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On a functional equation of Abel

Abstract. We are concerned with the general solution and the stability 
problem for the functional equation

f(x +  y) =  g(xy) +  h(x -  y)

in the case f ,g,h : [0, oo) —> S, where 5  is an Abelian semigroup with 
the cancelation law. The set-valued case is considered as an application.

1. General solution

Let (5, + )  be an Abelian semigroup with zero satisfying the cancelation 
law, i.e.,

t +  s =  t' +  s = >  t =  t'. (1)

Consider the Abel functional equation

O ^ y ^ x  = >  f { x  +  y) =  g(xy) +  h(x -  y), (2)

where f , g , h  : [0, oo) —> S  are unknown functions. The general solution of the 
equation

f ( x  +  y) =  g(xy) +  h(x -  y)

for functions f , g , h :  R  —> К was given by Aczél [1] and by Lajkó (see [5] and
[6]). The same equation was also solved in the case f , g , h  : K  ->  G , where К  
is a field and G  is an Abelian group (see [4]).

A  function g : [0, oo) —> S  satisfying the functional equation

2g ( ~ r ^ ) = ff(x) + ÿ(y)

for all x, y  E [0, oo), is said to be Jensen.
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T h e o r e m  1

Let (S , + )  be ап Abelian semigroup with zero satisfying the cancellation law 
and let f , g , h  : [0, oo) —> S  satisfy equation (2). Then g is a Jensen function 
and

/(®) =  9 ( y )  + h(0), (4)

h(x) +  g(0) ^  g +  h(°) (5)

for all X £  [0, oo). Conversely, if g : [0, oo) —>• S  is a Jensen function and

f { x ) = g ( ^ j ^ J + a ,  (6)

h { x ) + g { 0) =  g +  “  (7)

for X  £  [0, oo), where a is an element of S, then functions f ,  g, h satisfy 
equation (2).

Proof. Putting y — 0 in (2) we get

f(x)  =  g[0) +  h(x) for all x £ [0, oo). (8)

Next, let us fix и  £ [0, oo). The substitution x — у — | yields

/ ( « ) f t A(0) +  S ^ j j -  (9)

Take arbitrary u,v £  [0, oo). We may find x, у such that 0 ^  y ^  x and

U =  xy, v =  ■ (10)

Indeed, it sufficies to take

x = \/u  +  V + y / v ,  у = Vu  + V -  \ / v .

Then we have also и  +  v =  ^(x +  y)2. Relations (2) and (9) imply that

g{u +  v) +  Л(0) =  g Q ( x  +  yf^j +  h(0)

=  f{x  +  y ) =  g{xy) +  h{x -  y)

=  q { u )  +  h (  2 y / v ) ,

whence by (8) and (9)
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g(u +  v) +  h( 0) +  g(0) =  g{u) +  h( 2 s /v )  +  9(0)

=  g{u) +  /(2v/ü)
=  g{v) + 9 {v) +  h( 0).

From (1) we get
g(u +  u) +  9(0) =  g(u) +  g(v). (11)

Setting v =  u we obtain hence

2 g(u) =  g(2u) +  g( 0).

Setting next и =  in the above equality and applying once more (11) we 
get

29 (~T ^) = 9 X̂ + y') +  0(°) =
i.e., 9 is a Jensen function. Formula (4) coincides with (9) while (5) follows 
from (4) and (8).

Assume that 9 : [0, 0 0 )  —» S  is a Jensen function and a e S.  We have

for all X >  у ^  0. Suppose that functions /  and h are given by (6) and (7). 
Then

f ( x  +  y ) +  9(0) =  9 (̂ X+4 V  ̂ ^ +  a  +  g{0)

=  g +  sfay) +  n

=  g{xy) +  h{x - y )  +  9(0)

for all X  ^  y ^  0 and condition (2) holds.

Let (G , + )  be an Abelian group and let 9  : [0,00) —> G  be a Jensen function. 
It is well known that there exists an additive function а : R  —> G  such that 
g(x) =  а(х) -I- 9(0) for x € [0, 00). Taking S  =  G  we obtain from Theorem 1
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C o r o l l a r y  1

Let (G,  + )  be ап Abelian group. Functions f , g , h  : [0, oo) —► G satisfy (2) if 
and only if there exist an additive function a : К —> G and constants a, ß G G 
such that

g(x) =  a(x) +  ß, f ( x ) ~ ^ a ( x 2) + ß  +  a, h(x) =  ^a(x2) +  a 

for all x €  [0, oo).

