x j). (2.2)

If we set in (2.1) y\ =  1, yj =  0 for j  € \i +  2, s — 2|, then by (2.2) we obtain

f  {x 1, Xj-(-2» • • •) xs—2> X1У5—1 +  x s— 1 ) f  (xs—1 ) for Xs—j G Ż s_  j , 2/s—1 6 R

and so
f { x s- i )  =  / ( x s_2,0) for xs- 1 G .

Suppose that for some A; G |г +  2, s — 2|

/(® e -i)  = / ( * * , 0 , . . . ,0 )  for x s- \  G Ź l_ i  .

From (2.1) we get

f ( z k,0 , . . . ,0 )  =  x \ f ( y k,0 , . .  .,0 ) + y \ f { x  fc,0 , . . . ,0 )  for xklÿk G Ż \  . 

Similarly like above, we can show that

/ ( x b 0 , . . . ,0 )  =  /(x jfc _b 0 ,...,0 )

and so
f ( x s- 1) =  f(x )t - 1,0........0).

Consequently
f { x s- 1) =  Д х ь 0 , . . . ,0 )  

and from (2.1), by Lemma 4, we get
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/ ( i s- i) =  a ( x f - x i ) .  (2.3)

It is easy to see that every function of the form (2.3), where a is an arbitrary 
real number, is the solution of the equation (2.1).

2) Assume that s =  3 -f 2г. From (1.3), by Lemma 2, we will obtain

/ ( i s - 1) = x i f ( ÿ s- i ) +  ( г  +  2 )  z «+2l/i+1y>+2 +  y f / ( i s - i )

for xs- \ , j/s_ i  6 z s_ x,

where
z\ =  Ziyi,
zn =  yn + Xnyx for n € |t +  2, s -  1|.

TH EO REM  5. The general solution f  : Z s_ l —*Tl of the equation (2.4) is 
the family of functions

/ ( i s - i )  =  \  ( г +  2 )  +  ° (* 5  - ® 0 ,  (2-5)

where a is an arbitrary real constant.

Proof. Let /  : R  be a solution of the equation (2.4). If i =  0, then
we get the statement from Lemma 5, directly.
Now let i >  1. Similarly like in the proof of Theorem 4 we can prove that 

/ ( i e_ i )  = / ( x i , x i+2, 0 , . . . , 0 ) for i , - i  £  .

Hence from (2.4), by Lemma 5 we get (2.5). One can verify that every function 
of the form (2.5), where a is an arbitrary real constant, is a solution of the 
equation (2.4).

From Theorems 4 and 5 we have

TH EO R EM  6 . Let us fix a non-negative integral number i.

(i) The only subsemigroups of the form (1.1) of L] for s 6 |г +  2,2г +  2| are 
the sets from the families

( i s - i - * a  (* ’  -  :ci ) ) ) a€R •

(ii) The only subsemigroups of the form (1.1) of L] for s =  3 +  2i are the 
sets from the families

(zi.s ( xs - i —>2 ( i +  2 )  + a (*î _3:i)) ) a€R'
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Now consider the equation (1.4). For s E \i +  3, 2i +  2|, by Lemma 2, we get 

g(zs- i )  =  g(xs~ i) +  g(ys- i )  for x s- i , y a- i  £ T \ _ x , (2.6)

where
zn — xn +  Уп for n E \i +  2, s -  1|.

From Lemma 8 we get

T h e o r e m  7. The general solution g : T * _ 1^ R  of the equation (2.6) is 
given by

S — 1

g{xs- 1) =  M xk),
k=i+2

where грк : R —tR  for к E |г +  2, s — 1| are arbitrary additive functions.

Let s =  3 +  2г. From (1.4), by Lemma 2, we obtain

ff(^-i) =ff(£a_ i ) +  ( j ^ 2 )  xi+2Vi+2 +  g(ys- i )

for x s—i ,ÿ s_y E T s_ j  ,

where
zn =  xn +  yn for n E |г +  2, s -  1|.

We will prove

(2.7)

TH EO R EM  8. The general solution g : ► R  of the equation (2.7) is
given by

g(Xs-l) = j + 2)Xi+2+ Ę  V»fc(®fc),
where x̂ k : R —̂ R /or к E |г +  2, s — 1| are arbitrary additive functions.

