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On the functional equation of exit laws for lattice
semigroups

Abstract. Let P = {Pt)t>0 be a semigroup of kernels on an LCD space
(X,B) such that V := J0° Ptdt exists. An exit law for P is a family
of positive measurable functions / = (ft)t>o0 which verifies the following
functional equation: Psfi = fs+t, for all s,t > 0. Let 72:= {u 6 T
n —J0° ftdt for some exit law / for P} and ImV = {Vu : n £ B}. In
generell we have ImV ( 72

If P is a lattice and submarkovian semigroup then we prove in this
paper the equality ImV = 72. For this purpose, we associate a semi-
dynamical system to P. Moreover, we give an example of not lattice
semigroup for which ImV = 72

1. Introduction

Let X be alocally compact space with countable base, and let B — B (X) be
the set of all positive and real Borel functions on X (which contains the Borel
subsets of X). The product space [0, +oo[ x X is endowed with the product
topology. Moreover, we use the notations ft(x) := f(t,x) and / = (ft)t>o, for
every function / which is defined on [0, + oo[ x X. Some of the following notions
given in this paragraph are familiar in potential theory, see for example [2],
[3]. However, no knowledge of potential theory is presupposed in this paper.

A kernel K on the measurable space (X, B) is an additive and positively
homogeneous mapping K : B -* B such that K(supun) —sup K (un) for every
increasing sequence (u,) C B. In particular A K(x,A) = Kla(x) is a
measure on (X, B) for every x E X. We say that a kernel K is submarkovian
if X1 < 1. Ifx K (x, A) is bounded for every compact set A C X then K
is called proper.

Let P = {Pt)t>0 be a measurable semigroup of submarkovian kernels on
(X, B). The associated resolvent is the family of kernels V := (VQ)Q@>0 defined
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by VQ 'm=/o°° exp(—at) Pt dt. (Note that kernels Va are proper — they are even
bounded — because P is submarkovian).

A measurable subset A of A is called V-negligible if Va\a = 0, for every
a > 0. We say that a property holds V-a.e. if the set for which this property
does not hold is V-negligible. We set

P := {u:X —[0, 00] such that n is measurable and n < oo, V-a.e.}.

Set £ := {u EP : Ptu < n and supt X0Ptu = u}.
The potential cone associated to P is the cone of functions defined by
V:= {uE£: inf Ptu= 0, V-ae.}.
t—f oo
The potential kernel associated to P is given by V := /0° Ptdt. If V is

proper then it is clear that ImV = (M EP : u= Vo, ¢®E P} is a subset of
V and A E B is V-negligible iff V1 g = 0 because V —sup@0Va.

Example 1

Translation semigroup on R: Let X — R and P defined by Ptu(x) —
u(x + 1), forall X € K, t > 0 and u E B. For this example the V-negligible sets
are exactly the negligible sets for the Lebesgue measure on R. On the other
hand V is the cone of all positive functions on R which are decreasing, right-
continuous and vanishing at +oo. Moreover, the potential kernel V is proper
(Vu(x) = /RX°u(y)dy). Thus all elements of ImV are absolutely continuous
functions and consequently ImV ¢ V.

Example 2
Brownian semigroup on Rn: Let X = Rn (n > 1) and P defined by

n

O

for all x ERn, t > 0 and u E B. Then V is the cone of all positive functions
n on Rn which are superharmonic and for which the constant zero is the only
positive harmonic minorant. The potential kernel V is proper iffn > 3.

Let n > 3 and let N(x,y) = |Ix- yl|2-n be the well known Newton kernel
on Rn, then it is easy to see that

VXYyEK": N(xy)— A lexp(-feld_)dt,

VXERn; VIIEB : Vu(x) — [ N(x, y)u{y) dy. (3)
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It can be also shown by calculation (on (1) and (2)) that N(.,y) 6 P \ ImV
for all y C R". In view of (3), it is clear that the V-negligible sets are the
negligible sets for the Lebesgue measure on Rn.

