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Functions commuting with ternary operations

Abstract. The problem of finding all functions which commute with a
given ternary operation leads to a general functional equation. In this
note we solve this problem in the case when the ternary operation is
given by [x v,z] = (x*y —z)-1,X,y,z GF, X *y ¢ z where F is a field
having at least four elements and in which x GF, 2x = 0 imply x = 0,
and * is any binary operation on F with a right-sided unit element.

1. During the time of The Sixth International Conference on Functional
Equations and Inequalities (Muszyna-Ztockie, Poland, 1997) we proposed in-
vestigations connected with the following type of functional equations: Let
A be aset, and " d B c X x X x X . Suppose that there is an element
[X,¥,Z] G X corresponding to each (x,y,z) G D, i.e., a ternary operation

:D -A X is given. The question is which functions commute with this
operation? More exactly: Find all functions/ : X — X for which (ky,z) GD
implies (f{x),f(y),f(z)) G D, and

HIxy.z}h) = F(x),f{y). f{2)]. A)

This problem is motivated by the following exercise in [1]. Suppose that
f W m satisfies the following property: If X,y,z G K with x + y ¢ 2z
then f(x) + f(y) & 2f(z) and

2xy —Xz - yz 2/1(9)I(y) - f(x)f{z) - f{y)f(2)
X+y—2z f{x) + f(y) - 2f(2)

Give an “elementary” proof to show that / is a nonconstant linear function.

Obviously, here A := R, D := {(x,y,z) GR3: x+vy & 2zj, and [x,y,z] :=
2Xy—Xz—yz
X+y-2z '

2. In this note we solve (A) in the following general case: A := F, where
F is a field with some additional properties, D := {(X,y,2) GF3: x*y ¢ z}
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and [Xx,y,z] := (X *y —2) where * :F X F — F is any binary operation
with a right-sided unit element e GF.

Theorem 1

Let F be afield with the following properties: F has at least four elements,
and x GF, 2x = 0 imply x — 0. Let furthermore (F,*) be a groupoid with
a right-sided unit element e GF and f : F — F be an unknown function for
which the functional equation

tti) (/<F)*/<»>-[«> =1 «

holds for all x,y, z GF, x*y ¢ z. Then the following two cases are possible:
(i) f(x) —c (c GF) for all x GF, where c(c *c—c) = 1;
or
(i) fix) = A(x) for all x GF, where A : F — F is an additive function
(i.e., AX +y) = AX) + A(y) for all x,y GF), A(x)A(x~l) = 1 for all
x GF \ {0} and A(x *y) = A(x) *A(y) for all x,y GF.

Proof. Lety= e and z= 0in (1). Then

1 Q) (I(*) */(e) - I(°)) =1, 2)
Therefore (1) implies
f(x>*y-z)> I(e) - /(0) = f{x) *fiy) - f(2), ©)

provided that x,y,z GF, x *y ¢ z. With the substitution y —e in (3), we
have

fix - z) */(e) - /(0)= fix) *fie) - /(2), x bz
or, writing X + z instead of x,
fix) *fie) + fiz) - /(0) = fix + z) *fie), (@)
for all x GF \ {0}, 2 G F. Interchanging x and 2 in (4) we obtain
fix) *fie) + fiz) = fiz) */(e) + fix), x,zeF\ {0}
This implies that there exists a 7 GF such that
fix) = fix) *fie) + 7, i/0O. 5)

So from (4)
fix) + fiz) - /(0) = fix + 2) (6)
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follows for all x,z e F, x® 0, x+ r & 0. Ifx = 0 then (6) obviously holds
forall zGF. Ifx+ z= 0 then choose at £ F such that x+ z+ t= 0, and

z+ t® 0 (such at £ F exists because of the assumption on F). Then, by (6),
f{t) = f(x+ z+ t) = f{x) + f{z + t)~ /(0)

= 1(*) + 1(*) + [(«)-2(0),

that is,
f(x + z) + f(0) = 2/(0)
= /(®) + /(2).

Thus (6) also holds for all x,z £ F. Therefore there exists an additive function
A :F —F such that

f(x) = A(x) + F(0), x£F. @

Equations (2), (5), and (7) imply

M Q) EQ-7)1, I,

that is,

A (K) + F(°)AX) ~'yA “T/C°) = 1. xpO. (8)

Writing —x instead of x in (8) we have

N(N) K> (M (*)+7j4(n) -71(°) = in0. ©)
The difference of (8) and (9) gives
27f(0)A(X)-yA (i)) =0, xdO,
and because of the assumption on F we have
1(0)Nx) - 7TA =0, x%Q (10)
thus, by (8),
a(X)an =1+ x 0. (1)

We consider te following two cases: (i) /(0) ¢ 0, and (ii) /(0) = O.
(i) Suppose first A(x) = 0 (x 6 F). Then, by (7), we have

f(x) = /(0) = ¢, XxE€£F,



18 Zoltén Daréczy and Gyula Maksa

where ¢ / 0, and by (1) c satisfies the equation c(c *¢c —c) — 1. Then we
have case (i) in our theorem. Secondly, suppose A(x) ¢ 0. We prove that

this case is impossible. From (10) and (11) with the notations a := y Ll "' an<®

R := /(0)7 we have
A(X)A = 1+ R, and A(x) = dA ., x "o, (12)

and A : F —aF is an additive function. By (12)
A(x)2 = a(l14-/3), x dO. (13)
Let x @ 0, and x ¢ 1. Then by the additivity of A and by (13) we have

a(l + B) = A(x - 1)2= A(x)2- 2A{DA{x) + A{l)2
a(l +R)~ 2A(NA(x) + A(1)2,

that is,
A{\)2 = 2A(DHA(X), i/O0, i/l. (14)

