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Abstract. Let (S,+) be a commutative semigroup and let | be a proper
left translation invariant er-ideal in S. Suppose that / :5 A i satisfies

If(x + y)\ —IK(x) + f(y)l n(l)-almost everywhere in S x S.

We prove that there exists, exactly one homomorphism a : S -» K such
that
a=f Z-almost, everywhere in S.

1. Introduction

Let (S.+) be a commutative semigroup and let / : S — ffi. In the paper
we are dealing with the following alternative Cauchy equation

V{x+ y)\ = \M{x) + f(y)\. (D

We postulate its validity almost everywhere in S x S (the notion “almost every-
where” is explained in the sequel) and observe how much such a near-solution
differs from the mapping fulfilling (1) with the full exactness. Let us remind
that, in fact, the only exact solution of (1) is an additive function (see [11].
Theorem 13.9.1) and that this is the case even if we replace the absolute value
by a strictly convex norm (see [7], Theorem 1).

Taking up this question we are inspired with many papers devoted to
functional equations postulated almost everywhere, especially with these ones
concerning additive functions (see [1], [2], [4]-[6], [8]-[10], [14]). Roughly
speaking these results give an answer to the problem raised by P. Erdds (see
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Let us start with basic notions. As usual, let M and N stand for the sets
of all real numbers and positive integers respectively. A nonempty family Z of
subsets of a semigroup (S, +) is called a proper o-ideal provided the following
conditions hold (cf. [4], [5], [11], [13]):

(i) BCA, AGX => B Gz.
(i) A, GZ, iGN =» 1] AtG/,
ieN
(iii) S # X.
If additionally we have
(iv) x GS, AGlI => X+ U Gz,

where —x + U := {y G S\ x + y G U}, then we say that Z is a proper left
translation invariant a-ideal in S (p.l.t.i. crideal). Given a family Z in S we
say that a condition is satisfied Z-almost everywhere in S (Z-(a.e.)) iff there
exists a set A G| such that the condition in question is satisfied for every
x G S\ A. Finally, if we have a family Z in S, we define

fi(z)y ={M CS xS 1 M[x\ G1 Z-(a.e.) in5},
where M[x] = {y GS \ (x,y) GM} and
Wi)={AC5xS1AC(UXS)U(SxU), UG1}.

Both, fi(Z) and n(Z), are p.l.t.i. crideals in 5 x 5 whenever Z is a p.l.t.i.
cr-ideal in S.

While proving our main result wo make use of the following theorem ob-
tained by Jacek Tabor, which generalizes the well-known Theorem of Ger (cf.
[5], Theorem 1).

Theorem T (cf. [12], Theorem 1)
Let (S, +) be a left reversible semigroup, i.e.

(a+ S)M{m+5) 0 forab GS.

Let {H,+) be a group and let X be a left translation invariant family in S
satisfying
Ai,...,AAGX => AiU...UA4p S.

Suppose that f : S —H is U(l)-almost additive in S x 5. Then there exists
exactly one additive function F : S —»H such that F = f X-almost everywhere
in S.
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2. Main results

We have the following theorem

Theorem 1

Let (S,+ ) be a commutative semigroup and letl be a p.l.t.i. o-ideal in S.
Suppose that the function f : S —>M satisfies (1) fl(I)-(a.e.) in S X S. Then
there exists an unique additive function a : S —¥ M such thata = f T-(a.e.) in
S.

Proof. Let us note that every commutative semigroup is left reversible.
Thus, due to the Theorem T it suffices to prove that / is fl(X)-almost additive.
For, let M G f1(1) be such that

\f(x + y)\ = \f(x) + f(y)\ for (x,y)eSxS\M. (2

Taking U € 1 with M[x] GT for x G S\ U we define the set A Gil(T) by the
formula
A=UxXx5USxUU{XKY I xXx+y€U}IUM.

We are going to prove that
f(x +y) = f(x) + f(y) for Oxy) GS xS\ A.

For the indirect proof let us suppose that there exists (k,y) G S x S\ A such
that f(x + vy /(>k) + f(y). Since, in particular (k,y) G S x S\ M, then using
(2) we have

16k + W) =-10x) -I(y) #O ©)
By the definition of A we get that >xy, >k+y G S\U, thus M Dx], M[y], MDk+y] G
I . Define

B := (-ny —TXx + (MPK] U M[y]JU M pPx+ vy])) .
n,m6Nu{0}

According to the properties of 1 we have S\ B @ 0.
Let us consider two complementary cases.