Proof. Let g : T j _ j -> R  be a solution of the equation (2.7). If г =  0, 
then the statement results from Lemma 6. Now let i >  1. Putting in (2.7) 
Xi+2 =  j/j+2 =  0 we obtain

g{0,xi+3 + y i+3 , . . . , x , - i  + y s- 1) = 9 (0,Xi+3, . . . , z s_i) + g{0,yi+3, . . . , y s-i)  

and by Lemma 8 we get
S — 1

<7(0, £j+3, • . .,Xs_l) = 5Z ' Ф к ( Х к ) ,

k = i+ 3

where грк : R —>R for к E \i +  2, s — 1| are arbitrary additive functions.
Set in (2.7) Xj =  yj =  0 for all j  E |г +  3, s — 1|. We have

(2.8)
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9 ( x i + 2 “I" V i + 2) О, . . 0 )  — g ( X i + 2 , 0 , . . 0 ) +  ^   ̂ ^  2 ^  ® t+2Î/i+2  T 9 { V i + 2 i  0 ,  . . . ,  0 ) .

From Lemma 6 we obtain

9(я»+2,0,...,0) =  \  ( i  +  2 )  x?+2 +  ^ + 2( ^ + 2), (2.9)

where Ф1+2 : R —>R is an arbitrary additive function.
If we put in (2.7) у*+2 =  0 and Xj — 0 for all j  G |t +  3, з — 1|, then by (2.9) 
we get

\  (  \  5—1

g (X i+ 2 ,y i+ 3 ,---,y s -l)  =  2 f i +  2 ) ^ + 2  +  ^«+2(®»+2) +  5Z  V'fc(yfc)- (2.10)
/с = г + 3

It is easy to see that every function given by (2.10), where ipk : R —>R for 
к G |г +  2, s — 1| are arbitrary additive functions, satisfies (2.7).

THEOREM 9. Let us fix a non-negative integral number i.

(i) The only subsemigroups of the form (1.2) of L] for s G \i +  3 ,2i +  2| are 
the sets

T s<s l-  ̂ Фк(х к) J )
V fc=i+2 /

where tpk ■ R —>R for к € \i +  2 ,s  — 1| are arbitrary additive functions.

(ii) The only subsemigroups of the form (1.2) of L \ for s — 3 +  2i are the 
sets

T s,s 2̂ (г + 2 ) "Ê+2  ̂ Фк{х к)̂  i
where ipk : R —>R for к G \i +  2 ,s  — 1| are arbitrary additive functions. 

3. Denote

PI :=  { is  :=  (x2, . . . , x s) G R s_1 : V j G |2,i +  1| Xj =  o ] ,

P s :== {x i+2i • • •> x s)  • x s €  P's I  •

Let h : P \ —»Ro, h\ : P \_ ^ —.>Ro, hs : R . Consider sets

P l ,l{h) :=  {(/»(®s),æs) : xs G for s >  i +  2, (3.1)

P ?;l(h u h s) :=  {(fci(£e_ i ) ,2 a - i ,h f (£e- i ) )  : xs_ i G P ‘_ i}

for s >  i +  3.



On some subsemigroups of the group L] 115

Subsemigroups P{*’l(/i) and P^'xs(h \, hs) of the group L \ for s <  6, on some 
conditions, have been considered in [5], [7], [9], [10].

The set P^’l(h) with the operation (0.1) is a subsemigroup of L \ if and 

only if the function h : Pg->Ro is a solution of the equation

h(zs) =  h(xa)h(ys) for x s,y s € P \  , (3.3)

where

zn =  h{xs)yn +  Ë  x k JL Aün4 ÿ s)Ul П  Vj3 +  x nh{ÿs)n 
k=2 й п е и п ,к  j = 2

for n 6 |г +  2, s|.

Assume that

the functions Xj —>(0,. . . ,  0, Xj,  0 , . . . ,  0)
for j  € |t +  2,s| are continuous. ' ‘

We prove

TH EO REM  10. A unique solution h : P *—>Ro of the equation (3.3), on 
condition (3.4), is the constant function h =  1.

Proof. We will use the following

L em m a  9 ([12]). A unique continuous solution ip : R - a R q of the equation

V (x<p{У)к +  УЧ>(х)1) =  (p(x)(p{y),

where к and l are natural numbers such that к ф l, is the constant function
<p = 1.

