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A nna B ahyrycz

The characterization of the indicator plurality 
function

A b stract. The characterization of the rational and real indicator plur
ality function in the sense of M. F. S. Roberts is obtained.

The answer to M. F. S. Roberts’ question is presented.

Introduction

To state the characterization of the indicator plurality function we intro
duce the following notations:

0= ( 0, 0, . . . , 0) € R p,

R(p) —  the set of all p-vectors of non-negative real numbers except 0,

Q(p) —  the subset of Щр) of all p-vectors of non-negative rational numbers, 

0(p) —  the subset of R(p) of all p-vectors in which each component is 0 or 1, 

R_i_ —  the set of positive real numbers,

Q + —  the set of positive rational numbers.

The definition and a great number of properties of the indicator plurality 
function were given by M. F . S. Roberts in [2].

D efinition 1
Let U  C  R (p ). A  function / : [ / —>■ 0(p) is called the plurality function  on 

U  iff

V a  =  ( a i , a2, . . . , a p) G U  V j  G { 1 , 2 , . . .  ,p }

[fj (°i i • • ■ i ap) ~  1 o V i  G {1 ,2 ,... ,p} aj <  aj\.

In this paper we give the characterization of the rational (U  =  Q (p)) and 
real (U  =  R (p )) indicator plurality function.

We use the following denotations:

AMS (1991) subject classification: 39B40.
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(*)
e<fc =  (1, 1, . . . ,  1 , 0, . . .  , 0);

eń,«2, —  the vector from 0(p) with 1 in the *i, *2» -•■»** positions, 
where к G { 1 , 2 , . . .  ,p},  and 0 in the others;

a = (ai,a2, . . . , afc),6 = (61,62, . . . , 6fc) € Ï7.

For a, 6 € R (p ), t G R+ we set,

a +  6 =  (ai +  61,02 +  b2, • • . ,  a.p +  bp), 

ab =  (0161, 0262, • •• ,a p6p), 

ta — (tû i, tû2, . . * , tûp).

The characterization of the rational indicator plurality function

Let f  : U  ->  R (p ), where [ /  =  Q(p) or U =  R (p). We introduce the 
following definitions:

D efinition 2
A function /  is called neutral iff 

V o G f / V T r -  permutation of ( 1 , 2 , . . .  ,p } f i ( an(i), ■. ■ ,a „(p)) =  

D efinition 3
A function /  is called weakly neutral iff

V o G t /  V i ,m  G { l , 2 , . . . , p}  [o, =  om =>• / 1(0) =  / m(a)]. 

D efinition 4
A function /  is called consistent iff

V j  G { 1 , 2 , . . .  ,p } Vo,  6 G U  [ /(o ) /(6 )  7̂  0 => f j ( a  +  6) =  / » / # ) ] .  

Definition 5
A function /  is called weakly consistent iff

3 j  G { 1 , 2 , . . .  ,p } Vo,  6 G U  [ / ( o ) / ( 6) *  0 =► / j ( o  +  6) =  / » / # ) ] .  

D efinition 6
A  function /  is called faithful iff

V j  G { 1 , 2 , . . . ,  p} f { e j )  =  ej.
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D efinition 7
A  function /  is called weakly faithful iff

3 j  €  { 1, 2, . . .  ,p }  f { e j )  =  ej.

D efinition 8
A  function /  is called 2 -homogeneous iff

V ;  € { 1 , 2 , . . .  ,p }  Va  G U  f j {2a)  =  f j (a) .

D efinition 9
A function /  is called weakly 2-homogeneous iff

3 j  e  { 1 , 2 , . . .  ,p }  W a e U  f j (2a)  =  f j {a) .

D efinition 10
A function /  is called partially faithful iff

У к G {1 ,2 ,. . .  ,p }  f ( e < k) =  e< k .

D efinition 11
A  function /  is called weakly partially faithful iff

f ( e i) — e i and 3 k € {2,. . .  , p )  f { e < k) =  e <k .

Lemma 1
I f  a function f  : Q(p) —>■ Q(p) is consistent then

f i q a )  =  [ / ( a )]9 for a G Q (p ), q G Q + .

Proof. It is easy to prove by induction that f { m a )  =  [ /(a )]m for all m G N 
and all a G Q (p ). Hence, for all b G Q(p) and all n  G N, we get f ( b)  — f { n ^ b )  =  

[ / ( £*>)]”  and thus f ( ± b )  -  [ / (&)]".
Take a g G  Q+ and an a G Q (p ). For q =  ™ we have

H qa ) =  I  ( ^ a )  =  /  ( " d o )  =  [ /  (L)] =  ( [ / ( o ) ] i ) ’

=  [ /(a)]? =  [/(a)]«.

The following result was proved by Roberts in [2].

T heorem A
I f  f  '■ Q (p) —> 0(p) then the following conditions are equivalent:

(1) /  is the indicator plurality function on Q (p );

(2) /  is neutral, consistent and faithful.
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The following theorem is also true.

T heorem  1
I f  f  : Q(p) —> 0 (p) then the following conditions are equivalent:

(1) /  is the indicator plurality function on Q (p) ;

(3) /  is neutral, weakly consistent and weakly faithful;

(4) /  is weakly neutral, consistent and weakly faihtful.

Proof. The proof of the fact that (1) implies (3) is analogous to the one 
that (1) implies (2) in Theorem A.

We shall show that (3) implies (4). It is sufficient to prove that /  is 
consistent. Take arbitrary a, 6 G Q(p) such that f ( a ) f ( b )  ф 0. There exists an 
l G { 1 , 2 , , p}  such that f i{a)f i (b)  Ф  0. B y  weak consistency of /  there exists 
an г G { 1 ,2 , . . .  , p}  such that f i (a +  b) =  f i {a)f i{b).  Take a j  G {1 ,. . .  , p} .  We 
shall show that f j ( a  +  b) — f j ( a) f j ( b ) .  Let n  be a permutation of { 1 , 2 , . . .  ,p}  
such that 7Г(г) =  j ,  n ( j )  =  i and n(k) =  к for к G { 1 , 2 , . . .  , p}  \  (г, j } .  B y  the 
definition of the permutation 7Г and the neutrality of /  we have the following 
equalities:

f j ( a  +  b) — /,r(i)(ai +  £>i , û2 +  b2, . . .  , a p +  bp)

=  f i { a ir(l) A  Ь7г(1)> °7г(2) 4" ^ г (2 ))  • • ■ 1 a n(p) 4" ^7r(p))l 

f j ( a )  =  /т г (г )(а 1 > a 2> ■ • • i ap ) — f i { a 7r(l)7 a 7r(2)i ■ ■ • i a 7r(p))i

f j ( b) — fiv(i)(bl,b2, . . . , b p )  =  / 1 ( ^ ( 1) ,  Ьтг(2)! • • • >ft7T(p))7

f l ( a ) ~  fir(l){an(l)l  °7 t(2)) • • • ! an(p))l 

f l { b) fn(l)(.bn(l)i bir(2)i ■ ■ • 5 bn (p ) ) ‘

Since Л( / ) (а^(1) , . . . ,  a7r(p))/7r(/) (^ ( i) , • • • , Ъж{р)) Ф  0 and /  is weakly consistent, 
we obtain

f i { a n(l) 4" ^7г(1) 1 ^7г(2) > 4“ ^7r(2)l • • • ) °7r(p) 4“ bir(p))