For more details about this two examples see [3] (Chap. O I, IIl and V).
A positive measurable function / = (ft)t>o0 defined on ]0, oo[ x X is called

an exit law for IP if
Vs.t >0 : Psfi = fs+t. 4

This notion plays an important role in potential theory (see [3], pp 38-52).
Let

Let u G 72, then the Fubini theorem and (4) imply that

©)

Remarks

Let X e X, by (5) the function t i-> ft{x) appears as the derivative of
t —Ptu(x). So the important problem concerning the functional equation
(4) is to determine the cone 72 for a given semigroup of kernels P.

Suppose that V := /(0° Ptdt is proper. Then, in view of (5), we have
ImF C 72 C IP. In order to study 72, it is also a natural question to compare
72 with Im V or with P.

If we suppose the existence of a reference measure i.e. a positive tx-finite
measure m on (X, B) such that m(A) = 0 iff VIa = 0 for all A G B. Then we
have proved in [7] that 72 = P iff P is absolutely continuous with respect to
m. This is the case of the semigroup of the Brownian motion on Mn, but not
for translation semigroup on R.

Moreover, the existence of a reference measure is not necessary to have
72 = P. For example, it is shown in [4] that if P is symmetric with respect to
a (not necessarily reference) measure then we have 72 = P.

The aim of this paper is to study the other extreme case, namely semig-
roups for which 72 = Im V.

2. Exit laws for lattice semigroups

A semidynamical system (SDS) on (X,B) isa mapping® :R+ xX D —
X which satisfies

1. Q and ® are measurable,
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2. for every x E X, the set I(x) := {t > 0: (t,x) E fi} is an interval which
contains O,

3. ®(0,x) —x for every x E X,
4. if (t,x) E Cl and (s,$(t,x)) E Cl then (s + t,x) E Cl and ®(s + t,x) =
o (5, (*,x)).
Such a system is denoted by the pair (f2, ) and if fi ® R+ x X it is called
local SDS. These definitions are adapted from [1].

Let (Cl, #) be an SDS on (X,B). A cocycle of (Cl, ®) is a measurable
mapping C : Cl 20, oo[ which verifies

V (t,x) ECl, V (s~ (t,x)) ECl : C(s + t,x) = C(t,x) =C(s, (<, a;)). (6)

(The functional equation (6) has been studied in my papers [5], [6]).
Let (Cl, ®) be an SDS on (X,B) and C be a cocycle of (IM,®). Then the
family of operators P — (Pt) defined by

VuEB\ x EX] t> 0 : Ptu(x) := In(i,z) *C(t,x) mu(<b(t,x)) @)

is a measurable semigroup of (not necessarily submarkovian) kernels on (X, B).
Moreover, P is also a lattice semigroup, i.e. Pt\u\ = \Pt.u\ for every t > 0 and
for every measurable bounded function u. In fact, the converse is also true
(see [5]):

P roposition

Let P be a measurable lattice semigroup of kernels on (X, B), then there
exists a unique SDS (Cl, ®) and a unique cocycle C of (O, ®) such that P is of
the form (7).

Proof. Let P be a measurable lattice semigroup of kernels on (X, B).
Then, using the fact that P is a lattice, we have

V (t,x) El+ xX-, WAEB : Ptl(x) = |PtU (x)-P tl*vI(:c)]. (8)

Set Cl := {(f,a:) E IR+ x X : Ptl(x) ¢ 0} and C(t,x) := Ptl(x) for every
(t, x) E 0, then Cl and C are measurable. Moreover, if Ptl(x) = 0 then the
semigroup property implies that PA(x) = O for all s > t, hence 1(x) = {t >
0 : (t,x) Gfi} is an interval.

Now, let (t,x) E Cl, in view of (8) and the separability of the space (X, B),
we have

v (t,X) Ecl, 3t o, X) Ex : exPt= C(t,X) med((1). 9)

In particular, (9) defines a mapping ® : Cl — X which is measurable because
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VAEB : ®-V ) = {(«*)en: = 1}

Since Po is the identity, it follows that 0 £ 1(x) and ®(0, x) = x. Furthermore,
from the semigroup property and (8), we have the formula (6) and the relation
4. in the definition of a semidynamical system. This shows that (f2, ®) is an
SDS on (X, B) and C is an associated cocycle.