An Abelian semigroup S  with zero is said to be an abstract convex cone 
if a map (A, s) —> As defined on [0, oo) x S  into S  such that

1 • s =  s, A(/is) =  (Xp)s, A(s +  t) — As +  At, (A +  p)s — As 4- gs

for all s,t  € S  and X, g  E [0, oo), is given. We will assume that an abstract 
convex cone is endowed with a complete metric p such that

p(s +  t, s +  t') =  p(t, t') for all s, t,t' E S  (12)

and
p(Xs, Xt) — \p(s,t)  for all A G [0, oo), s ,t G 5. (13)

The following theorem will be usefull (see [9]).

T h e o r e m  W
Assume that S  is an abstract convex cone satisfying the cancellation law 

and that a complete metric p is given in S  such that (12) and (13) hold. Then, 
f  : [0, oo) —> S  is a Jensen function if and only if there exist an additive 
function a : К  —> S  and a constant b 6 S  such that

f(x)  — a(x) +  b for all x €  [0, oo).

Let us note direct consequences of Theorems 1 and W.

C o r o l l a r y  2

Assume that S  is as in Theorem W. Then functions f , g , h  : [0, oo) ->  S  
satisfy (2) if and only if there exist an additive function a : К —>• S  and con
stants a, ß £ S  such that

g(x) =  a(x) +  ß, f(x)  =  ^a(x2) + ß  +  a, h{x) =  ^a(x2) +  a  

for all x € [0, oo).
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2. Stab ility

In what follows, we will need the following theorem due to A. Smajdor (see

И )

T h e o r e m  A
Let (M , + )  be an Abelian semigroup with zero and let (S, + )  be an abstract 

convex cone satisfying the cancellation law. Assume that a complete metric 
p such that (12) and (13) hold is given in S. If f , g , h  : M  —t S  satisfy the 
conditon

p{f(x +  y ) , g ( x ) + h ( y ) )  ^  г

for some e ^  0 and x ,y  6 M , then there exists exactly one additive function 
a : M  —> S  such that

p{a{x) + /( 0 ) , / ( ® ) )  <  4e, p(a(x) +  g(0),g(x))  <  4e

and

p(a(x) +  h{0), h(x)) ^  4e

for all x G M .

The theorem in [8] was formulated in the case when / ,  g , h are set-valued 
functions. But the closer analysis of the proof shows that this assumption is 
superfluous and actually the theorem in the above form was proved.

T h e o r e m  2

Assume that ( 5 ,+ )  is as in Theorem A. If functions f , g , h  : [0, oo) —> S  
satisfy the condition

0 <; y <$ x = >  p ( f ( x  +  y),g(xy) +  h ( x - y ) ) ^ e  (14)

with some e ^  0, then there exists exactly one additive functon a : R  —» S  such 
that

P ( j ( x ) ,  ^a(x2) +  y(0) +  h(0)^ ^  17e, (15)

P(g(x),a{x) + y (0 ))  ^  16e (16)

and

p ^h(x), ^a(x2) +  /i(0)^ ^  18e (17)

for all x G [0, oo).

Proof. Setting y =  0 in (14) we get

P (fix),  9(0) +h{ x) )  ^  e (18)
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for all x 6 [0, ex)). Таке u € [0, oo) and put x — y =  | in (14). Then

P ( j ( u ) , g  Q u 2)  +  MO)) <  £- (19)

Let us fix u. u G [0, ос) and take x =  y/и  +  v +  y/v, y =  y/и  +  v -  y/v. Relations
(12). (14), (18) and (19) yield

p{g(u +  v) +  g(0),g{u) +  g(v))

=  P (ff )  +  5(0) +  h(0),g(xy)  +  g ^  )  +  M 0 ))

O  Q  )  +  5(0) +  h{ 0), / ( x  + y ) +  ff(0))

+  P (f{x +  y ) +  g(0),g(xy) +  h(x - y ) +  g(0))

+ P \ g ( xy)  + h(x ~ y )  +  g(0),g(xy)  + g Q- ) + M0))

<  p Q  )  +  Л(0),/(®  +  !/))

+  p ( f ( x  +  y),g(xy) +  h ( x - y ) )

+  P (Л(х - y ) +  5(0), f { x  -  y))

+  P ( j ( x  -  y),g ^  )  +  M 0))

^  4f.