/i(®7r(l)) ®7t(2)î • • • ) ̂n ( p ) )  f 1 ̂7r(2)> • • • > Ьтг(p))'

From the above equalities we have / j ( a  +  6) =  f j ( a) f j ( b ) .
We shall show now that (4) implies (1). First we prove that the range 

of /  is contained in 0(p). Suppose that f i (a)  =  q G Q+ \  {1} for a G Q (p). 
There exist relatively prime positive integers n  and m  such that at least one 
of them is greater than 1 and q =  Let r(s)  denote the number of prime 
numbers appearing in the decomposition of the number n (number m)  into 
prime factors. Each prime number in this decomposition is counted as many
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times as it appears. Since n >  1 or m >  1 we have r >  0 or s >  0. Pu t t -■ 

m a x {s ,r} . B y Lemma 1 we have /г (щ -а ) =  [ /1(0)]*+* =  q 7* 1, hence /» ( щ а )  
is an irrational number, which contradicts the fact that /  : Q(p) ->  Q (p ).

We shall show that for every positive rational number q there is f ( q e lu ...tik) 
=  • Since /  is weakly faihtful, there exists a j  G { 1 , 2 , . . .  , p}  such that
f ( e j )  — ej.  Hence and by Lemma 1 we obtain, that f ( q e j ) =  [ f (e j ) ]q =  ej .  By 
the weak neutrality and consistency of /  and since the range of /  is contained 
in 0(p) it follows that for all i G {1, 2 , . . .  ,p}  \  { j }  there is f { q e t) =  ег and 
f{q e < p) =  e<p- Take a к G { 2 , . . .  , p -  1} and let . • ,ik  € { 1 , 2 , . . .  ,p}
be pairwise different. B y the weak neutrality f{qeii,...,ik) is a vector such 
that there exists ( c ,d) G 0(2) with d in the positions and c in the
others. Suppose that c =  1. Take an m G { 1 , 2 , . . .  ,p }  \  {*1, *2> • • • > *jt}- By
the consistency of /  there is f { q e ix.... ifc,m) =  f ( q e ix.....ik) f ( q e m) =  em, which
contradicts the fact that /  is weakly neutral. We deduce that c =  0 and hence 
d =  1. This shows that f{q e ilt...tik) =

Take an a G Q (p). We can order the set { a i , . . . , ap} in the following way:

ĵl ^jkx ^  ĵki + 1 ^jki+k2 ^  ^  ^ jki+k2~\ ł - f c m  +  1 5

where k\ can be equal to p.
Pu t n =  fci +  • • • +  km. Notice that if k\ =  p then f ( a )  =  e<p.

We shall show that if Aq Ф p  then f ( a )  =  e jn+u., , jp. Consider the case 
when a,jl Ф  0. By the consistency of /  we obtain

f ( ( ajk1+1 — aj i ) e]kl +i,- -,jp +  aj i e<p) — / ( ( aj t ł+ i ~  aj i ) ejki+i,  - , jp)f(aj i e<p)

=  ejk1+ i,—,jp-

If  a jl =  0, then

f  (ajk1+ i ejk1+i ,—jp) =  f ( ( ajk1+1 — aj i ) ejk1+ i , - J p  + ah e<p) = ejk1+i,--,jp-

Thus / ( ( u j t l+ , — aj i ) ejk1+i, -,jp +  aj i e<p) =  ejki+i,  -,jp-
If aik1+1 =  ajn+i ) then

/ ( a ) — f ( ( a j k 1+ i  ~  a j i ) e j k 1+ i , - J p  +  a j \ e < p )  =  e j k 1+ i , - , j p -  

If CLjkl+1 ф a,jp, then by the consistency of /  we have

f  ((ajkl+k2+l ~  ajk1+k2)ejkl+k2+l’ ~Jp (ai*!+1 _  aj l ) ejkx+l ,—Jp aj \ e<p)

— f  ( ( a j k x+ k 2  +  l ~  a j k 1+ k 2 ) e i k l + k 2 +  l ’ - > j p ) f ( ( a j k l +  l ~  a j l ) e j k l  +  l ,  - J p  +  a j i e < p )  

~  e j k i + k 2 +  l > - - d p •

Following the analogous way we obtain after at most p steps that f ( a )  =  
en+ i,...,p- Thus /  is the indicator plurality function.
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R emark 1
Let us observe that if a function /  : Q (2) ->  0(2) is weakly neutral, weakly 

consistent and faithful then /  is the indicator plurality function.
Namely, consider /  =  ( / i ,  / 2). B y the weak neutrality of /  and by the fact 

that the range of /  is contained in 0(2), for every ( a i , a i )  E Q (2 ), we have 
/ ( a i , a i )  =  (1,1) .  The function /  is consistent, thus there exists ап г E {1,2}  
such that for every a ,b  G Q (2) if f ( a ) f ( b )  ф 0 then / j (d i ,  a2) f i {b\ ,  62) =  
f i (ai  +  61, û2 +  62)- Pu t / E { 1, 2} and l ф i.

We shall show that for every positive rational number q, fi(q e i)  =  1 and 
fi (qei)  =  0. Let n be a positive integer.
Suppose that /ф ^еф  =  0. Since the range of function /  is contained in 
0(2) we have /ф ^еф  =  1. B y the weak consistency of /  we get /ф ^еф  =  

f i { n ei ) f i { n ei) =  °- Thus M f c )  =  1 and hence /|(^е»)/|(^е») =  1. Prom the 
weak consistency of / ,  /ф ^еф  =  =  0. In the analogous way,
after n -  1 steps, we obtain /ф ^еф  =  / ф — ^еф /ф ^еф  =  0. Thus /*(е*) =  0, 
which contradicts the fact that /  is faithful. Hence /ф ^еф  =  1.
Suppose that /ф ^еф  =  1. B y the weak consistency of /  we have f i ( ^e i )  =

=  L  Thus f i ( h i )  =  1 and hence f i i f c i ï f i & l )  =  L  f '1'0111 the
weak consistency of / ,  / i (| e /)  =  /ф ^еф /ф ^ еф  =  1. In the analogous way, 
after n -  1 steps, we obtain /ф ^еф  =  /ф ^ е ф /ф ^ е ф  =  1. Thus /j(e ;)  =  1, 
which contradicts the fact that /  is faithful. Hence /ф ^еф  =  0. On the other 
hand, the range of /  is contained in set 0(2). Consequently, for every positive 
integer n  we obtain /ф ^еф  =  1.
It is easy to prove by induction with respect to m  that for every n, m  G N 

and for every к G {1, 2} ,  /ф ^ е ф  =  [ /ф ^ е к)]т. Now, fix a A: G {1, 2}  and a 
q G Q + . Since q G Q + , there exist m, n G N such that q =  Notice that

f i { q « k )  =  =  [ / i ( n efc)]m - S in ce  / i ( £ e * )  =  1 for к  =  * and f i ( k e*) =  0
for к Ф i, -we have fi(q e i)  =  l m =  1 and fi{qei)  =  0m =  0.
Take an a G Q (2) with a* in the г-th  position and with a; in the Lth  position. 
Let us consider three cases:

I. аг =  щ.  Then f ( a )  =  (1,1).

II. a* <  a/. Then ai — ai >  0. Since /;( (d / — dj)e;) =  0 and the range of /  
is contained in 0(2), we have fi ((ai  — афеф — 1. Thus //(d j,d i)  =  1 and 
fi{{ai - а ф е ф  =  1. Hence and by the weak consistency of /  we obtain 
f i (a)  =  — афеф =  1 -0  =  0. The range of the function /
is contained in 0(2), whence /ф а) =  1 and consequently f ( a )  =  e;.