Example 3

Let P be a measurable semigroup of kernels on (X, B) which is stable by
product, i.e. Pt(uv) = Ptu mPtv forallt > 0 and n £ B. Then P is a lattice
semigroup of submarkovian kernels.

The proof is similar to the proof of the Proposition: The product stability
implies that (Pfl)2 = Ptl for every t > 0, thus P is submarkovian. Set
fl ;= {(f:r) £ R+ x X : Pt\{x) ¢ 0} and let (t,x) £ fl, then in view of the
product stability and the separability of the space (X, B) the support of the
measure Pt(x,.) cannot contain two different points of X. Therefore Pt(x,.)
is a Dirac measure, but this implies that P is a lattice semigroup.

Theorem
Let P be a measurable lattice semigroup of submarkovian kernels on (X, B)
and let V = (VQ)Q>0 the associated resolvent. Then for every measurable exit

law f = (ft)t>0for P there is some p £ T such that
roc
Vg>0; xX£X : hQ(Xx) := b exp(—at)ft{x) dt = Vaip(x). (10)

Proof. Let a > 0 and set PO = (Pf*) where Pf := exp(-at)Pt for every
t > 0. Then P" is a measurable semigroup of submarkovian kernels; moreover,
the potential kernel of PQ is proper, it is equal to Va. From (5) and the fact
that fQ := (exp(-at)ft) is an exit law for PO, it is clear that ha defined as in
(10) is a potential for P“. So if we set

Ja(x) := Daha(x) := limsup n Jla{x) )
t->o0 t

for all x £ X, then ipQ is positive and measurable because we can take the
limsup in (11) for t £ Q. Now let s,t > 0 and x £ X, from (5) and the

definition in (10) we have
s+t
/ exp(~ar)fr{x)dr

which implies that (in view of (11))

Vx£E£X @ f?2{x) := exp(-at)ft(x) = DQP®@/iQ(a) a.e. in (0, 00). (12)
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Now we use the assumption that P is lattice: This implies that P is of the
form (7) in view of the Proposition. But for such a semigroup, it is easy to
see that

Vt>0: DaP?ha = Pu&a(Daha). (13)

Prom (12), (13) and the expression of Pa we have
Vx € X : PtDaha(x) = ft(x) a.e. in(0,00). (14)
Choose (for example) ip := D Ih\, then from (14), we have
Vx £ X : Ptp(x) = ft(x) a.e. in (0, 00).
which implies (10).

Corollary
Let F be a measurable lattice semigroup of submarkovian kernels on (X, B)
such that its potential kernel V is proper, then TZ—Im V.

Proof. It suffices to tend with a to O in the relation (10) of the Theorem.

3. Particular case

A global dynamical system on (A, B) is a measurable mapping ® :RxJC ->
X which verifies @ (0,x) = x and ~(s + t,x) = " (s, ®(<,x)) for every x G X
and s,if£ K.

Let P be a lattice semigroup of submarkovian kernels on (X,B), (M,®)
the associated SDS and C the associated cocycle. Suppose that (fl, ) is a
restriction of a global dynamical system ® on (X.B), i.e. ® is the restriction
of ® on fl = [0, 00[xX. Also the function C can be extended to R x X.

Let / = (ft) be an exit law for P, set ip(x) := C (-1,x) mfi(®d (-1,x)) for
every x € X. Then we have for every a > 0 and x € X

[e]e]

exp(-at) mC(t,x) mC(—L & (*,x)) «/x (P (-1, ®(£, x))) dt

(e]e)

C(—1+ t,x) mfi(® (-1 4t,x))dt
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exp(-at) < C(0,x) mft{x)dt
exp (—at) mft{x)dt.

Thus this is an easy proof of the Theorem but only in a very particular case.

