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On the stability of the cosine functional equation

A b stract. In the present paper we study the stability problem of the 
cosine functional equation for complex- and vector-valued functions.

1. Introduction

Classical d ’Alem bert’s functional equation (the cosine equation) for a com­
plex function /  defined on a group (G , + )  has the form:

f { x  +  y) +  f { x  - y )  =  2f { x ) f ( y ) ,  x , y  € G.  (1)

The two most general results concerning equation (1) have been proved by 
Kannappan [7] and Dacic [4]. The first one, due to Kannappan asserts that 
for any solution /  of the cosine functional equation satisfying the condition:

f { x  +  y +  z) =  f { x  +  z +  y) ,  x , y , z e G , (2)

there exists a homomorphism m  of the group G  into the multiplicative group 
of the complex field C , i.e., m  satisfies the exponential functional equation:

m( x  +  y) =  m( x) m{ y) ,  x , y  £ G  (3)

such that

/ ( x )  = - ( m ( x ) - ł -m ( -x ) ) ,  x e G .  (4)

Dacić replaced hypothesis (2) by the following assumption:

V  ( /  (2o) =  О Л Д  f { x  + y + z0) = f ( x  + z0 + y ) \ .  (5)
2oÇ .G  y  i ,y € G  J

It was shown in [4] that under the new hypothesis the assertion of Kannappan 
result remains valid.

AMS (1991) subject classification: 39B72.
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The aim of this note is to examine the stability problem of the cosine func­
tional equation. It is known that equation (1) for complex functions defined 
on Abelian group is stable in the sense of Baker ( “superstable” ).

T heorem ( J .  A . Baker, [1])
Let £ >  0 be a given number and let (G , + )  be an Abelian group. Then any 

unbounded solution f  : G  —> C  of the inequality

\ f ( x  +  y) +  f ( x  -  y) -  2 f { x ) f { y ) \  <  £, x , y e G

satisfies d ’Alem bert’s equation (1).

We present a new, short proof of Baker’s result. Next, in the second part 
of the present paper, we consider the problem of the stability of equation (1) 
for vector-valued mappings.

2. The scalar case

J .  A . Baker in [1] showed that the cosine functional equation for complex 
functions defined on an Abelian group is superstable. Instead of the com­
mutativity of the group G  we assume a condition of the type assumed by 
Kannappan. Then we have the following generalization of Baker’s result:

T heorem 1
Let e >  0, Ö >  0 and let (G , + )  be a group. Suppose that f  : G  —> C  

satisfies

\ f {x +  y) +  f ( x - y ) - 2 f ( x ) f ( y ) \ < e ,  x ,y  £ G.  (6)

and
\ f { x  +  y +  z ) - f { x  +  z +  y ) \ < 6 ,  x , y , z e G .  (7)

Then either f  is bounded or f  satisfies d ’Alem bert’s equation (1).

Our proof of this theorem is based on the idea presented by A . B il and 
J .  Tabor in [3].

Proof. If /  is unbounded then there exists a sequence (x n : n  €  N) in G
such that

/ ( x n) Ф 0, n  € N (8)

and

lim |/(x„)| =  Too.
n—► oo (9)
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Inequality (6) implies that

If ( x  +  x n) +  f ( x  -  x n) -  2 f ( x ) f { x n)\ < e ,  X £ G,  n e N. 

Therefore, by (8), we have

f { x  +  x n) +  f { x - x n)
/ ( * ) <

2 f ( x n)

Hence and from (9) we infer that

f ( x  +  x n) +  f { x  -  x n)

|2/(* n )| ’
X  6 G,  n  € N.

lim
n—> oo

=  f ( x ) ,  X e  G.
2/(X n )

Now, applying again (6), we get

I f { x  +  {y +  x n)) +  f { x  -  {y +  x n)) -  2f ( x ) f { y  +  x n)

+ f { x  +  {y -  x n)) +  f { x  -  (y -  xn)) -  2f ( x ) f { y  -  x n)| <  2e,

x , y  € G,  n e  N,

whence,

(10)

\ f ( x  +  y +  x n) +  f ( x  -  Xn - y )  -  2 f ( x ) f ( y  +  x n)

+ f { x  +  y - x n) +  f ( x  +  x n -  y) -  2 f ( x ) f ( y  -  xn)| <  2e,

x , y  e G,  n e  N.