III. di >  a;. Then dj —a; >  0. Since /ф а^аф  =  1 and /ф {а i  — афеф =  1, and 
by the weak consistency of / ,  we get /ф а) =  /ф а^аф /ф {й{  — афеф =  1. 
Suppose that /ф а) =  1. Since /ф а) =  1 and /;((«г  — d;)e;) =  1, and
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by the weak consistency of / ,  we obtain that / t (ai ,ai )  =  f i {a) f i ( (at — 
a/)e() =  1 -0  =  0, which contradicts the fact that f {ai , a i )  =  (1, 1), 
whence f i (a) — 0 and consequently / ( a )  =  e*.

R emark 2
Let us observe that the weak neutrality, weak consistency and faithfulness 

of a function /  : Q(p) ->  0(p), where p  >  2, do not imply that /  is the indicator 
plurality function.
For, put

S  =  { ( a i , . . . ,  ap) 6 Q(p) : a\  <  a,j for every j  G { 1 , . . .  ,p}  and оц <  an 

and ai <  am for some m , n e { l , . . . , p }  such that n Ф m }.

We define a function /  : Q(p) —> 0(p), where p >  2, as follows: /  is the 
indicator plurality function on Q(p) \  S  and if a G S  then f ( a )  =  е*ь*2).. .^ ,  
where mean all the position numbers such that ai <  al} for j  G

{ ! , • • • , fei
lt follows from Theorem 1 that the function /  is weakly neutral on Q (p ) \ S .  

Take an arbitrary a G S  such that aj  =  am for some j , m  G ( 1 , . . .  ,p } . Con
sider two cases:

I. aj  =  am =  a\ .  Then we get f j ( a)  =  f m{a) =  0.

II. aj  =  am Ф a i. Then we have f j {a)  =  / m(a) =  1.

Thus /  is weakly neutral on S  and consequently /  is weakly neutral.
The function /  is not neutral. Namely,

/ ( 1 , 3 , 2 , . . .  ,2)  =  ( 0 , 1 , . . .  ,1)  and / ( 3 , 1 , 2 , . . .  ,2) =  ( 1 , 0 , . . .  ,0).

We shall show that /  is weakly consistent. Take a, 6 G Q(p) such that 
f ( a ) f ( b )  ф 0. Let us consider three cases:

I. a +  b G S.  Then there exist i , m  G (2 , 3 ,  . . . , p } ,  i Ф m,  such that 
a\ +  b\ <  ai +  bi and a i + b i  <  am +  bm. Take a t G {г, m }. Suppose that 
ai >  ot and 6i >  bt- It follows that ai +  bi >  at +  bt, which contradicts 
the fact that oi -f  bi <  at +  bt. Thus for every t G {г, m }: ai <  at or 
6i <  bt. Hence we get / i ( a )  =  0 or f \ (b)  =  0. Since a +  b G S,  we obtain 
/ i ( a  +  b) =  0, thus f i {a) f i ( b)  =  / i ( a  +  b).

IL a +  b G Q(p) \  S.  Consider a few cases:

(a) a, b G Q(p) \  S.  Then f \ ( a  +  b) =  f i {a) f i ( b)  because /  is the 
indicator plurality function on Q(p) \  S.
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(b ) а € S  and b G Q(p) \  S.  There exists a к G { 2 , . . .  ,p} such that 
fk(a)fk(b)  =  1 (fc Ф 1 because /i(a) =  0). Hence we obtain bj <  bk 
for every j  G { l , . . . , p }  and ai <  a*,. It follows from the above 
inequalities that ai 4- bi <  a* 4- bk- Hence we get Д(а 4- b) =  0. 
Since a G S  and from the definition of the function /  we have 
/i(a) =  0. Consequently /i(a)/i(b) =  f\(a +  b).

(c) a G Q(p) \  S  and b G S . The property of the weak consistency is 
symmetrical with respect to o, b. Thus, the case (c) reduces to the 
case (b).

(d) a, 6 G S . Then ai <  a , j  and bi <  bj for every j  G {1,2,  . . . , 3 }  
and there exist m, n  G {1,2,  . . . , p }  such that tn ф n, a \ <  am 
and ai <  an. Hence ai 4- b\ <  aj 4- bj for every j  G { 1 , 2 , . . . , p},  
ai 4- bi <  am 4- bm and ai 4- b\ <  an +  bn, thus a +  b G 5 . Then the 
case (d) does not hold.

Therefore the function /  is weakly consistent.
The function /  is not consistent. Indeed: / ( 0 , 1 , 2 , . . . ,  2) =  ( 0 , 1 , . . . ,  1) 

and / ( 0 , 1 , 0 , . . .  ,0)  =  ег, thus / ( 0 , 1 , 2 , . . .  , 2 ) / ( 0 , 1 , 0 , . . .  ,0) =  ег- On the 
other hand, / ( ( 0, 1, 2, . . . ,  2) +  (0, 1, 0, . . .  , 0)) =  / ( 0 , 2, .  . . , 2) =  (0 , 1, . . . , 1), 
thus / ( 0 , 1 , 2 , . . .  , 2 ) / ( 0 , 1 , 0 , . . .  , 0) Ф 0 and / 3( ( 0 , 1 , 2 , . . . ,  2) 4- ( 0 , 1 , 0 , . . .  , 0)) 
Ф  / з ( 0, 1, 2, . . .  , 2) / 3(0, 1, 0 , . . .  , 0).

We shall show that /  is faithful. By the definition of the set 5 , for every 
к G { 1 , 2 , . . .  ,p} ,  we have e* ф S . It follows from Theorem 1 that the indicator 
plurality function is faithful on Q (p ), whence so it is on Q (p ) \ S .  Consequently, 
/  is faithful.
The function /  is not the indicator plurality function because it is not neutral 
(it is not consistent as well).

R emark 3
A  function /  : Q (2) —> Q (2 ), which is weakly neutral, weakly consistent and 

faithful, need not be the indicator plurality function. Namely, it is sufficient 
to consider a function /  : Q (2) ->  Q (2) such that /  is the indicator plurality 
function on Q (2) \  {2e2} and / ( 2e2) =  2e2.

