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On extensibility of some homomorphisms

Abstract. The paper deals with a system of functional equations connec­
ted with the determination of some class of homomorphisms of uniquely 
divisible abelian semigroup (G ,+) into the group L\ or L]^. We give a 
necessary form of such homomorphisms into L Moreover, we give a 
necessary condition for extensibility of homomorphisms into L\ to homo­
morphisms into L \+ l .

Introduction

In the sequel К  stands for the set of all real numbers and Ro :=  К \  {0}. 
Let \k,l\ denote the set of all integers n such that к <  n ^  l, and let |&, oo| 
be the set of all integers n ^  к . We adhere to the convention that 0° =  1, 
£ te0 at =  0, YJk=m ak =  0 and |m,n| =  0 for m >  n.

Given a positive integer s we consider a family J q of intervals of R  con­
taining 0 and a family V q of C^-diffeomorphisms defined on an elements of 
Jo  and mapping 0 to 0. We introduce on T>q the equivalence relations j s and 
j° °  on the following way

( / . 5) €  j s if and only if ( / -  5)W(0) =  0 for к e  {1,. . . ,  a}, f ,g  €  V 0l 

i f , 9 ) 6 j ° °  if and only if ( /  -  ö)(fc)(°) = 0  for l e N ,  / , j 6 T>0.

On the sets J SR, J 00R of all the equivalence classes j sf  and j ° ° f ,  respectively, 
we define binary operations

U sf ) - U sg) =  [js{f  0 5)) )

Ü °°f)  ■ (j°°9 ) =  (j ° ° ( /  0 9)) ■

It is known that L\  (J SR, •) and :=  ( J 00R, •) are groups. These groups 
appećir in the theory of the classification of one dimensional geometric objects 
which are solutions of the translation equation on L\  or on their subgroups.

AMS (1991) subject classification: 39B52, 20M99.
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The coordinates ( x i , . . . ,  xs) of the point j sf  are the coefficients of the s-th 
Taylor’s expansion of / ,  that is

z* : = / (fc)(0) for к € { 1, . . .  , s},

where / ^  is the k-th derivative of / .  It is known (cf. [5], Chapter III, §7) 
that if / ,  g : M —» R  are s-times differentiable functions, then

П П

{f о g)(n) {x) =  Y ^ f W (g(x )) X Ай» П ( ^ ( z ) )  J for n € |1, s|,
k—1 ün£Un,k 3—̂

where

Un,k ■■= < йп ■= ( щ , . . . , и п ) € |0,A:|n : =  к Л ^ 2 г щ  =  п \ ,
I i=l i=1 J

A - -  Ы

i- 1

Therefore the group L \  is isomomorphic to a set

Z s : =  { î s : =  ( i b . . . , 3:s) e l l s : x x ф 0} 

with the operation
xs - ys =  zs

defined by
П 71

Zn = Y s Xk X A ü n Y [ y Uj 3 for n e |1, s| , (1)
k=\ uneun<k j = i

where Un<k and А йп are defined as above.
Similarly, the group L ^  is isomorphic to a set

Zoo :=  {^oo :=  { x\ , x2, ■■■)'■ V i e N :  Xi € R  Л Х\ Ф 0}

with the operation
ÔO ■ ÿo o  ~  Z oo ,

where zn, Un<k and А йп are given above.
In particular cases the formula (1) reads as follows

*1 =  xiyi,
Z2 =  % №  +  x2 y\ ,
Z3 =  xiy3 +  ЗХ2У1У2 +  x3yf,
Z4 =  Х1У4 +  4Х2У1УЗ +  3x2y2 +  6x3yjy2 +  XAy \ .
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L. Reich posed the following question (see [1], p. 309): “When does a 
homomorphism Ф5 of (R, + )  into L rs (of truncated formal power series trans­
formations in r indeterminates) have an extension Ф5 from (R, -f ) into L ”+1?” 
For r =  1 the term “extensibility of homomorphisms” one should understand 
as follows. Given a homomorphism Ф, =  ( / i , . . . ,  f s) of the group (R, + )  into 
L],  does there exist a function / s+i such that Ф5 =  ( / i , . . .  , /s + i)  is the ho­
momorphism from ( R ,+ )  into L j+1? If such a function exists, we call Ф* an 
extension of Ф5, and the homomorphism Ф,,-extensible.

In [4] all the homomorphisms of (R, + )  into L\  for s ^  5 have been de­
termined. The results contained in that work show that for s =  1,2 every 
homomorphism into L\  is extensible. Moreover, for s =  3 ,4  there exist homo­
morphisms, all in the case f \  =  1, which are not extensible.

Z. Moszner conjectured (see [1], p. 309) that extension of Ф5 is possible if 
/ i  Ф 1, while Ф5 =  (1, 0, . . .  , 0, /p+2i . . . ,  fs) with / p+2 ф 0 can be extended iff 
f s- p  is a polynomial in f p+2- We prove that for /1 =  1 the above condition is 
necessary for extensibility of Ф5.

