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equation
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Abstract. There is proved a theorem on the form of continuous solutions
of the iterative functional inequality (1) in the case where the function
/ in (1) possesses an asymptotic property at the origin. The formula we
present involves continuous solutions to the Bdottcher functional equa-
tion (2) and those of inequality (3). Comments concerning a related
Schroder’s equation are added.

We consider the functional inequality
b(f(x))"[b(x)]Ip D
and the Béttcher equation
12(/(*)) = [B{x)]p, (2

where p > 1is given, / is a given function, b and B are unknown functions.
We take
O0<an 1,

put
/ := (0,a); J.-[0a),

and assume the following hypotheses.
(Hi) The function / :J —J is continuous on J, 0 < f(x)<xinl.

(H2) There is a ¢ > 0 such that (with ap> 1)

f(x) = cxp+ o(xp), X -» 0+
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We denote by (/") the sequence of iterates of the function /:
/°(x) = x; fnx)=/(/n_1Ix)). XGJ, ne N.

Remark 1
If hypothesis (H i) is satisfied, then

lim fn{x) =0, X £ 1,
n-*oo

whence /(0) = 0. Moreover,
O0<fn(x) <x\ X£1, ng&N. *

Remark 2
If hypotheses (Hi) and (H2) are fulfilled, then the function F :J — M,
defined by
F(x) —x~pf(x), X £ 1. F(0) = ¢, (**)
is positive and continuous on J.

We shall need the notion of {/}-monotonic functions.

Definition
Let hypothesis (Hi) be fulfilled. A function 7: « —mIR is said to be {/}
-increasing in J if
Vi) " %E (3)
It will be called {f}-decreasing when it satisfies (3) but with the inequality
sign reversed.

Before we formulate a representation theorem for inequality (1) we quote
here a theorem of this kind concerning the inequality

m(f{x)) * g(x)m(x) (4)
which has been proved in [1], cf. also [2], Th. 12.2.4, p. 476.

Lemma
Let hypothesis (HI) be fulfilled and let g : 3 —*R be a continuous function
on J. Suppose that there exists the function G :J — (0, 00) defined by
u-1
G(x) := lim TTg[f'(x)} j£.J I'd
n—00 1:0
and it is continuous in J .
If m:.7— is a continuous solution of inequality (4), then there is a
unique {/}-increasing continuous function 4 : J — K such that
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V(x
m(x) 9 X £ J. 6)
a g’
Our theorem reads.

Theorem
Let hypotheses (Hi) and (H2) be fulfilled, and let b: I — (0, 00) be a con-
tinuous solution to (1).

If there exists a continuous solution B : 1 -» (0, 00) of equation (2) such
that
u LU
M+0 R(X) &P,
then
b(x) = B(x) exp[l(2)(logxx+ P(x))], X £ 1, (8)

where 77: ] —M is a unique {/}-increasing function such that r](0) = 0 and

P{x):=~p n llogF[fn(x)}, X £ 1. (9)
n—o

Proof. Take b and R as stated in the Theorem and put

m (x) log b(X)Io-g )'(Og B w6 /; m(0)= 0. (10)

Since, by (7), b 140+ m(x) = 0, the function m defined by (10) is continuous
on J.
We have from (10):

b(x) = B(x)xmX\ X £ 1. ()
whence, by (1) and (2),
B(xyf(x)mWx» = b(f(x))

" b(x)p
3 (x)pxpm’x\

that is,
m (f {x)) log/ (x) sj (plog x)rn(x).
whenever x £ 1.
Denote

S (7—7-7-xe ﬂ:(o)::]: (]3

The continuity of F and / at zero implies that log/(>k) tends to —00 and
logF(x) approaches loge when x — 0+. Thus from (12) and (**) we get
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x“>r8+ ®) = xg& log f(x)
log f(x) - log F{x)
X-+0+ log f(x)
= 1,
so that function g defined by (12) is continuous on J . Since J C [0,1), it is also
positive on J. Consequently, the function m defined by (10) is a continuous
solution (on J) of inequality (4), where the function g is given by (12).
Let us put (cf. (5))

71—1
Gn(x) := afr{x)], x£13J, n£ N.
i=0
It is readily seen from (12) that

Gn(s):p"lro-g’\f nz)-(4, xel,ne N; G,0)= 1 (13)

In view of (**) we have

fn®= Xx?n ﬁFU\X)Yn"l"\ xe LnenN.
i=0
Hence
logX+ 2%p 1 logF (/1(x)) Xel, neN. (14)
r=0

G n(x)
log X

On every interval [0,7] C J the (continuous) function |log F\ :J -> R is boun-
ded, by M = M(t) > 0, say , so that

b“"N llogF (fI(X))\ » Mp~r~\ X £[0,7], i e N.