The following result was proved by Roberts in [2].

T heorem В
For f  : Q(p) —> R(p) the following conditions are equivalent:

( 1) /  is the indicator plurality function on Q (p);

(5) /  is neutral, consistent, faithful and 2-homogeneous.
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The following result is also true:

T heorem 2
For f  : Q (p) —> R(p) the following conditions are equivalent:

(1) /  is the indicator plurality function on Q (p) ;

(6) /  is neutral, weakly consistent and weakly partially faithful;

(7) /  is neutral, consistent and partially faihtful;

(8) /  is neutral, weakly consistent, weakly faithful and weakly 2-homogenous;

(9) /  is weakly neutral, consistent, weakly faithful and 2-homogenous.

Proof. The fact that (1) implies (6) follows from Theorem B.
(6) =>• (7). From the proof that (3) implies (4) in Theorem 1, it fol

lows that the function /  is consistent (we have shown that a function defined 
on Q (p ), neutral and weakly consistent has the consistency property). It is 
sufficient to show that /  is partially faithful. Take an m £ { 2 , 3 , . . .  ,p} .  If 
m  =  p  then by the neutrality of /  we obtain f ( e <m) =  (cm, cm, . . . ,  Cm). 
Since the range of f  is contained in R(p) we have Cm 6 K + . If m  <  p  then, 
by the neutrality of f ,  there exist Cm,dm €  M+ U {0} such that / ( e < m) =  
(.Cm,--- ,  Cm, d m , . . . ,  dm). Suppose that dm ^  0. Since / ( e 4) =  ex and /  
is neutral we obtain / ( e m+ i) =  em+\. By the consistency of /  we have 
/ ( e < m+ 1) =  / ( e < m) / ( e m+i) =  dmem+i, which contradicts the fact that /  
is neutral. Therefore dm — 0 and cm £ K_|_. We will prove that cm =  1 for 
every m  €  { 1 , 2 , . . .  ,p} .  Since / ( e i )  =  e\  and /  is neutral we get

(k) (к)
/ ( 1 , 0 , . . . , 0 ,  1 , 0 , . . . ,  0) =  (c2, 0, . . . , 0, C2 , 0, . . . , 0)

for every к £  { 1, 2, . . .  ,p}.
B y the consistency of /  we obtain the following equalities: 

c2e i =  / ( e < 2) / ( e i )  =  / ( 2, 1, 0, . . . ,  0),

c3ei =  / ( e < 3) / ( e i )  =  / ( 2, 1, 1, 0, . . . ,  0) =  / ( e < 2) / (  1, 0, 1, 0, . . . ,  0)

=  c2c2eb

c4ei =  / ( e < 4) / ( e i ) =  / ( 2, 1, 1, 1, 0, . . .  , 0) =  / ( e < 3) / (  1, 0 , 0, 1, 0, . . . , 0)

=  сзс2ех,

cPe i =  / ( e < P) / ( e  i) =  / ( 2 , 1 , . . .  ,1)  =  /  (e< p - i ) / ( l ,  0 , . . .  , 0,1)  

— cp_ ic 2ei.
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Then, for every n £  {2, 3 , . . .  , p} ,  cn =  Cj - 1 . The function /  is weakly partially 
faithful, thus there exists a к £  { 1 , 2 , . . .  ,p } such that f ( e < k) =  e<k. Hence 
c k  — 1. Since ( Ą ~ l  =  с*, =  1 , thus сг =  1. Hence Cm =  1 for every m  £  

{1,2
(7) = >  (8). It is sufficient to show that is /  weakly 2-homogenous. B y the 

consistency of /  we have /(2 a )  =  [ /(a )]2. Therefore, it is sufficient to show 
that / i ( a )  £  {0 , 1}  for every a £ Q (p). Consider three cases:

I. ai <  ajt for some к £  { 2 Suppose that / i ( a )  ф 0. From the 
consistency of /  we o b t a in /(a +  (afc — ai )ei )  =  f { a ) f ( ( a k — a x)ei) =  rex, 
where r £  R + , which contradicts the fact that /  is neutral. Consequently,
/ i ( a )  =  0.

IL ai =  ak for every к £  { 2 , 3 , . . .  ,p } . Then / x(axe<p) =  [ /x(e<p)]ai =  1.

III. ai >  ak for every к £ { 2 , 3 , . . .  ,p}  and there exist fcx, . . . , /q £  { 2 , . . .  ,p)  
such that ükj  <  ai for j  £  { 1 , . . . , / } .  Suppose that / i ( a )  =  0. There 
exists a j  £  { 1 , . . . , / }  such that (а) Ф 0. By the consistency of /  
we get that / ( a  +  (ax -  akj)ekj) =  f ( a ) f ( ( a x -  akj)ekj ) =  rekj , where 
r £  IR_|_, which contradicts the fact that /  is neutral. Consequently, 
/ i  (a) =  r, where r is some positive real number. On the other hand, for 
every j  £ { 1, 2, . . .  ,p} and q £ Q+ : f i ( q e i j )  =  [ / i ( e i j )]9 =  1.
By the consistency of /  we obtain:

f i { a  +  (a i -  ofcl)ei ifcl)

=  / i ( a) / i ( ( a i -  afci)el,fc1) =  r,

/ l ( a  +  (ax aki)e i,k\ T  (a l — afc2)®l,fc2)

=  / i ( a  +  (ai -  afel)ei ifcl) / i ( ( a i  -  aki)ehk2) =  r,

h  a +  5 ^ (a i - a k])eщ
j = i

/ - 1

=  fi  [ a +  5 ^ (a i -  akj)ei>k. ] -  akl)ex>kl) =  r.
j= i

Let us notice that
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i

fl  a +  J ^ (a i -  akj)eitkj =  / l  axe<p +  ^ ( 0 1  -  akj)e 1
3= 1 j = l  

I

=  / i(a ie < p ) /i  ( 5 ^ (a i  -  afcj)ex ) =  1,

whence r =  1. Consequently, / i ( a )  G {0,1}.

(8) = >  (9). From the proof that (3) implies (4) in Theorem 1 follows 
that /  is consistent (we showed that a function defined on Q( p ) , neutral and 
weakly consistent has the consistency property). It is sufficient to show that 
/  is 2-homogeneous. Take an arbitrary a G Q(p) and a j  G { 1 ,2 , . . .  ,p}.  By 
the weak 2-homogeneity of /  we obtain that there exists a к e  { 1 , 2 , . . . ,  p} 
such that f k(2a) =  Д (а ) . Let n  be a permutation of { l , . . . , p }  such that 
7r(fc) =  j , 7r( j)  — к and 7r(n) =  n  for every n G { 1 , 2 , . . .  ,p }  \  {k,  j } .  By 
the neutrality and weak 2-homogeneity of /  we have f j (2a)  =  f n(k)(2a) =

f k  (2û7r(x) ) 2a^-(2) 1 ■ ■ ■ 1 2Q7r(p) ) =  f k ( a ir(l) 1 a 7r(2) ) • • • ) a 7r(p)) =  f n ( k )  (a ) =  f j ( a )■

It is sufficient to show that (9) implies (1). It follows from the 2-homo
geneity and consistency of /  that / ( a )  =  /(2 a )  =  / ( a ) / ( a )  =  [ /(a )]2. Con
sequently, / ( a )  G 0(p) and, according to Theorem 1, /  is the indicator plurality 
function on Q (p ).