Further, using (7), we obtain

If ( x  +  У  +  X n ) +  f ( x  +  y -  X n ) +  f ( x - y  +  Xn) +  f ( x - y -  Xn)

- 2 f ( x ) ( f { y  +  x n) +  f ( y  -  xn))| <  2e +  26,

x , y  e G,  n e N.

Hence,

f { x  +  У +  Xn) +  f ( x  +  y -  Xn) f ( x - y  +  Xn)  +  f { x - y -  Xn)
2/ ( x n) 2f ( x n)

о t / - \  / ( v  +  x n) +  f ( y  -  Xn) ^  2e +  26 
П  ’ 2f(xn) - 2 | / ( s n) |’

x , y  e G,  n e N.

This inequality combined with (9) and (10) implies that /  satisfies equation
(1) and ends the proof.
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3. The vector case

In the vector-valued case the problem of the stability of equation (3) was 
considered by J .  Lawrence in [8] and by R . Ger and P. Semrl in [6]. Moreover, 
R . Ger in [5] considered the stability problem of a system of trygonometrie 
functional equations.

A t the beginning of the present section we observe that the superstability 
of the cosine functional equation fails to hold in the case of vector-valued 
mappings. Our counter-example reads as follows (see also J .  A . Baker [1]): 
take a function /  defined on a group G  with values in the algebra C )  of 
all complex (2 x 2)-matrices given by the formula

/ ( * )
fo{x) 0 

0 c
x  G G , (И)

where /о : G  - ï  C  is an unbounded function fulfilling equation ( 1) and с ф 1 
is a positive constant. Then

Wfix +  y)  +  f i x  -  y)  -  2/(x)/(y)|| =  const > 0  x , y  G G .

Therefore, this difference is bounded but /  is neither bounded nor satisfying 
equation (1).

For vector-valued mappings we have the following stability result: 

T heorem  2
Let (G , + )  be an Abelian group and let Л  be a complex normed algebra. 

Assume that the function f  : G  —> Л  satisfies

l l / ( * +  y) +  f i x - y )  -  2 /(x)/(y)||  < £ ,  X , y e G (12)

and
Wfix) -  f i - x ) \ \ < r ) ,  i G G , (13)

for some e, rj >  0 . I f

i
' there exists a zq 6 G  such that the map 

G  Э x h-» | | /(х )/(г0)|| G R  
k is bounded

(14)

then there exist a function m : G  —)• Л  and constants c i,C 2 G R  such that

\ \m { x+  y) -  m{x)m(y)\\ <  ci, x,y  G G

and

f i x )  -  2 im ix ) + m ( - x ) ) <  c2, x G G .
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Proof. Let us observe that

ll/(z )/(-z o )| |  <  6 +  E, X e  G,  

where 6 :=  supl6G  ||/(x)/(.zo)||. In fact, by (12) we have

ll/(* )/( -* o )| |  <  | | /(* ) /Ы Н  +  \ \ f ( x ) f ( - z o )  -  /(x)/(zo)||

<  Й + +  zo) +  f i x  -  z0) -  2f ( x ) f { z o )

~  г°) +  +  г°) “  2f ( x ) f ( ~ zo)

r 1 1
<  6 — £ +  —e — Ó -T e , X 6 G.

z z*
Now, we define a function h : G  —► Л  as follows:

H x ) ■= \ i f i x ) +  / ( - * ) ) .  X e G .

Then

and by (13), we have

h ( - x )  =  h(x) ,  X € G

||Л(х) - /(x)|| <  ^T7, x £ G .

Moreover,

ИМ® +  У) +  h(x -  y) -  2h{x)h(y)\\  <  e +  - r f  = :  e b x , y  G G.  

Indeed, from (12) and (13), we deduce that 

||/i(x +  y) +  h{x -  y) -  2h(x)h(y)\ \

=  \ \ \ f ( x +  y) +  f i - y  - x )  +  f i x  -  y) + f ( y  -  x) 

- f ( x ) f ( y )  -  f i x ) f i - y )  -  f i - x ) f i y )  -  f i  x ) f  i y)\\

<  \ \ \ f i x +  y) +  f i x -  y) -  V{x) f iy) \ \

+  \ \ \ f i - x - y )  +  f i - x  +  y) - 2 f i - x ) f i - y ) \ \

+  \ \ \ f ( x ) f iy )  ~ f ( x ) f i ~ y )  + f i ~ x ) f i ~ y )  -  f i ~ x ) f i y )К

< ^  + \ s  + l||(/(x) -  / ( - ! ) ) ( / ( » )  -  /( -» ))«

<E+^ll/W-/(-*)PI/W-/(-»)«
1 9

< e + -r; , x,y  £ G.