It follows from (14) that

A{1)2 = 2A{\)A{-x) = -2A(1)A(x), xdO0,xd-1. (15)
Since F has at least four elements, there exists an xo G F, xo ¢ 0, xo0 ¢ 1,
X0 ¢p —1. Putting x = xo in (14) and (15), we obtain 2A(l1)2 = 0, i.e,
N(1)2 = 0. Therefore, by (13), A(1)2= a(l + B) = 0, and A{x)2 = 0 for all

X ¢ 0. Since vl(x) ™ 0, there exists an x\ £ F, x\ ¢ 0 such that A(x\) ¢ O,
i.e., A{x\)2 & 0, which is a contradiction.

In case (ii) by (11) we have A(x~1)A(x) = 1 for all x G F \ {0}. By (7),
I(x) = A(X), (x GF), where A : F — F is an additive function. From (5)
and (3) with z= 0

A(x *Y)

f{x *y) = f{x *y)* /(e) + T = f{x) =/(y) + 7
Aix) *A{y) + 7

follows for all x,y GF, x*y ¢ 0. Here 7 = 0 by (10) and (11) (7j4(x- 1) = 0,
X @ 0; A{x~X) ® 0, x ® 0), therefore

A{x *y) = A{X) *Aly), X, YGF, x*y & 0. (16)

Put x*y = 0 in (1). Then

A (AiX) *A(y) - Aiz)) = 1



Functions commuting with ternary operations 19

for all z G F \ {0}, from which
—~ x =0
AQ) Q=5 o
follows. Since A(z~x) @ 0 (z ® 0), we have

0= A(0) = A{x *y) = A{x) *A(Y),

i.e., (16) holds also for x *y = 0. This completes the proof of the theorem.

3. Remarks

(@) If there is no ¢ € F such that ¢(c *c —c) = 1 then case (i) cannot
occur. For example, in the case of F = E the operation x *y xsiny has a

right-sided unit element e = —. However, c(csinc —c) = 1 holds only ifc & 0,
and sinc = 1-~ =a, which is obviously impossible.

(b) Since the function A(x) = x {x G F) is additive, and A(X)A(x~X) = 1
if x ¢ 0, for any binary operation * : F XF — F with a right-sided unit
element, A(Xx *y) = x*y = A{xX) *A(y), i.e, /(k) = X (kG F) is always a
solution of the functional equation (1).

(c) The function JI(x) = —x (x G F) is additive, and A{xX)A[x~Il) =
(—)(—_1)= 1ifx p 0 IfAX*Y) —-x *y = {—X) *(—y) = AX) *
A(ly) (X,y G F) then f(x) = —x (x G F) is also a solution. For example,
the operation x *y — >siny (X,y G K) in Remark (a) does not satisfy the
identity —(x *y) = (—K * (—V), so /(k) = —k (k e K) is not a solution.
However, for the operation x *y = xcosy (ky G K) (with right-sided unit
element e = 0), the identity —(k*y) = —xcosy — (—) cos(—y) holds, thus
/(OK) = —K (kK G R) is a solution of the equation.

(d) If A : F —F is additive, and A{xX)A(x~X) — 1 for all >)xG F \ {0} then,
with the notation (1) = a, we get that a2 = 1. Furthermore if >x ¢ 0, and
>~ 1 then

A(X) —A(X2) = ACKA —)) =
Ox (- x))

“q I

YA L w ADRY a —A{W
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2
- ADO - A(x)

from which
A(x2) = —, X0, mrpl a7
a

follows. On the other hand, ifx = 0, or >x= 1 (17) trivially holds. From this
we have that for all a;,y 6 F

2A(xy) = A{{x + y)2) - A{x2) - A(y2)
_ A+ y)2- A(X)2- A(y)2

a
_ 20(x)N(y)
a ,
from which, by a2= 1, we have
aA(xy) = aA(x)aA(y) (18)
for all x,y G F. This implies that the function a(x) := aA(x) (x G F) is

additive and multiplicative, that is, a : F — F is an endomorphism of F for
which a(l) = a2= 1.

(e) IfF = XXthen it isknown that a: R —R, a(l) = 1isan endomorphism
if and only if a(x) = x for all x E R (see [3]). From this we have aA{x) =
x (a2 = 1), that is, A{x) = x, or A(X) = —x for all | E1. This implies

Corollary 1

If/ : R — R is a non-constant solution of the functional equation (1),
where (R, *) is a groupoid with a right-sided unit element then either f(x) = x
or f(x) = —x (x G R). In the first case further assumptions on * are not
needed. In the second case, f(x) — —x is a solution if and only if —x *y =
(—x) * (—y) holds for all x,y GR.

(f) If F = C then it is known that there are two classes of endomorphisms
a:C —C, a(l) = L
(i) the trivial, i.e., continuous ones, which are f(x) —x, and f(x) = x for

all i GC, where x denotes the complex conjugate of x G C;

(ii) the non-trivial ones, which exist (see [2], [3])- Therefore, in this case,
there are discontinuous solutions of the functional equation (1) for special
operations * (for example, x *y = x+ y —xy if X,y GC).
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