We consider here the problem of extensibility of homomorphisms of uni­
quely divisible abelian semigroup (G,  + )  into the group L \.  Moreover we give 
a necessary form of homomorphisms of G  into L ^ .

Auxiliary results

Let us recall some useful results.
(i) If йп € Un,к (2 ^  к <  n), then u3 =  0 for all j  €  |n — к +  2, n\.

(ii) If n >  3, к €  |2, n — 1|, йп €  Un,k, then there exists j  6 |2,n — A: +  1| 
such that Uj ^  1.

(iii) For n ^  2

(iv) Let 1 ^  p ^  q be natural numbers and let r =  p +  q +  1. If Xj =  0 for all 
j  6 |2, q\ and yj =  0 for all j  € |2,p|, then

1) zi =  xiyi,
2) zn =  0 for n e  |2,p|,
3) zn =  xiyn for n 6 \p +  1, q\,
4) zn =  xiyn +  xnyï  for n G |<7 +  l ,p  +  ç|,

5) zT =  xi yr +  (pr+ l)x q+1yqxyp+i +  xTy\.

For the proof we refer the reader to [2] and [3].

k=2 uneun,k j =1
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Notice that in view of (i) we can rewrite (2) as follows

n -l n-fc+1
=  Х\Уп +  Y Xk Y  Л йп y“J + X ny".

k=2 ûnCUn<k j=  1

For a nonnegative integer p ^  n — 1 we denote

K k  ■= {ön e un,k : V i €  |2,p +  1| : щ =  0 } .

Clearly
u"k c  c  Ul,k =  un,k

for 0 ^  pi ^  P2 ^  n — 1 and arbitrary 1 ^  A <  n.

Lemma 1
Let p ^  1, n ^  2p +  1, A G |n — p, n — 1|. Then k =  0.

(3)

Proof. Suppose that ün E U%k for n ^  2p + 1  and к E |n — p, n —1|. Then, 
by (i), there exists j  G |2,n — A +  1| C  |2,p +  1| such that Uj >  1, which with 
йп G k leads to a contradiction.

From (3) and Lemma 1 we have

L e m m a  2

Let p  be a positive integer. I f  xn =  yn =  0 for all n  G |2,p +  1|, then for  
n ^  p +  2

n-p-1 n-fc+1
Zn =  ziy„ + Y  *k Y  A*nVi' П  Vjj + x „ у" .

k=p+2 йпеи £к j=P+2

The simply proof of the following lemma is left to the reader.

L e m m a  3

Let p  be a non-negative integer and n ^  p  +  3. Then

p+2
L£+P+I.n = {("-1.0,...,0, 1 ,0,...,0)},

^ +p+1,p+2 =  {(p +  l , 0 , . . . , 0 , ï , 0 , . . . , 0 ) }

и {й „ + р + 1 G U l+p+hp+2 : V ;  G |n,n +  p +  1| : Uj =  0 }  .

We denote

^n+p+i,p+ 2  =  {^n+p+i € U^+p+l p+2 : V j  G |n, n +  p +  1| : Uj =  0 j  ,

v ; +P+1, * = f C p + i ,*  t € i p + 3 , n - i i .
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Main results

Let s be a natural number or s =  oo and let (&', + )  be an abelian semigroup 
uniquely divisible by some prime. Consider a function Ф,, : G  —> Z s,

where /1 : G  —> Ko, fn ■ G —> R for n G |2, s|.
The function Ф5 is a homomorphisms if and only if the functions f n solve 

the following system of functional equations
П П

fn{x +  y) =  ^ 2 f k ( x )  А йп J J  f j(y)Uj n € | l ,s | .  (4)
/c=l

We consider this system of equations in the case

/1 =  T  fi =  0 for i <E |2,p +  1|, fp+2 ф 0.

The system (4) reduces then to the following one

n—p—1 n—fc+1

fn{x +  y) =  f n{x) +  ^ 2  f k{x) ^ 2  Айп П +  fn(y),
k=p+ 2 j=P+ 2

n G |p +  2, s|.

We prove

(5)

Theorem 1
Let functions f n satisfy the system of equations (5). Then fp+2 is a 

nonzero additive function and for every n ^  p +  3 with n +  p +  1 ^  s there 
exists a polynomial wn, such that

f n  =  w n ( / p + 2) , R>7i(0) =  0 , d e g iü n  ^

Polynomials wn are defined as follows 

Wp+2{x)  =  X ,

n! (p +  2)!

n -  1 
p +  1

w n (x)  =  dn X +
(n +  p +  1)! (n -  p -  2)

л _
^Un+p+l

71— 1

E E
* = P + 2 un+p+1€(>„p+p+1., 

n+p-ł-2—кn+p+2—к
dk П  Щ (x)Uj -  wk {x)

j= p+2 j = p+2

where dn are some constants.
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Proof. At the beginning we consider the equation (5.p +  2), i.e. (com­
pare (iv))

f p+2(x +  y) =  / p+ 2(x) +  / P+ 2(y).