(15)

(16)

(17)

(18)
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We define the map m  : G  - *  A  by the following formula: 

m( x)  :=  h(x)  +  ih (x  +  zo), x  G G.

Then, conditions (18), (14) and (15) imply that

||2m(rr +  y) -  2m (x)m (y)\\

=  \\2h(x +  y) +  2 ih (x  +  y +  z0)

- h ( x  +  y) -  h(x - y )  +  (h(x  +  y)  +  h{x -  y) -  2h{x)h{y))  

- i h ( x  +  y  +  zo) -  ih (x  -  y +  z0)

+ i(h (x  +  y +  zq) +  h (x -  y +  z0) -  2h(x +  z0)h(y))

—ih (x  +  y +  z0) -  ih (x  -  y -  z0)

+ i(h (x  +  y  +  zo) +  h{x -  y -  zq) -  2h(x)h(y  +  z0))

+ h { x  +  y +  2z0) +  h(x -  y)

~{ h{ x  +  y +  2z0) +  h{x -  y) -  2h{x +  z0)h{y +  z0))||

<  4 ti -b ||/i(x +  y +  2zo) +  h(x  +  y) -  2h (x  +  y +  z0)h(z0) 

- i ( h ( x  -  y +  z0) +  h(x -  y -  z0) +  2h(x  -  y)h(z0))

+ 2 h(x +  y  +  zo)h(zo) +  2ih (x  -  y )h (z0)\\

<  4e\ +  2ei +  2||h (x +  y +  г0)Л(го)|| +  2\\h(x -  y )/i(z0)||

=  6ei +  +  y +  z0) +  f { —x - y -  z0) ) { f {z0) +  /(-zo))||

+ \ \ \ { f i x ~ y )  +  f ( ~ x  +  у ) ) ( / Ы  +  f ( - z 0))\\

<  6ei +  4 -  <̂5 +  4 • i(<$ +  e)

=  6£i +  46 +  2e, i ,  y € G ,

whence,

IIm ( x  +  y) -  m(x)m(y)|| <  3ei +  25 +  £ = :  Ci, x , y  e  G .

Moreover, using (16), (17), (18), (14) and (15) we obtain

||(m(x) +  m ( —x))  -  2f (x) \ \

<  ||m(x) +  m ( -x )  -  2/i(x)|| +  \\2h(x) — 2/(x)||

=  ||/i(x) +  ih (x  +  z0) +  h ( - x )  +  i h ( - x  +  z0) -  2h(x)\\

+ 2||h(x) -  /(x)||

=  Уih(x +  z0) +  i h { - x  +  z0)|| +  2||h{x) -  f ( x )||
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<  IIh(x  +  z0) +  h ( - x  +  z0) -  2h(x)h(zo)\\ +  ||2/i(x )/i(z0)|| +  2 • irç 

=  IIh (x  +  z0) +  h (x -  z0) -  2h(x)h (z0)\\ +  ||2/i(x )/i(z0)|| 4- r?

<  £i +  ^||(/(a:) +  f ( ~ x ) ) ( f ( z 0) +  / ( - z 0))|| +  r?

<  £i +  2 ■ - Ô  +  2 • - ( J  +  e) +  T], X € G,

which yields

f ( x )  -  - { m { x )  +  m (-a :))) /  1 r 1 1
<  2£l + й +  2 s +  2 V = :  °2' X € G

and completes the proof of the Theorem.

For functions fulfilling conditions (13) and (14) Theorem 2 reduces the 
problem of the stability of d ’Alembert’s functional equation to the problem 
of the stability of Cauchy’s multiplicative functional equation (3) which was 
considered by J .  Lawrence in [8] and by R . Ger and P. Śemrl in [6] (see also 
R . Ger [5]).

R em ark  1 
Since

| | / ( * ) - / ( - * ) | | < f { x )  -  - (m ( z )  + m ( - s ) )

+ f ( ~ x ) -  2 (m (- x ) +  m (x )) X 6 G,

for every m  : G  ->  A ,  we infer that if the map

G  Э х *— ► ||/(:e) -  f ( - x )  Il G R

is unbounded, then the stability theorem of our type fails to hold, which means 
that assumption (13) is a necessary condition in our study.

