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On some inequalities related to Cauchy-Schwarz
inequality
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Abstract. Using some results of functional equations we solve some in-
equalities in real normed spaces of dimension 2 and 3 which generalize the
classical Cauchy-Schwarz inequality and which characterize Some special

norms.

1. Introduction

The classical Cauchy-Schwarz inequality in Rn says that

1

for all (X\,..., xn) and {yl, |||,yn) in Rn- First we observe that since the
absolute value in R is a subadditive and multiplicative function, (1) is in fact
equivalent to

} N1vi tTti’ 3

i.e., the inequality is mainly concerned with vectors with non-negative com -
ponents, i.e., in (R+)".

Second, we observe that after showing (2) in (A’ )~\ i.e..

Killyil + p2IB2]7 yix'i + A =)\ + vi- (3)
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the inequality (2) for n = 3 derives from (3) by the following argument which
uses (3) twice:

Y nm < VB XY v

Thus from (3) we have (2) for all n ~ 1. In (4) note that the first and last
terms correspond to the inner product of R 3and the norms of R 3, respectively,
while the middle term in the double inequality is precisely the inner product
in R2 of the vectors (y/x2+ x\, |x3]) and (\/y\ + y\, k3)-

All this yields to the following problem. Let (R3, ] I3 and (R2, | L)
be real normed spaces and associated to these norms consider the functions
ft:R*x R 4 RI,i= 2,3, defined by

Pitx.y) im IF+ Ny N2-11F»2 =23 6)

A0+ 2A
These functionals (5) generalize inner products and satisfy the generaliza-
tions of (1):
Ipitty)l ~ 1Iflli-llylle  i= 2,3. (6)

Indeed there exist many interesting characterizations of inner product spaces
based upon special properties of these functionals (see, e.g., (Amir, 1986)).
We want to study the following simultaneous inequalities for non-negative
coordinates:

PIL(U i- "y-<))m(Y\-¥2,Y3)) ~ P2(110LKB112,:2:3),(11(y1,Y2) ] 12,Y3)) O
AL X2 23113 TIYLY2Y3)] |3 *

In the usual euclidean structure (7) gives the Cauchy-Schwarz inequality
(1). On the other hand (6), which is implied for i = 3 by (7). holds in any
normed structure, so, to what extent (7) determine the struct tires of the spaces
involved? We will answer this question under some special conditions (1 the
norms by solving completely (7).
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2. On the inequalities (7)

Prom now on we will assume that (R3, | IB) and (R2, I |R) are normed
spaces and that [ LB is symmetric, i.e.,

e x2x3)113 = |Id(i), X a(D), X ETR)II3, 8)

for any permutation o in {1,2,3}, and | |3 is strictly increasing in (R+)3 in
the sense that for any xi,X2,x3~ 0, t > 0 we have

N + ,x2,x3)[|3> 11(xi,x2,x3)||3+ 9)
We can show now the following

T heorem

Let (R3, I |B) and (R2, | LP) be real normed spaces such that | LB is sym-
metric and strictly increasing in (R+)3. Then (7) holds for all vectors in (R +)3
if and only if there exists a real number a ~ 1 such that

W, y)h = (** +yQ*, [|(xi,x2,x3)||3= (X? +x%+ xf)« , (10)

P2 ((a, 6), (c,d)) = (aa + ba)1* (aQ-1c + ba~1d), (11
and
P3((xi,x2,x3), (y\,y2,¥3))
2 , , (12)
= (2? + X%+ Xf) a (x* ly\+xf X2+ X3 'y3),
for all, x, y, Xi, x2, X3, a, b, ¢, d, yb y2, y3in R+.
Note that when a > 1, (7) is just Holder’s inequality.

