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On extensibility of some homomorphisms

Abstract. The paper deals with a system of functional equations connec-
ted with the determination of some class of homomorphisms of uniquely
divisible abelian semigroup (G,+) into the group L\ or L]*. We give a
necessary form of such homomorphisms into L Moreover, we give a
necessary condition for extensibility of homomorphisms into L\ to homo-
morphisms into L\+1.

Introduction

In the sequel K stands for the set of all real nhumbers and Ro := K\ {0}.
Let \k,I\ denote the set of all integers n such that k < n ~ I, and let |& oo]
be the set of all integers n ~ k. We adhere to the convention that 0° = 1,

£ telat= 0, Y)k=mak= 0 and |mn] = 0 for m > n.

Given a positive integer s we consider a family J g of intervals of R con-
taining 0 and a family V q of CA-diffeomorphisms defined on an elements of
Jo and mapping 0 to 0. We introduce on T>q the equivalence relations j s and
j°° on the following way

(/.5 €js ifandonly if (/- 5)W(@©) = 0 for k€ {1, a}, f,g € vol
if,9) 6j°° ifand only if (/ - 6)()(°) =0 for leN, /,j 6 T0.
On the sets JSR, JOOR of all the equivalence classes jsf and j°°f, respectively,
we define binary operations
Usf)-Usg) = [js{f 05)))
Ue°°f) m(j°°9) = (°°(/ 09)) =
It is known that L\ (JSR, ¢ and := (JOOR, #) are groups. These groups

appecir in the theory of the classification of one dimensional geometric objects
which are solutions of the translation equation on L\ or on their subgroups.

AMS (1991) subject classification: 39B52, 20VB9.
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The coordinates (xi,..., xs) of the point j sf are the coefficients of the s-th

Taylor’s expansion of /, that is

zx =/ (f)0) for k€ {1,...,s},

where / A is the k-th derivative of /. It is known (cf. [5], Chapter III, §7)
that if /, g : M—» R are s-times differentiable functions, then
M M
{fog)m{X) = Y FfW (g(x)) X Aii» rl(/\(z)) J for n€ [Ls],
k—1 tnfUnk 3
where
Unk == <iin m= (u,..., nn) € |0A]n : =k N1 ~2rw = n\,
I i=1 i=1 J
A- - bl
i-1

Therefore the group L\ is isomomorphic to a set
Zs := {1s:= (ib...,3s)ells: xxd¢ 0}
with the operation
XS-ys= zs

defined by

ZnZYnSXk X AUn:(l[ij for n el],sl (:D

k=\" uneunk j=i

where Unk and Avin are defined as above.
Similarly, the group L~ is isomorphic to a set

Zoo = {"oo = {x\,x2,mm)m VieN: Xi € R /1 X\ ® 0}

with the operation
O yoo ~ Zzoo,

where zn, Unkk and Ain are given above.
In particular cases the formula (1) reads as follows

= Xxiyi,
2 = %Ne + x2y\,
= xiy3+ 3X2Y1Y2 + x3yf,
Z4 = XIY4 + 4X2Y1Y3 + 3x2y2 + 6x3yjy2 + XAy\.
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L. Reich posed the following question (see [1], p. 309): “When does a
homomorphism ®5 of (R, +) into L& (of truncated formal power series trans-
formations in r indeterminates) have an extension ®5from (R, -f) into L”+1?”
For r = 1 the term “extensibility of homomorphisms” one should understand
as follows. Given a homomorphism ®, = (/i,..., fs) of the group (R, +) into
L], does there exist a function /s+i such that 5= (/i,... ,/s+i) is the ho-
momorphism from (R,+) into Lj+1? If such a function exists, we call ®* an
extension of ®5, and the homomorphism ®,,-extensible.

In [4] all the homomorphisms of (R, +) into L\ for s ~ 5 have been de-
termined. The results contained in that work show that for s = 1,2 every
homomorphism into L\ is extensible. Moreover, for s = 3,4 there exist homo-
morphisms, all in the case f\ = 1, which are not extensible.

Z. Moszner conjectured (see [1], p. 309) that extension of ®5is possible if
/i @ 1, while 5= (1,0,... ,0,/p+2i..., fs) with /p+2 ¢ 0 can be extended iff
fs-p is a polynomial in fp+2- We prove that for /1 = 1 the above condition is
necessary for extensibility of ®5.