R emark 2
If A  is a complex normed algebra with the identity e and if / ( s o )-1 exists 

for some xo G G,  then hypothesis (13) is fulfiled with q =  ||/(xo)_1 II f  • Indeed, 
by (12), we have

||/(x0 +  x) +  f ( x о -  x) -  2 f ( x 0)f (x) \ \  < e ,  x  G G

and
||/(z0 -  x)  +  f ( x 0 +  x) -  2 f ( x 0) f ( - x ) \ \  < e ,  x  G G.

Therefore
\ \ f {xo){ f (x)  -  f { - x ) ) \ \  < e ,  i G  G
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and

II f {x)  -  f { - x ) II = \ \ f (x0) ~ l f { x 0){f{x)  -  f ( - x ) ) \ \

<  H / M - ' l l l p / I x o K / W  - / ( - * ) ) »

< Ü /W -4 | , " E C .

R emark 3
For a complex normed algebra Л  with the identity e condition (13) can be 

replaced by the following assumption:

| | ( /( 0 ) -e ) / (x ) | | < £ , x £ G .  (19)

In fact, in the proof of Theorem 2 first we observe that if zo =  0 then (12) 
with у =  0 yields

l|2/(z) -  2 /(x)/(0)|| < e ,  x £ G

and from (14) we deduce that /  is bounded. This concludes the proof in the 
case zq =  0 beacause we take then the function m : G  —у Л  defined as follows:

m (x) = 0 ,  X £ G.

Let zo ф 0. We define a function g : G  —> Л  as follows

Then the function g : G  —> Л  satisfies:

11з(*) -  f{x)\\ <  ||e - / (0 )| |  = :  7 , x £ G.  (20)

We are going to show that g satisfies all the assumptions of Theorem 2. 
Obviously

IIêKz )s (zo)II <  max{sup ||/(x )/(z0)||, ||/(*о)||} = :  C, x £ G.  (21)
i  eG

From (12) and our assumption (19), we get

\\9(x +  y) +  g{x -  y) -  2g{x)g(y)\\  <  e +  2£ +  27 = :  è, x , y € G .  (22)

To prove this, suppose that x ^  0, у ф 0, x +  у ^  0 and x -  у Ф 0. Then (22) 
is trivially fulfilled. Next assume that x =  0. Then

||s(0 +  y) +  5(0 -  у)  -  2y(0)y(y)||

<  11/(0 +  У) +  / ( 0  -  у)  -  2 /(0)/(y)|| +  ||2/(0)/(y) -  2e/(y)||

<  £ +  2£, у £ G  \  {0}.
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If y  =  0, then ||<?(z +  0) +  g(x  -  0) -  2g(i)ÿ(0)|| = 0 ,  x e  G.  Finally, assume 
that x +  y — 0 or x -  y =  0 and x  ^  0 ф у.  Then

ll$(® +  У) +  9(x - у ) ~  2g{x)g(y)\ \

<  Il/ ( *  +  У) +  / ( x  -  y)  -  2 /(x )/(y)||  +  2||y(0) -  /(0)||

<  e +  27.

Inserting x  =  0 to (22), we get

lls(y) +  g ( - y )  -  2y(y)|| < e ,  y e G ,

whence

lly(y) - g ( - y ) \ \  < ê ,  y e  G.  (23)

From Theorem 2 we deduce that there exist a function m  : G  A  and 
constants c i , С2 € К  such that

||m(x +  y) — m (x)m (y)\\ <  c i, x ,y  e  G

and

g{x)  -  ~ ( m( x )  + m ( -a ; ) ) < C2, X € G.

Now, from (20), we get

f ( x )  -  - (m (x )  +  m ( —x)) <  7  +  C2, x  e  G.

Moreover, let us observe that every solution of inequality (12) satisfies the 
following condition:

\ \ f ( x ) ( f ( 0 )  -  e)|| <  x e G

(taking y — 0 in (12), we have ||2/(i) -  2 /(x)/(0)||  <  e, x  € G).

So, our last remark yields the following

R emark 4
Assumption (13) can be omitted for a complex commutative normed al­

gebra with the identity.

R em ark  5
Condition (14) is fulfilled by the function /  defined by (11) when the 

function /0 satisfies the cosine functional equation and Dacic’s condition (5).

Finally let us observe, that our stability theorem leads to the following 
version of the Dacić result for vector valued mappings:
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T heorem  3
Let (G,  + )  be ап Abelian group and let A  be a complex normed algebra. 

Then every even solution f  : G  —>• A  of the d ’Alembert functional equation (1) 
has the form:

f ( x )  =  - ( m ( x )  +  m ( - x ) ) ,  x £ G ,  

where m  : G  —>■ A  satisfies Cauchy’s equation (3).
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