If s =  i +  2, then we have the statement from Lemma 9.
Now let s >  i +  3. Putting in (3.3) Xj — yj =  0 for all j  6 |z +  2, s — 1| we 
obtain

h (0, • • .,0 , ysh(0, . . . ,  0, x s) +  x sh{0 , . .  . ,0, ys)s) =  h(0, . . . ,  0, x s)h{0, . . . ,  0, ys) 

and by Lemma 9

A( 0 , . . . , 0 , z«)  =  1 for xs € R .  (3.5)

If we set in (3.3) Xj =  0 for all j  G |г +  2, s — 1|, then by (3.5) we get

H yi+ 2 , -;ya-i ,xsh{ys) + ya) = h(ys) for xs € R , ys £ P\ 

and for x s =  — ys [My«)]-1  we have

ЧУа) =  Ч У , - 1, 0) for ys € P \  .

Suppose that for some к G |г +  2, s — 1|
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h(x„) =  h(xk, 0 , . . . ,0 )  for xs G P\ .

Prom (3.3) we get

/ i (ź * ,0 , . . . ,0 )  =  h(xk,0 ,. . . ,0 )h { y k, 0 , . . . ,0 )  for xk,yk e P'k . 

Similarly like above we can show that

/ i ( î b O ,. . . ,0 )  =  / i ( î* _ b 0 , . . . ,0 )

and so
h(x3) =  / i ( i fc_ b 0 , . . . ,0 )  for xs € P \ .

Consequently
h(xs) =  h(0,. . .,0 ) for xs € P\  . (3.6)

From (3.3) we get
h (0 ,. . . ,  0) =  h (0 ,. . . , 0)2 

so
/ i ( 0 , . . . ,0) =  1

and from (3.6)
/i =  l.

Obviously the function h =  1 satisfies (3.3).

Thus we have

TH EO REM  11. A unique subsemigroup of the form (3.1) of the group L \,  
on condition (3.4), is the set P f 'l(xs-¥  1).

Consider a set PjÄ’*(/ii, hs). The set P^’*(/ii, hs) is a subsemigroup of the

group L \ if and only if the functions h\ : P * _ x —>Ro, hs : P * _ j -> R  satisfy the 
following system of functional equations

hi{zs- i )  =  /ii(®a- i ) M y s_ i)  (3.7)

s — 1 s — 1

M ^ - i )  =  M * < - i )M V j - i ) +  Y ^ x k E  АйМ У , - 1 Г Ц у ?
k=2 й.еи ,,к j =2

+hs(xs- i )h i (ys_l )s for i s- b ÿ s-i e P*_! ,

where

=  h\{xs—i)yn +  E  **  _ £  П  y]1 + x n/i1(ÿs_1)n
fc=2 u„et/„,fc i=2

for n 6  |i +  2 ,s  — 1|.
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Assume that

the functions X j —»Ai(0,. .  . , 0 , X j , 0 , . .  . ,0) for j £ \ i  +  2 ,s  — 1| . .
are continuous. v

From Theorem 10 we then get
hy =  1.

Set in (3.8) hi =  1. From Theorems 1, 7 and 8 we get

Theorem 12. Assume that (3.9) holds.

(i) For s >  4 +  2i the system of equations (3.7)-(3.8) has not any solutions.

(ii) The general solution of the system of equations (3.7)-(3.8) for s 6 
Ii +  3 ,2i +  2| is given by

hi =  1,

5—1
hs{xs- 1) =  ipk(xk),

k=i+2

where ipk '■ R —̂ R for к £ |г +  2, s — 1| are arbitrary additive functions.

(Hi) The general solution of the system of equations (3.7)-(3.8) for s =  3 +  2i 
is given by

hi =  l,

hs{xs- i )  =  i  ^ t. ^ 2 )a :i+ 2 +  Ç  Ы * к ) ,  

where i p k  : R—>R for к £  \i -f 2, s — 1| are arbitrary additive functions. 

Thus we have

TH E O R EM  13. Assume that (3.9) holds.

(i) The only subsemigroups of the form (3.2) of L \ for s £  |г +  3 ,2i +  2| are 
the sets

P\$ f x a - l - t M s - l - »  ^ * ( * * ) j  «
V k=i+2 j

where tpk '■ R ~ > R  for к £ |г +  2, s — 1| are arbitrary additive functions.
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(ii) The only subsemigroups of the form (3.2) of L] for s =  3 +  2i are the 
sets

,’s ( г  +  2 )  Х{+2 +  Фк(х к)^ )

where грь '■ R —>R for к G \i +  2, s — 1| are arbitrary additive functions.

(in) For s >  4 +  2i here does not exist any subsemigroup P ( ’ls(h i,h s) of the 
group L \.
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