We consider here the problem of extensibility of homomorphisms of uni-
quely divisible abelian semigroup (G, +) into the group L\. Moreover we give
a necessary form of homomorphisms of G into L.

Auxiliary results

Let us recall some useful results.
(i) Ifin€ Unk (2~ k< n), thenu3= 0forallj € [n—k+ 2,n\
Gii) Ifn > 3, K € P,n —1], n € Unk, then there exists j 6 |2,n —A+ 1]
such that Uj ~ 1.
(iii) For n ~ 2

k=2 uneunk ji=1

(iv) Let 1~ p ~ g be natural numbers and letr = p+ g+ 1. If Xj = 0 for all
j 6 RBq andyj= 0forallj € R,p]|, then
) zi = xiyi,
2 zn=0 forne Rpl
3) zn= xiyn forn 6 \p+ 1,4\,
4) zn= xiyn+ xnyi  forn G |+ I,p + ¢,
5) zT= xiyr+ (prl)xqg+lygyp+i + XTy\.

For the proof we refer the reader to [2] and [3].
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Notice that in view of (i) we can rewrite (2) as follows

n-I n-fc+l
= X\Wn+Y Xk Y nim y“l + X ny". ®3)
k=2  OnCUrk j=1

For a nonnegative integer p » n —1 we denote
Kk m= {6n e unk: Vi € |2p+ 1] : w=0}.

Clearly
u"kc c UlLk= unk

for 0~ pi ~ P2~ n—1and arbitrary 1~ A< n.

Lemma 1
Letp”™ 1, n”™ 2p+ 1, AG [n—p,n —1]. Then k= 0.

Proof. Suppose that in E U%k forn ~ 2p+1 and Kk E |[n—p, n—1]. Then,
by (i), there exists j G |2,n —A+ 1] C |2,p + 1] such that Uj > 1, which with
mn G k leads to a contradiction.

From (3) and Lemma 1 we have

Lemma 2
Let p be a positive integer. If XN = yn= 0for alln G |2,p + 1], then for
n~"p+ 2

n-p-1 n-fc+l
Zn=ziy,+ Y *k Y CAMVI' 1 Vjj X,y
k=p+2 nenf£k j=P+2

The simply proof of the following lemma is left to the reader.

Lemma 3

Let p be a non-negative integer and n ~ p + 3. Then

p+2
LEHP+l.n = {("-1.0,...,0, 1,0,...,0)},

{(p+1,0,...,0,i,0,...,0)}

N +p+lpt2
m{,+p+1 GUIl+p+hp+2 : V; G |nn+p+ 1] : Uj=101}.

We denote

An+p+ip+2 = {An+p+i € UN+p+IP+2: Vj G Inn+p+ 1: Uj=0]j,

v +P+1l*= fCp+i,* t€ip+3,n-ii.
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Main results

Let s be a natural number or s = oo and let (&, +) be an abelian semigroup
uniquely divisible by some prime. Consider a function ®,, : G —Zs,

where /1 : G — Ko, fn G —R for n G |2 s|.
The function ®5 is a homomorphisms if and only if the functions fn solve
the following system of functional equations
M M
fn{x + y) = "2fk(x) AmlJl fj(y)y n€]l,s]. 4)
/=1
We consider this system of equations in the case

=T fi=0 for i €Rp+ 1l fp+2p 0.

The system (4) reduces then to the following one

n—p—1 n—fcrl
fn{x+y)=fn{x)+ "2 fk{x) *2 Aimn I_I + fn(y),
k=p+2 j=P+2 ®

We prove

Theorem 1

Let functions fn satisfy the system of equations (5). Then fp+2 is a
nonzero additive function and for every n ~ p+ 3 withn+ p+ 1 " s there
exists a polynomial wn, such that

n- 1
fn = wn (/p+2, R>7i(0) = 0, degitn ~
p+ 1
Polynomials wn are defined as follows
Wp+2{x) = X,
nl ( + 2)' 71—1
wn(x) = dn X + - P ' E E
(n+p+ Di(n-p- 2
*=P+2 un+p+l€>p+p+l.,
n+p+2—K -2«
Alnspr dk 1 W QY - wk{x)
j=pt2 j=p+2

where dn are some constants.
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Proof. At the beginning we consider the equation (5.p + 2), i.e. (com-
pare (iv))
fp+2(x + y) = /p+2(x) + /P+2(y).