R emark 4
Notice that the neutrality of the function /  in condition (7) in Theorem 2 

cannot be replaced by the weak neutrality.
The following function /  =  ( / ь / 2) : Q (2) —> R(2) is weakly neutral, consist
ent, partially faithful and is not the indicator plurality function on Q(p):

1 if ax >  a2,
0 if ax <  a2,

0 if ax >  a2,
2“2-“1 if ax <  a2.

The characterization of the real indicator plurality function

Consider a function /  : R(p) -A IR(p). We introduce the following defini
tions:

D efinition 12
A function /  is called homogeneously faithful iff

V /  G { ! , . . .  ,p} V r e R f  /(re ,-) =  f {e j ) .
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D efinition 13
A function /  is called partially homogeneously faithful iff 

V/c 6 { 1 , . . .  ,p}  V r  € R+ f [ re<k)  =  e<k ■

Definition 14
A function /  is called strongly faithful iff

V j  £ { 1 , . . .  ,p }  V a  G R(p) [aj =  0 => f j {a)  =  0]. 

Definition 15
A  function /  is called monotonie iff

V j  e { i , . . . , p }  V o ,6 e l ( p )  [ ( /j(° )  Ф о л bj >  aj

* V k ? j b k <  ak) =► fj(b) ф 0].

Definition 16
A  function /  is called s-monotonic iff

V j  € {1, .  •• ,p }  V a , b e  R(p) [(fj{a) ф 0  A bj =  aj

A Vk  ф j  bk <  ak) => f j (b)  Ф  0].

Definition 17
A function /  is called peculiarly partially homogeneously faithful iff 

3 k  €  { l , . . . , p -  1} V r  G M+ f ( r e <  k) =  e<k .

D efinition 18
A function /  is called weakly partially homogeneously faithful iff 

V r  e R+ [ f {re i) = e i  Л B A: G { 2 , . . .  ,p}  f { r e < k) =  e<k].

The following properties: homogeneous irrational faithfulness, partial ho
mogeneous irrational faithfulness, peculiar partial homogeneous irrational 
faithfulness, weakly partial homogeneous irrational faithfulness of a function 
/  we define in this way that in Definitions 12, 13, 17 and 18; we postulate the 
respectiwe conditions for positive irrational number r in place of positive real 
one.

The following properties: weak homogeneous irrational faithfulness, weak 
homogeneous faithfulness, peculiar strong faithfulness, weak monotonicity, 
weak s-monotonicity, weak homogeneity of a function /  we define in this way 
that in the respective definitions described above, we take the small quantifier 
related to j  in place of the big one.
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R emark 5
We show via examples that the monotonicity and s-monotonicity of a func

tion /  are two different properties.

E xample 1
We define a function /  : R(p) —> 0(p) as follows:

J (0 , 1 , . . . , 1 )  if a GW,
1(1,1, - . . ,1)  if a G R(p) \  W ,

where

W  =  {a G R(p) : ai =  0, 02 G Q + U {0} and a* G R + U {0} 

for every к G {3,4, . . .  ,p}}.

We shall show that /  is monotonie but not s-monotonic. Take arbitrary 
c, d G R(p) such that there exists a j  G {1,2, . . .  ,p} such that f j (c) Ф 0, d} >  
cj and dk <  Cfc for every А: ф j . Since dj >  Cj, we have dj >  0. By the 
definition of /  we obtain f j {d) ф 0; consequently, /  is monotonie.
Put c =  (0, \ / 2 , 1 , . . . ,  1), d =  ( 0 , 1 , 0 , . . .  ,0) G R (p). Then / i ( c )  =  1, di =  
Ci, dk <  Ck for every к G {2,3,  . . . , p }  and from the definition of /  we get 
/ i (d )  =  0. Then the function /  is not s-monotonic.

E xample 2
We define a function /  : R(p) —> 0(p) as follows: 

f (n\  =  /  (° , ! , .  • , i )  i f a G Z ,
П >  1 ( 1 , 1 , . . . , 1 )  if a G R(p) \  Z ,

where Z  =  { a G  M(p) : ai =  2 and a* G R+ U {0} for every к € {2,3,.. .  ,p}}.
We shall show that function /  is s-monotonic but not monotonie. Take 

arbitrary c, d G R(p) such that there exists a j  G ( 1 , 2 , . . .  ,p}  such that f j ( c )  ф 
0, dj  =  Cj and dk <  Ck for every к Ф j .  Consider two cases:

I. j  =  1. Then ci Ф  2, whence d\ Ф 2. It follows directly from the 
definition of /  that /1 (d) =  1 ф 0.

II. j  Ф 1. Then by the definition of /  f j (d)  =  1 Ф 0.
This shows that /  is s-monotonic.

Put c =  ( 1 , 0 , . . .  ,0),  d =  ( 2 , 0 , . . .  ,0)  G R(p). Then Д (с )  =  1, d\  >  clt 
djt =  с* for every к G ( 2 , 3 , . . . , p }  and / i(d )  =  0. Consequently, /  is not 
monotonie.

Let us notice that a partially homogeneously faithful function /  is weakly 
partially homogeneously faithful, which implies that /  is peculiarly partially 
homogeneously faithful. However, the converse implication is not true.
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R emark 6
Th e definitions of the homogeneous irrational faithfulness, homogeneous 

faithfulness, partial homogeneous irrational faithfulness and strong faithful
ness were formulated by M. F . S. Roberts in [2]. He gave also in [2] the 
following definition of monotonicity. A  function /  : Щ р )  —> M(p) is called 
monotonie iff the following conditions hold:

(a) if f i (с) ф 0 for i =  *i ,*2, • • • ,**,  d, >  c* for i =  *i ,*2, • • • , ik,  and d* <  Ci 
otherwise, then f i{d)  ф  0 for г =  t i , . . . ,  г*,,;

(b) if /i(c ) =  0 for i =  »i , i2, • • . ,  Ù)  di <  ą  for г =  ix,*2, • • •,  Û ,  and dj >  c* 
otherwise, then f i (d)  =  0 for г =  *i, 12, . . . , ik-

T heorem 3
Let f  : R(p) -A 0(p) be an arbitrary function. Then the following conditions 

are equivalent:

(10) /  is the indicator plurality function on R (p );

(11) /  is neutral (pi ) ,  consistent (p2), faithful (p3) and homogeneous (p4);

(12) /  is neutral (pi ) ,  consistent (p2), faithful (p3) and monotonie (p5);

(13) /  is neutral (pi ) ,  consistent (p2), and homogeneously irrational faithful 

(p6);

(14) /  is neutral (pi ) ,  consistent (p2), and homogeneously faithful (p7);