Remarks

1. Let P be a lattice semigroup of kernels on (X,B). As in (14), it is
not proved that ft — Pt4>, for all t > 0. It is even wrong in general; an easy
example is given in ([9], p. 381).

2. The Theorem is proved without the hypothesis that the potential kernel
is proper. Hence it includes all lattice semigroups for which the associated
semidynamical system possesses periodical trajectories.

3. The idea of this paper is based on the hypothesis that P is submarkovian
which is often (but not always) verified.

The following example shows that for 1Z = Im V it is not necessary that
the semigroup is a lattice one.

Example 4
Let X :=]—o00,0] and P be the semigroup defined, for every n EB, x e X ,
t > 0 by:

(uf{x —t) if x < 0O;

PUPO T expef) Au(0) + Fetu® exp(r) dry  ifx = 0.

Then the potential kernel V is proper and we have T = Im V.

Proof. Let / G B and x < 0. Then by calculation we obtain Vf(x) =
f-oo f(y) dvand *7(0) = /(0) + f(y) dy, thus V is proper.
Now let f = {ft) be an exit law for P. Note that the restriction of P on
10, oo[ is also a measurable semigroup of kernels on (]0, oo[, B{]0, oo[)) which
is a lattice. Then the Corollary implies the existence of some tp € R(]0, oo[)
such that
V x < 0: ft(x) = Ptp{x) forae. t> 0. (15)

Thus we have
ft+s(o) - Ptfsio)

= /s(Q)exp(-f) + exp(-t) T fs{r)exp(-r)dr
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= fs(0)exp(-f) + exp(-f)Jr tp(r - s)exp(-r) dr

fs(0)exp(-t) +exp(-(s + t)) f <p(r) exp(-r) dr.
J-(t+5)

This implies that (with the notation e instead of exp)

fs+t{0) - e~(s+t) f <p(r)e~Tdr = e-t (/s(0) - e~A[ yr)e~rdr\ .
J-(t+s) \ J-s J
If we set a(s) := fs(0) —exp(—s) J°sip(r) exp(-r) dr then the preceding rela-
tions shows that a(s + t) — a(s) exp(-t) for every s,t > 0. But this implies
that a(t) = exp(—t), for every t > 0 because a is a Borel function. From the

definition of a, we conclude that J
Vs>0: fs(0) = exp(-s) " + <p(r) exp(-r) dr'j . (16)

If we extend the function ipon ]—o0, 0] by putting <*(0) = 1then (16) implies
that fs(0) = Ptp(0) and we conclude with (15) that 7Z= Im V.

Note that in this case P is not a lattice because the measures Pt(0,.) are
not Dirac ones.

4.  Concluding remarks

Consider the general situation: Let P be a measurable semigroup of sub-
markovian kernels and let V = (VQ)Q>o0 the associated resolvent.

1. It is an open problem to give necessary and sufficient conditions on P
such that 1Z = IrnV.

2. Taking into account the translation on R and the Brownian motion on
R it is not difficult to construct a semigroup for which ImV & TZ ® V. In
this case other problems arise which we have studied in [8].

3. If the potential kernel is not proper, it makes no sense to consider TZ to
study the exit laws for P. But as in Theorem, let us consider the following:

For every measurable exit law / = (ft)t>o for P consider the measurable
function h.f := (uqg)g>o defined by

roo
Va>0; X£ X : h~(a,x) = h~x) = b exp{—at)ft{x)dt. (17)

Then we have

{(a,> ™ Va@p{x) : p£ T} C {(a,x) h»Ha(x) : / exit law for P}.
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The preceding relation appear as the generalization of ImV C TZ But we can
say more: The function (a, x) lig(x) defined by (17) is a solution of the
following functional equation (by calculus)

VO <a<B: ha=hB+ (B- a)Vahp. (18)

The equation (18) is called the exit law for the resolvent V (see [3], pp 38-52).
Now let u € V. Then it can be shown (also by calculus) that hQ := n- aVau is
a solution of (18). This shows that the equation (4) and (18) are not equivalent
in general (apply the Theorem for the translation semigroup on R).
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