Thus, in view of the assumption, /p+2 is a nonzero additive function.

Now our purpose is to prove that there exist polynomials wn (we determine
the form of them) such that fn = wn (/p+2) whenever n-f-p-f 1 ~ s. The proof
is by induction with respect to n. To do this, we denote

wp+2 (Ip+2) = [P+2

and assume that for some n ~ p+ 3 such that n+ p+ 1 ~ s there exist
polynomials Wj such that

fj = W (/p+2), deghj ~ V=1 , U7J(0)=0 for Jje€ |p+ 2,71 —1],

(bW denotes the integral part of x). We show that then there exists a polyno-
mial wn such that

fn = Wn(fp+2), degu;n< Tl '11. , un@) = 0.
p +

To this end let us consider the equation (5.r) with r= n+ p + 1, that is
I d—kdl
fr(x+vy) =/r(x) + 5~ fk(x) Alr I M y)*™ + f r(y). ©)
areujlk  j=p+2
Prom the symmetry of the left hand side of (6) we get
r—ketl F=lcx|

n n
E aw E i =El E =I[]lanw®
PR EUPK  iljmp2 epR 8wk =P+
and next, from Lemma 3, taking into account the adopted notation, we obtain
) n— r-fc+i
C fp+2{x)fn(y) + E aw E n A"
P2 Bk P42

2) fn(x)fp+2(y)
n— r—fc+l

AN 11p+2(y)In(x) + 5~ He(y) ] M /? Ne
A urei?k  j=P+2

+ ( ¥ MNIn{y)fp+2(x).
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Notice that the sum N(®) Y ,uretipk A*r flj=4+2 fj(y)y does not con-
tain the function fn. From the above equality we thus obtain

n e+ 2) HE_l

fn(x)fp+2{y) = /p+2(z)/n(y) + (h+p+ O (n—p—2)

fc=p+2
r-k+1 r-k+1 Q)
v, ax fk(y) n M
j=p+2 J=P+2

Since fpt2 is a nonzero additive function and G is an abelian semigroup
uniquely divisible by some prime, so the set f(G) is dense in R. Thus there ex-
ists a sequence (tm)me N of elements of the group G with limm400 fp+2(tm) =
1. Set in (7) y = tm and take m -4 oo. Then we get

n (p+ 2)
fn{x) = dn fp+2{x) + ’ E E
(n+p+ Din-p-2) k=p+2 UTelipk

r-fc+l r—Ak|
Aar w*() M w (fp+2{x))y - WkUp+2(x)) 1M wj(hu
J—P+2 j=P+2
where dn = Iimm_>mfn(tm). This limit exists since fp+2{x) ® 0 for some

x £ G and there exist both the remaining limits. Thus we can write
fn —Un (fpt+2) »

Since M;=p+2wj(0)u> = 0 for K £ \p+ 2,n - 1] and uT £ U*k, so nmn(0) = O.
Moreover

(r-JfC+1 r-k+1 rJ. 1, 1
N W(p+2p)J 1~ 53 "] w<E o
) j:P+2 j:i P
J=p+2 r r
i- 1
<E P+ 1u 7_ A
31 p+1
r —K
j=i =i Pt

n+p+l-(p + 2
p+ 1

n—1

p+ 1
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Consequently degwn ~ [p+4] an<® ~his completes the proof.

Thus we have

Corollary 1

If a function ®o0 = (1,0,... ,0,/p+2,/p+3,.°.) is a homomorphism of
(G, +) into Llqg, then the functions fn, n G |p+ 2, 00] have the form given in
Theorem 1.

Prom Theorem 1 we deduce

Theorem 2

Let s be a natural number. If a homomorphism ®s: G -+ Zs,
@3 = (1,0,...,0,/p+2) ummifs)

is extensible, then the function fs-p is a polynomial in fp+2-

Proof. Suppose ®5 = (1,0,...,0,/p+2, ++)/s) is extensible, i.e. there
exists a function fs+i such that ®5= (1,0,..., 0,fp+2,+++, /5, fs+i) is a ho-
momorphism into T'+1. Then the functions fn satisfy the system (5). From
Theorem 1 there exist polynomials wn such that

fn = Wh (fp+2) whenever n+ p 1 6 |p+ 2,5 + ],

which completes the proof.
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