(15) /  is neutral (pi ) ,  consistent (p2), faithful and s-monotonic (p8);

(16) /  is neutral (pi ) ,  consistent (p2), and strongly faithful (p9);

(17) /  is neutral (pi) ,  consistent (p2), and peculiarly partially homogeneously 
irrational faithful (plO);

(18) /  is neutral (pi ) ,  consistent (p2), and peculiarly partially homogeneously 
faithful ( p H) ;

(19) /  is neutral (pi ) ,  consistent (p2), and weakly partially homogeneously 
faithful (p l2);

(20) /  is neutral (pi ) ,  consistent (p2), and weakly partially homogeneously 
irrational faithful (pl3) ;

(21) /  is neutral (pi ) ,  consistent (p2), and partially homogeneously irrational 
faithful (pl4) ;

(22) /  is neutral (pi ) ,  consistent (p2), and partially homogeneously faithful 
(pl5) .
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In [2] M. F . S. Roberts formulates Theorem 6, which assumptions are the 
same as in Theorem 3 and the assertion says that the conditions: (10), (11), 
(12), (13), (14), (16), (21), (22). However, with Roberts’ definition of the 
monotonicity the implication (10) = >  (12) is not true.
In [1] Z. Moszner gives an example of a function, which is monotonie in the 
sense of Roberts and is not the indicator plurality function. He also proposed 
another definition of monotonicity, which is accepted in this paper (Def. 15).

Proof. The proof that (10) implies (11) was given by Roberts in [2] p. 
171.

(11) = >  (12). Take arbitrary a, b £ Щ р) and an arbitrary j  £  { 1 , 2 , . . .  ,p }  
such that / j  (а) ф 0, bj >  a,j and 6*, <  a* for к ф j .

First we will prove that f ( b ' )  =  ej ,  where b ' =  ( o i , . . . ,  a^- i ,  bj,a .j+1, . . . ,  
Op). B y  (p4) and (p3) we have f ( {bj  — a,j)ej) =  f ( e j )  =  ej ,  thus from (p2) 
we obtain f ( b ' )  — f ( a ) f ( ( b j  — aj )ej )  =  ej .  Consequently, if a and b are such 
vectors that bj >  a,j and bk =  a*, for every к ф j  then f (b)  =  f ( b ' )  =  ej.

We shall show that bj >  a*, for every к £  ( 1 , 2 , . . .  ,p}. The case к =  j  is 
obvious. Suppose that there exists а к Ф j  such that a* >  bj or a*, =  bj. If a*. =  
bj,  then by (p i) we get equality f j ( b ‘ ) =  / * ( 6 ') , which contradicts the fact that 
f ( b ' )  =  ej.  If  ak >  bj then ak—bj >  0. Since f j ( b ' )  =  1 and f j ( ( a k — bj)ej )  =  1, 
from (p2) we obtain f ( b '  +  (a*, -  bj)ej)  =  f { b ' ) f ( { a k -  bj)ej )  =  ej ,  which 
contradicts the property (p i).
Take an arbitrary c =  (c \ , C2, . . . ,  cp) £  M(p) for which there exists a j  £  
{ 1, 2 , . . . , p )  such that / ( c )  =  ej  and Cj >  Cn for every n € { 1, 2, . . .  ,p )  \  { /} .  
We shall show that if we replace c , , for i ф j ,  by a non-negative real number 
di such that di <  Cj then f ( c \ , . . . ,  C j_i, dj ,  Ci+ \ , . . . ,  Cp) =  ej.  Fix an г € 
{ 1 , . . .  , p } \ { j }  and let di be a non-negative real number such that dj <  Ci. Put 
c ' =  ( c i , . . .  , Cj _ i , di , Cj+ i , . . .  ,Cp). Suppose that there exists а к Ф j  such that 
Д ( с ' )  =  1. From (p2) we have f ( c '  +  (Cj -  ск)еk) =  f { c ’ ) f ( {c j  -  ck)ek) =  ek, 
which contradicts therefore the property (pi) .  Consequently, for every к Ф j  
we get f k{c') — 0 and since f ( c ' )  £  0(p) we obtain f ( c ' )  — ej.
We have f ( b ' )  — ej and bj >  ak for к £ { 1 , 2 , . . .  , p } \  { j} .  If  there exists an i 
such that bi <  then f { a \ , a i . . . ,  а7_ ь  bj,  Oj+ i , . . . ,  a j _ i ,  6«, a j + i , . . .  , ap) =  ej 
(i can be less than j ) .  Following the analogous way, after at most p  — 1 steps, 
we obtain f ( b)  =  e} , whence f j (b)  =  1.

(12) = k  (13). Let s be a positive irrational number, and let q be a 
positive rational number such that s >  2q and г € { 1 , 2 , . . .  ,p} .  It follows from 
Lemma 1 and (p3) that f ( q e j) =  [ / (e j)]9 =  [ej]9 =  ej. From (p5) we obtain 
f l { { s - q ) e l ) =  f i { [ q + ( s - q ) ] e i )  =  1 and, by (p2), / ( s e j)  =  / ( ( s - q ) e j ) / ( q e j )  =



30 Anna Bahyrycz

The proof that (13) implies (14) is analogous to the proof that (4) implies 
(5) in Roberts’ theorem.

(14) = >  (15). Take arbitrary a, b G R(p) and an arbitrary i G { 1 , 2 , . . .  ,p} 
such that / ,(a )  / 0, bi =  at and bk <  ak for every к Ф i.

A t first we shall show that ak <  ai for every к G { 1 , 2 , . . . , p } .  Suppose 
that there exists an n  G { 1 , 2 , . . . ,  p} \  {г} such that an >  Oj. By (p2) we obtain 
f ( a  +  (an -  ai)ei) =  / ( a ) / ( ( a n — а*)е*) =  ej, which contradicts the property 
(p i) . Consequently, a* <  a{ for every к G { 1 , 2 , . . .  ,p } .
Take an arbitrary c =  (ci ,C2, . . . ,  c p )  G К  (p) such that there exists a n i  G 
{1, 2 , . . .  ,p}  such that / { (с) =  1 and Cj >  c„ for every n G { 1 , 2 , . . .  ,p } . We 
shall show that if we replace Cj for j  Ф i by a non-negative real number 
Xj such that Xj <  Cj then / j ( c i , . . . ,  C j - \ ,  X j , C j + i , . . . ,  Cp) =  1. Fix an j  G 
{ 1, 2, . . . , p} \  {г} and let xj  be a non-negative real number such that Xj <  Cj. 
Put c '  =  (c i , c2, . . . , C j _ i , X j , C j + i , . . .  ,Cp). Suppose that f i ( c ')  =  0. The range 
of the function /  is contained in 0(p), thus there exists a n G { 1 , 2 , . . . , p} such 
that /n (c ')  =  1. Then dn =  Cn if n Ф j  and dn =  Xj if n =  j .  Notice that 
C i - d n >  0. From (p2) we have f { c '  +  (cj -  d„)en) =  / ( c ' ) / ( ( c i  -  dn)en) =  en, 
which contradicts the property (pi) .  Consequently, we get / i ( c ')  =  1.
Next notice that / j  (a) =  1 and a*, <  a{ for every к G {1,2,  . . . , p } ,  aj =  bi 
and bn <  an for every n ф i. Take an m  G { 1 , 2 , . . .  ,p}.  Since / ,(а )  =  1 and 
a* <  bi for every к G { 1 , 2 , . . .  ,p }  and bm <  am, then