Proof. If (7) holds then for (xi,X2,x3) = (yi,y2,y3) in (R+)3 we obtain,
by using the fact that pr(a,a) = |la]|} i —2,3,

N(xi,x2,x3)M= [11xixD]2 z 3)Ik- (13)

In particular [1(1,0,0)[I3= 1AKL,0112,0)[2= [1LOIII. Let A = [1(10)][2.
Then

I+ L,0)[I3=11(1,0,n )][3= K11 0)12-4H112 = \(1,1)\2
-1, D12 = WL, 112, 0)]|2
na, 1,0)(3

and since | ||3 is strictly increasing we deduce A —1, i.e., then
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H(1,0)2= 1 and [|(1,0,0)[3= 1 (14)

Next from (8). (13) and (14) we can derive the symmetry of | LR:

Aoy ) = ||(aziy)12 '||(1,0)||2: (I(®) o) 2 -0) 1k
= 1y 013 = 11y.x0113 = HAIx)112,0)][2 (15)
= [KI112-

Let us define F : M+ x IR+ —R f by F(x,y) = [(c vy) |- Then by (15) and
(13) we have for aft x.y and r in IR+

F(x, F(y, 2)) = HeDIDN2= 11016 0 )11200112
= kvz 0lB3« Ty 2|3 (16)
= HWixiy)lb)z)® = F{F(xX, y),z).

Thus F is associative as a binary operation on R+. Moreover we have by
(14)
F(x,0) = N0k 0)||2 = x]]1(10) 12 = >

and by (15) F is commutative and since J LB is strictly increasing we have

F{x + ty) = llek+ t.y)||2= 1@er+ t0)[12y)|[2= [lex+ t 0.y)[|3
Hex 0,y)[13 = 1AIek O)I2,y)[[2 = 116xy)||2
F(x.y).

\

Therefore F is a binary operation on R+ which is associative, commut-
ative. strictly increasing, 0 is a unit element and F(x,y) = |l0ky)||2 is con-
tinuous on K+ x R+. By the celebrated theorem of Aczél on the associativity
equation (Aczél. 1966) there exists a strictly increasing continuous function
/ : K+ — IRA such that /(0) = 0 and F can be represented in the form

F{x,y) = T"(/(.r) + f(y)). 17

But since F is homogeneous of degree one (F(Xx,Xy) = XF(x,y), for all
x,y, A > 0) it is well-known (Aczél, 1966) that the only homogeneous functions
representable in the form (17) are given by /(>k) = Bxa, B, a > 0. Thus for
all )y ~ 0

Towy)l12- (e + ya)K (18)

and since we have that | ||2 is a norm the unit ball must be convex and
therefore we need to have (18) with a ~ 1.
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Moreover by (18) and (13) we obtain for all x\,X2,x3 ~ 0

“(Xb .T2,.X3)”3 = (X° +X% + £3)u (19)

with o ~ | and (10) follows, p2 and p3 are given in this case by (11) and (12).
respectively (after (18), (19) and (15) this is a calculus exercise of computing

two directional derivatives).

Conversely, if we have (10), (11) and (12) then to see (7) we observe that
in this very peculiar case we have ||(xix"3)]13 = [I(16La;2)]12,2;3)]]2 and
the second inequality in (7) follows from the general property (6) for p2. To
see the first inequality we need to check only the relation

2

)

If a = 1 then (20) is a trivial inequality. If a > 1 then (20) is just a
special case of the classical Holder inequality (with p = > 1, q—a and
1+7 = 1). The theorem is proved.

Thus inequalities (7) for symmetric and strictly increasing norms | |B
characterize the norms || | and || |B as well as the associated functionals
p2 and p3 on (R+)2 and (R+)3. If the norms satisfied additional conditions
like [1x -y)I12= 11112, or [Ixy.-2)I13= Ity 2|3 then we would have
them determined in all M2 and M3.

Acknowledgement

The author thanks the referees for their remarks.

References

[ J. Aczél, Lectures on Functional Equations and Their Applications, Academic
Press, New York, 1966.

[2] D. Amir, Characterizations of Inner Product Spaces, Birkhauser Verlag, Basel,
1986.

[3] E. Beckenbach, R. Bellman, An Introduction to Inequalities, AMS, Washington,
1961.

Secci6 de Matematiques i Informatica
E.T.S. Arquitectura de Barcelona
Univ. Politécnica de Catalunya



26

Claudi Alsina

Diagonal 649

08028 Barcelona

Spain

E-mail: alsina@ea.upc.es

Manuscript received: September 27, 1999 and in final form: March 27, 2000


mailto:alsina@ea.upc.es