Case 1. Suppose that

zeS\B => (f(z)=0V f(z) =10k) = I(y)). 4)

Fix arbitrary 2 G S\ B. By the definition of B we have in particular that
y+ 2GS\ B and »x+ y + zE S\B, thus making use of (4) we obtain what
follows

{2 =0 or {2 =/0x) = I(y), (5)
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f(y+2z)=0 or f(y+2) =f(x)=1f(y). (6)
and
f(x +y+2)=0 or f(x+y+ z)=f(x) = f(y). @)

If f(z) = 0. then taking into account the pair (x + y,z) GS x S\ M we have
f(x +y+2z)==eci(/(i)+ /(y)),

where e\ G {—1,1}, which according to (7) means that f(x) + /(y) — 0 or
f(x) = f(y) = 0. In both cases we have a contradiction with (3). Otherwise,
if f(z) —f(x) = /(y). then for the pair (y,z) e S x S\ M we obtain

f(y + 2) = e2(2/(y)),
where e2 € {—1,1}. Applying (6) we also get a contradiction.
Case 2. If (4) does not hold then
3z0e S\B  /(ro) ® 0 A (/(r0) ¢ f(x) V /(r0) " /(y)). (8)
Since (x + y,r0) G5 x 5\ Af, applying (2) and (3) we have
f{x + y+ z0) = e\(f(x + y) + £{z0)) = ei(-f(x) - f(y)+ f(z0), (9)

where e\ G {—1,1}- On the other hand observe that (z,y + zq) G5 x S\ M
and (y,20) G5 x S\ M. Thus, by (2) we have

f{x + y+ zo) = e2{f(x) + f(y + r0)) = e2(/(x) + e3(/(y) + f(z0))). (10

where e2e3G {-1,1}. Conditions (9) and (10) imply

-1(*) - I(y) + I(~o) = ed(/(x) +e3(/(y) + I(rQ))), (11)
where e.j.r3 G {-1.1}. In the case where e4 = e3 = 1, (11) means that
f(x) + /(y) — 0 and brings a contradiction with (3). Similarly, if e4 = —1.
e3 = 1then wo have f(zo) = 0 and a contradiction with (8). I1fe4= 1, e3= —1
then we get

f(r) = f(r.o). (12)
I fri= —1, e3= —1 then we have
f(y) = 0. (13)

Taking into account pairs (y,x 4-ro0) GS x5\ M, (x,z0) GS x5\ M and
proceeding as abovelone can obtain
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f(y) = f(zo), (14)
or
/(*) = 0. (15)
Combining (12) and (13) with (14) and (15) we get f(x) = f(y) = 0or f(x) =
f(y = f(Z[])Which also contradicts our assumptions. This ends the proof.

Remark
Putting 1 = {0} in Theorem 1 we derive, as a simple corollary, Theorem
13.9.1 from [11].

Let us draw once more analogy between almost additive functions and
near-solutions of (1). S. Hartman (cf. [9]) and N.G. de Bruijn (cf. [1]) noticed
that the solution of the generalized Erdés problem can further be strengthened
if we restrict the family of “small” sets behind which the additivity condition
is postulated. Namely, every function mapping a group G into H being M (1)
almost additive (1 is an ideal in G) is a homomorphism.

As the Example 1 shows, the exact equivalent of the above with respect to
equation (1) fails to be true.

Example 1
Let / : R — R be given by the formula
X for X(D 1,
(z) = —1 for X= 1

Then / satisfies (1) for x,y E R\ {1} however it does not satisfy (1) for all
X,y Em

We are going to prove (proceeding similarly as in the proof of Theorem
17.6.3 from [11]) the following theorem.

Theorem 2
Let (G,+) be a commutative group and let 1 be a proper linearly invariant
o-ideal in G, i.e. satisfying conditions (i)-(iii) and additionally

XEG, UEI VX—U E | -

Then f : G — K satisfies (1) YI(l)-(a.e.) in G x G iff there exists an unique
additive function a : G — IR with a(x) = f(x) I-(a.e.) in G und

\f{x)\ = \a(x)\ for x EG. (16)
Proof. Suppose that / : G — W is a function satisfying (1) fl(Z)-(a.e.) in

G x G. Directly from Theorem 1 we have the existence and uniqueness of the
additive function a : G — M such that
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f(x) = a(x) for XE G\ U, (17)

where U is an element of X. By the assumptions of / we get that there exists
aV G1 with

\f{x + y)\ = \f(x) + f(y)\ Torx,yeG\V. (18)

Choose arbitrary x & G and define A E X as follows
A= -(U UV)U(-X+ {Ul>V)).

Thus there exists any E G\A. This implies that —y E G\U and x+y E G\U,
whence by (17)

I(-y) = a(-y) and f(x +y)=a{x+y). (19)
Similarly -y EG\V and x + y E G\ V. Using (18), (19) and the additivity
of a we get

f(x +y-y) 1= f(x+y)+ f(-y)!
\a(x +y) +a{-y) |
= faar)l.
Now suppose that a : G — M is an additive function such that a(x) = f(x)
I-{a.e.)) in G and |/(&e)] = |apK] for x E G. Then there exists V E X with

7)1

a(x) = f(x) forx EG\V.
Fix x,y E G\ V. We have

\f{x + y)\ \a(x + y)|
\a(x) + a(y)l
If{x) + /(y)I
which means that / satisfies an alternative Cauchy equation M(T)-(a.e.) in
G xG.

At the end of this section let us point out that in Theorem 2 it is essential
to consider M(X) ideal in G x G.

Example 2
Let / :R -+ i be given by
for x © 1,
forx = 1
and let V = {(.ry) EK2|]x —1 V y=1V x+y=I1}. Then / satisfies (1)

for (x,y) E K"\ V but there does not exist an additive function a : K — K
satisfying (16).
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