f i  (°1 ) • • • i ®m-1 > Ьт, am+i, . . .  , Gj—l, bi, Ut-H i • • • ) ap) =  1

(г can be less than m).  Since bm <  am and ak <  bi for every к G { 1 , 2 , . . .  ,p},  
thus bm <  bi and a* <  bi for every к G { 1 , 2 , . . . , p} \  {m}.  Take an l G 
{ 1 , 2 , . . . , p} \  {г, m}.  Let us observe that

f i  (a l i • ■ • i am— 11 ^m> am+b • • • > ai—li ai + \ i • • • i ap) =  L

bm <  bi and ak <  bj for all к €  { 1, 2, . . .  ,p }  \  {m } and b[ <  ai thus /i(bi,i,m) =  
1, where bi i>rn is a vector with bi, bi, bm in the г-th , Z-th, m -th positions, 
respectively, and the other components are the same as suitable components 
of the vector a. Following the analogous way, after p — 1 steps, we obtain 
fi(b) =  1 # 0 .

(15) =s> (16). Take arbitrary a G R(p) and г G {1,2,  . . . , p }  such that 
ai =  0. Suppose that f i ( a ) Ф 0. Since a G R (p), there exists an indicator 
j  such that aj  >  0. Let q be a positive rational number such that aj >  q. 
It follows from Lemma 1 and (p3) that f{qei )  =  [f{ei)]q =  [e,]9 =  ej. Func
tion /  has the property (pi)  and the range of /  is contained in 0(p), thus 
/ ( r ,  r , . . .  , r )  — ( 1 , 1 , . . . ,  1) for all r G R + . By (p8) we obtain Л(ге^) =  1 for
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all r  G R + . Since fi{{a j — q)et) =  1 and fi(qe{) =  1, thus by (p2), we have 
that f{ a 3ei) — f{ {a 3 -  q )e i)f(q e i) =  e*. Since fi{a ) =  1 and fi{a je i) =  1 from 
(p2) we get f ( a  +  a.je3) =  / ( а ) / ( а ; е*) =  ej, which contradicts the property 
(p i) . Consequently, fi(a )  =  0.

It is obvious that (16) implies(17).
The proof that (17) implies (18) is analogous to the proof that (4) implies 

(5) in Roberts’ theorem.
(18) = >  (19). B y (p l l )  there exists a к G { 1 , 2 , . . . ,  p  — 1} such that 

f i re <k) =  e<fc for all г G M+. Let r be positive real number.
First we shall show that / ( r e i )  =  ei. It follows from (p i) that there exists a

(*+l)
(c, d) G 0(2) such that / (r e * +1) — ( c , . . .  ,c , d , c , . . . , c). Suppose that c =  1. 
B y (p2) we obtain f (r e < k + i)  =  f ( r ^ < k )f(rek+1) =  e<k, which contradicts the 
property (p i) . Thus c =  0, whence d =  1 and then /(re jt+ i) =  e*+ i. Hence 
and by (p i) we get that f ( r e i) =  e \. It is easily seen that / ( r e < p) =  e<p.

It is obvious that (19) implies (20).
(20) = >  (21). Let s be a positive irrational number. From the asumption 

we have / ( s e i )  =  e \-  It is obvious that / ( s e < p) =  e<p. Take а к € { 2 , 3 , . . . ,  
p -  1}. Making use of (p i) and the range of /  we obtain that there exists

(it)
a (c ,d) € 0(2) such that / ( s e < t )  =  ( c , . . . ,  c , d , . . .  ,d ) . Suppose that d ф 
0. From (p i) we have /( s e * + i) =  efc+i. By (p2) we obtain f ( s e < k + 1) =  
/(se<fc)/(sefc+i) =  e/fc+i, which contradicts the property (p i) . Thus d — 0, 
whence с =  1 and then /(se < jt) =  e<fc.

The proof that (21) implies (22) was given by Roberts in [2] p. 171.
(22) = >  (10). Take an a G R (p). Let us observe that by (p l5 ) and (p i) 

we obtain / ( r e q ,. . .^ )  =  for all r G and for all pairwise different
i i , . . . ,  ik G {1, 2 , . . .  ,p } . We may order a set { a i , . . . ,  ap} in the following way:

h ^  ^jki+l * ĵki+k2 ^  ^  ^Jki+kz^----hкт+l

where ki can be equal to p.
The further part of the proof is analogous to the suitable part of the proof 
that (4) implies (1) in Theorem 1. Thus we obtain / ( a )  =  efc1+fc2+...+jtm + ii...iP . 
Consequently, /  is the indicator plurality function on R (p ).

R emark 7
Theorem 3 holds true if we replace the following properties: faithfulness, 

homogenous irrational faithfulness, homogenous faithfulness, strong faithful
ness, monotonicity, s-monotonicity, homogeneity and consistency, by the cor
responding weak properties.
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We shall prove that it follows from the neutrality and weak homogeneous 
faithfulness of the function /  that /  is homogeneously faithful. Take an arbit
rary r G K+ and j  G { 1 ,2 , . . .  ,p }.
We shall show that f{ r e j )  =  e j. It follows by the weak homogeneous faithful
ness that there exists an t G { 1 ,2 , . . .  ,p }  such that f ( r e *) =  ej. Let n be a 
permutation of { 1, 2, . . .  ,p } such that tt(i) =  j  and ir(j) =  i and n(k) =  к for 
к €  { 1 ,2 , . . .  ,p } \  Take an m  G { 1 ,2 , . . .  ,p } . Prom the definition of the
permutation 7r, neutrality and weak homogeneous faithfulness of /  we obtain:

fm{rej) =  fm(reir{i)) =  /ъ[т){ге{) =  j  J if 7r(m) =  i,
if 7Г (m ) Ф i.

Then f ( r e j )  =  ej5 thus /  is homogeneously faithful.
The proof that the neutrality and weak faithfulness imply that /  is faithful 

and that the neutrality and weak homogeneous irrational faithfulness imply 
that /  is homogeneous irrational faithful runs in the same way. It is sufficient 
to take r =  1 in the first case and r positive irrational in the second case in 
the above proof.

In the similar way we may prove that:

1) from the neutrality and peculiar strong faithfulness of the function /  it 
follows that /  is strong faithful,

2) from the neutrality and weak monotonicity of the function /  it follows 
that /  is monotonie,

3) from the neutrality and weak s-monotonicity of the function /  it follows 
that /  is s-monotonic,

4) from the neutrality and weak homogenity of the function /  it follows 
that /  is homogeneous.