In virtue of Theorem A there exists an additive function a : К ->  S  such that

P(a(x)  + 5 (0 ) ,5 (* ))  <  16e

for x G [0, oo). Hence, by (12), (18) and (19)

P ( j ( x ) .  (x2) +  5(0) +  M 0 ))

<  P Q (® ),5  ^ )  +  fi(0) )  +  p ( g  ^ )  +  M0), (* 2) + 5 (0 )  +  M 0 ))

^  e +  16c 

=  17e

and

p Q (x ) , Q  (x2) +  h(0) )  =  p Q (x )  +  g(0), -Q  (x2) +  Л(0) +  <?(0))
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^  p(h(x) +  g(0) , f(x))

+  P ( f ( z ) ,  (x2) +  ff(0) +  MO))

^  18e

for x G [0, oo).
To prove uniqueness of a suppose that (16) holds with an additive function 

а : К  —У S.  Since
а{пх) =  па(х)

for every п G N and x G M, we have

p (д(пх),па(х) +  g(0)) ^  16e

for the same n and x G [0, oo). Dividing by n and passing to the limit as 
n —> oo, we get

а(х) =  lim — g (n r ) , for all x G [0, oo). n—>oo Tl
This shows the uniqueness of a and completes the proof.

3. Applications

Now let A  be a real Banach space and let IC(X) denote the set of all non
empty, convex, bounded and closed subsets of X .  Introduce a binary operation 
*
+  in IC(X) by the formula

A +  В  =  cl [A +  B)
*

(cl A denotes the closure of the set A). It is easy to see that (K,(X).  + )  is an 
Abelian semigroup with zero. The cancellation law for this semigroup follows 
from a generalization of the Rädström lemma (cf. [7], [10]). Moreover, the 
semigroup X ( X )  is an abstract convex cone. In particular, the multiplication 
[0, oo) x )C(X) Э (A, A) i— > A A G X ( X )  has the following properties

A(A +  B)  =  XA +  XB,  (A +  p)A  =  AA +  pA

for all X,p G [0, oo) and A, B  G X(X) .
The Hausdorff distance of A and В  is defined by

<5(A, B)  =  max{e(A, B) , e ( B,  A)},

where e( A, B)  =  sup{inf{||a — fe|| : b G B }  : a G A ). Ô is a metric on /C(X).  
It is well known that K ( X )  is a complete metric space with the distance 6 
(cf. [3]). Furthermore
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6{A +  B , C  +  B)  =  S(A, C),  J(AA, AB)  =  AJ(A, B)

for all A G [0, oo), A , B , C  G IC(X) (see [2] for the proof of the first equality, 
the second one is clear).

The following theorem follows from Corollary 2.

T h e o r e m  3

If X  is a Banach space, then set-valued functions F , G , H  : [0,oo) —> 1C(X) 
satisfy the equation

0 ^  у ^  X = >  F (x  +  y) =  G{xy) +  H( x  -  y)

if and only if there exists a set-valued function A : M —> IC(X) and sets B , C  G 
IC(X) such that

F(x)  =  ^ A  (x2) + B  +  C,  G(x) =  A(x)  +  В , H{x) =  ^ A  (x2) +  C  

for all x G [0, oo) and

A(x  +  y) — A{x)  +  A(y) for all x, y G M. (20)

Concerning a stability problem for set-valued functions satisfying the Abel 
functional equation we have the following as a consequence of Theorem 2.

T h e o r e m  4

Let X  be a Banach space. If set-valued functions F , G , H  : [0, oo) —> K,(X ) 
satisfy the inequality

O ^ y ^ x  = >  8 ( F{ x  +  y),G{xy)  +  H( x  -  y) ) ^  e,

where e is some non-negative number, then there exists a set-valued function 
A : R  —» K.{X) such that (20) and

8 ( f (x), i  A (x2) + G(0 )  +  Я ( 0 ) ^  <  17e,

6 (g(x),A(x) + G(0))

^H(x),  ^ A  (x2) +  Я (0 )^  ^  18e

for all x G [0, oo), hold.
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