Thus, in view of the assumption, / p+2 is a nonzero additive function.
Now our purpose is to prove that there exist polynomials wn (we determine 

the form of them) such that f n =  wn ( /p+ 2) whenever n-f-p -f 1 ^  s. The proof 
is by induction with respect to n. To do this, we denote

wp+2 (/p+2) =  / P+2

and assume that for some n ^  p +  3 such that n +  p +  1 ^  s there exist
polynomials Wj such that

7 — 1J —  I

fj  =  Щ  ( /p+2) , degWj ̂  , U7j(0)=0 for j e |p+  2,71 — 1|,

([ж] denotes the integral part of x). We show that then there exists a polyno­
mial wn such that

fn =  Wn(fp+2),  degu;n <  П 1
p +  1

, Uln(0) =  0.

To this end let us consider the equation (5.r) with r =  n +  p +  1, that is

r —k + lII 1 —Л Т 1

fr(x +  y) = / r(x) +  5 ^  fk(x) Айг П  М у )** + f r(y). (6)
fc=p+2 ûreuj!k j=p+2

Prom the symmetry of the left hand side of (6) we get

fc=p+2

r —fc+1

П
j=p+2

r —k + ln r—k+l n r- k+l

E aw E П = E ш  E ■+. П aw*'
— n -i-9  £UP k l’= n + 2  lc—n4 -9  г-ТТР -ł— rł-i-9fc=p+2 ür€ U?k j=P+2

С

and next, from Lemma 3, taking into account the adopted notation, we obtain

) n—l r-fc+i

fp+2{x)fn(y) +  E AW E П  А  (у )"'

fc=P+2 ürEÜ*k J=P+2

2)  fn(x )fp+2(y)

n—I r —fc+1

^  1] /p + 2(y)/n(x) +  5 ^  /fc(y) j ]  П  / ? №
 ̂ ' fc=p+2 üreü?k j=P+2

+  ( r+ ^)fn{y)fp+2(x).
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Notice that the sum Л(®) Y ,üreüpk A*r fIj=4+2 f j (y)Uj does not con­
tain the function f n. From the above equality we thus obtain

fn(x)fp+2{y) =  /p+ 2(z)/n (y) +
n! (p +  2)!

(n +  p +  1)! (n — p — 2)

Y ,  A *r

П— 1

E
fc=p+2 
r - k + 1r - k + 1

fk(y) П  П
j=p+2 J=P+2

(7)

Since f p+2 is a nonzero additive function and G  is an abelian semigroup 
uniquely divisible by some prime, so the set f ( G)  is dense in R. Thus there ex­
ists a sequence (tm)me N of elements of the group G  with limm40O f p+ 2(tm) =  
1. Set in (7) y =  tm and take m -4  oo. Then we get

f n{x) =  dn fp+2{x) +
n\ (p +  2)!

П— 1

(n +  p +  1)! (n -  p -  2) £E E
k=p+2 üTeüpk

A ür

r-fc+l г —A: + l

w*(!) П  WJ (fp+2{x))Uj -  Wk Up+2(x)) П  Wj(l)UJ
J —P+2 j=P+2

where dn =  limm_>00 f n (tm). This limit exists since fp+2{x) Ф 0 for some 
X  £ G  and there exist both the remaining limits. Thus we can write

fn — 1Un (fp+ 2) •

Since П ;= р +2 wj ( 0)u> =  0 for к £ \p +  2, n -  1| and uT £ U*k, so гип(0) =  0. 
Moreover

( r-Jfc+1

П  W3 (/p+2{x))U] I ^ 5 3

j=p+2

r - k + 1  г . ,
J -  1

j=P+ 2 

r

<E
3=1

p +  1

j  -  1

из < E
j= i
Г

j  -  1
p +  1

^ p+ 1

u,

£

- u 7
P +  1 _

j= i j = i

n + p + l - ( p  +  2)

r — к

p +  1

p +  1
n — 1
p +  1
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Consequently degwn ^  [p+łj an<̂  ^his completes the proof.

Thus we have 

C o r o l l a r y  1

If a function Фоо =  ( 1 ,0 , . . .  ,0 , / р+2, /р + з ,. •.) is а homomorphism of 
(G, + )  into LIq, then the functions f n, n G |p +  2, oo| have the form given in 
Theorem 1.

Prom Theorem 1 we deduce 

T h e o r e m  2

Let s be a natural number. If a homomorphism Фs : G -+  Z s,

Фз =  (1, 0, . . . , 0, /р +2) ■■■ifs)

is extensible, then the function f s- p is a polynomial in f p+ 2-

Proof. Suppose Ф5 =  (1 ,0 , . . .  , 0 , / р+2, • • • )/s) is extensible, i.e. there 
exists a function f s+i such that Ф5 =  (1, 0, . . . ,  0, fp+ 2, • • •, / 5, fs+i)  is a ho­
momorphism into T '+1. Then the functions f n satisfy the system (5). From 
Theorem 1 there exist polynomials wn such that

fn =  Wn (fp+2) whenever n +  p ł l  6 |p +  2,s  +  l|,

which completes the proof.
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