The proof that from the neutrality and weak consistency of the function /  it 
follows that /  is consistent is analogous to the suitable part of the proof that 
(3) implies (4) in Theorem 1.

Remark 8
Note that the neutrality, faithfulness, homogenous irrational faithfulness 

and homogeneity of the function /  in Theorem 3 can be replaced by the 
weak neutrality, weak faithfulness, weak homogeneity irrational faithfulness 
and weak homogeneous, respectively.

If we weaken the assumption that a range function /  is contained in 0(p) 
in Theorem 3 then we shall obtain the following theorem.
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T heorem  4
Let f  : Щ р) —>• Щр) be ап arbitrary function. Then the following condi

tions are equivalent:

(10) /  is the indicator plurality function on R (p );

(11) /  is neutral (p i) , consistent (p2), faithful (p3) and homogeneous (p4);

(19) /  is neutral (p i) , consistent (p2), and weakly partially homogeneously 
faithful (p l2);

(20) /  is neutral (p i) , consistent (p2), and weakly partially homogeneously 
irrational faithful (p l3 );

(21) /  is neutral (p i) , consistent (p2), and partially homogeneously irrational 
faithful (p l4 );

(22) /  is neutral (p i) , consistent (p2), and partially homogeneously faithful 
(p l5 ).

Proof. The proof that (10) implies (11) is the same as the proof that (10) 
implies (11) in Theorem 3.

(11) = >  (19). Let r  be a positive real number.
We take into consideration / ( r e i )  and / ( r e < p). Prom (p4) and (p3) we obtain 
f ( r e i) =  f ( e i) — e \. By (p i) we get that there exists c G К  such that 
f ( r e < p) =  (c, c , . . . ,  c). Since the range of the function /  is contained in Ш(р) , 
c is a positive real number. It follows from (p4) and (p2) that

(c, c , . . . ,  c) =  / ( 2re<p) =  /(r e < p ) /(r e < p) =  (c2, c2, . . . ,  c2).

We conclude that с2 =  c and с E K + , whence c =  1.
It is obvious that (19) implies (20).
The proof that (20) implies (21) is analogous to that of implication (7) =>■ 

(8) in Theorem 2.
The next part of the proof is the same as in the proof of Theorem 3.

In [2] Roberts formulates Theorem 7, which assumptions are the same 
as Theorem 3 and in the assertions there is stated the equivalence of the 
conditions: (10), ( 11), (21) and (22).

R emark 9
Note that the faithfulness, homogeneity and consistency of the function in 

Theorem 4 can be replaced suitably by the weak faithfulness, weak homogen
eity and weak consistency.

R emark 10
Several problems remain open:
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1) Can the consistency and neutrality be replaced by the weak consistency 
and weak neutrality, respectively, in any of the conditions of Theorem 3?

2) Which conditions are equivalent to the condition that /  is the indicator 
plurality function if we assume that /  : R(p) -»  Q(p) ?

3) Can the neutrality be replaced by the weak neutrality in any of the 
conditions of Theorem 4?

The problem of Roberts

In [2] Roberts asks if every neutral, consistent and homogeneous faithful 
function /  : R(p) —> R(p) is the indicator plurality function.
The answer to this question is negative. An example for p =  2 was formulated 
by Z. Moszner in [1].
Below we give an example for an arbitrary p.

We define a function /  =  ( / i ,  / 2, . . . ,  f p) : R(p) —> R(p) as follows:

where Zj =  {a 6  R(p) : at >  a} for j  G { 1 ,2 , . . .  ,p }}  and i G { 1 ,2 , . . .  ,p } .
Take an a € R (p ), î  €  { 1 ,2 , . . .  ,p } and let n  be a permutation of { 1 , 2 , . . . ,  

p}. Let us consider two cases:

1) an(i) >  a* for every к G {1 ,2 , —  ,p } . Then, from (*), we get / i (a w(1), 
Utt(2) 1 • • • i т̂г(р) ) — exp [ai +  02 “h Op û^(i)] and fn(i) (o i , U2i • • • i Up) =
exp[ai +  a2 + ------ h ap -  ax(i)].

2) a*(i) <  a.j for some j  G {1 ,2 , . . . , p } .  Then, by (*), we have / , ( a w(1), al(2)l 
■■■,an(p)) =  0 and f jr(i)(a1,a 2, . .  . , a p) =  0.

From 1) and 2) we obtain f i(a „ (1) ,a x(2), . . .  ,a r(p)) =  f„ ( t)(a u a2, . . .  ,a p). Con
sequently, /  is neutral.

Take arbitrary a, b G R(p) such that f ( a ) f ( b )  Ф 0. There exists an l G 
{ 1 , 2 , . . . ,  p} suchthat fi{a )fi(b ) Ф 0. Take a к G { 1 ,2 , . . .  ,p } . Consider three

1) fk ifl) Ф 0 and fk(b) Ф 0. Then, from (*), we get Д (а )  =  expfai + a 2 -f 
■■■ +  ap -  ak] and fk{b) =  exp[6i +  62 +  • • • +  bp -  bk], ak >  aj and 
bk >  bj for every j  G { 1 ,2 , . . .  ,p ) .  Hence ak +  bk >  Oj +  bj for every 
j  6 { 1 ,2 , . . .  ,p ) . According to (*) we obtain f k(a -f  6) =  exp[ai +  61 +  
a2 +  f>2 H------ +  ap +  bp — (ak +  bit)]-

2) fk (a) Ф 0 and f k(b) — 0. Then, by the definition of / ,  we get ak =  ai 
and bk <  bp Thus ak +  bk <  сц +  bp From (*), we have f k(a 4- b) =  0.

Г exp [а!

\ o

+  Û2 +  • ' • +  CLp — Oi] i f  n G 7.:

cases :



The characterization of the indicator plurality function 35

3) fk{a) — 0 and Д (Ь ) =  0. Then by (*), we get a* <  щ and bk <  bi. Hence 
ah +  bk <  Щ +  b[. It follows from (*) that Д (а  +  b) =  0.

Prom 1), 2) and 3) we obtain Д (а )Д (Ь )  =  fk (a  +  b). Then the function /  is 
consistent.

It follows from (*) that for every r £ R +  and j  G { 1 ,2 , . . .  ,p }  we have
CO

f{ r e j)  — ( 0 ,0 , . . .  ,0 , er r ,0 , . . . , 0 )  =  e j. Then the function /  is homogen
eously faithful.

Note that /  is not the indicator plurality function because the range of f  
is not contained in 0 (p). For example: / ( 1 , 1 , 0 , . . . ,  0) =  (e, e, 0 , . . .  , 0).

Remark 11
It is easily seen that the /  mentioned above is also strongly faithful, mono

tonie and s-monotonic. This example shows that conditions (3), (4), (5), (6), 
(7), (8) and (9) of Theorem 3 do not imply that /  : R(p) —> R (p) is the indic
ator plurality function.
Let us observe that if the domain of /  is restricted to the set Q(p) then 
/  : Q(p) —>■ R(p) is neutral, consistent, faithful but not the indicator plurality 
function on <Q>(p).
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