Since p > 1, the series in (9) converges uniformly on [0,t], consequently its
sum P :J — R is continuous on J. In view of (14), the limit G : J — R of
the sequence (13) is given by

Ch - fog o pyy xeh GO = (15)

where P(x) is defined by (9). and it represents a continuous function on J (as

P does, the continuity of G at the origin resulting by passing to the limit in

(15) when X — 0+). The function G does not vanish on J, and by (13) it is
positive on J.
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We are in position to apply the Lemma which yields

m(x,=M =N (iosx+p(r>h '*'. (LD

where 77: ) — K obeys the requirements stated in the Theorem. Equality (11)
rewritten in the form

b(x) = B(x) exp [m(x) log>q

and (16) imply formula (8).
This completes the proof of the Theorem.

Remark 3
Limit (7) exists, in particular, if the function b has the property

b(x) = dxr + o(xr), X —»0+,
where r is a real number and d > 0, cf. [2], Th. 8.3.3., p. 341.

The following proposition contains a result in a sense converse to that from
our Theorem.

P roposition
Iff :J —m) is afunction satisfying

0< f(x) < xp, xel, a7

with ap > I, B : 1 — K is a solution to equation (2), N : I — R is an
{/} -increasing function and the series in (9) converges in |, then the function
R :J -> R, defined by (8) (with (9)) is is a solution of inequality (1).

Proof. We first check that the function P : 1 —R defined by (9) satisfies
the equation
P(f(x)) = pP(x)-log F(x). (18)
Indeed, we have:
00
Np-n-1NogF(r+1(x))

71=0
[e]e]

P(f(x))

p'Ep-m-llogF(r(x))
m=1
pP{x) - log F{x),

as claimed. Note also that, because of (17), the function F defined by (**)
maps | into the interval (0,1].
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We now calculate, for x G I,
b(f(x))b(x)~p = EXP{ri(f ())[log f (x) + P(f(x))] - p(logx + P(x))}.

Since both log/ and logF are not positive, P satisfies (18) and F is given by
(**), we get consecutively

b{f(x))b{x)-p sj exp{ri/(a;)[log/(a:) + P{f(x))] - p(logx + P{x))}
exp [r](x)(\ogx~pf{x)) - logF(z)]
= 1

Thus inequality (1) is satisfied in I. Since b(0) = 0 (cf. (8)), (1) holds in J.

Comments
Since there exists the limit G (cf. (15)) of the sequence (Gn) (cf. (13)),
the limit
s(x) := - lim logf n(x), x G,

71—V0O0

does as well. Put x = e_t, t 6 (0, +o0) and consider the function h : (0, +oo] —
(0, +00] defined as follows:

h(t) = —log [/(e_t)], t€ (0,+00); h(+o0) - +o0o0.
With the conventions: e”~°° = 0, logO = —o00, we arrive at the formula
hn{t) = - log [/"(e_i)], tG (0,+00], n € N U {0}.
Therefore the Koenigs algorithm (cf. [2], p. 367)
H(t) := 7Jim)p~nhn(t) —71_Iiy£rg s,(e-<), t£ (0,+00); H(+00) := +o0 (19)

works, and yields the principal solution (cf. [2], p. 366) of the Sc:hréd<;r ecjua-
tion

X[b(t)} = px(t)- (20)
The solution x of (20) on (0,+00] are conjugate (cf. [2], p. 332) with those R
of (2) on J:
X(t) = * log/?(e-t), tG (0, +o0].

To summarize: our Theorem implies the following.

Corollary
Assume that h : (0,+00] — (0, +00] is a continuous function on (0,+00),
h(+00) = Too, satisfying the condition

h(t) >t, tG (0, +00).
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If the function f : [0,1) — [0,1) defined, by
f (x) = exp [h(—logx)], X601 (21)

satisfies Hypothesis (H 2), then the Schréder equation (20) possesses the prin-
cipal solution H : (0, + 00] — R which is given by the formula (19).

Remark 4
The asymptotic condition (cf. (H2)) for the function / defined by (21)

implies the following one:
h(t) —pt + o(t), t—i +o00. (22

However, the converse implication does not hold as it is seen from the following
example:
For
h(t) = pt+ \/t, t€ [0,+00)

relation (22) holds true, but we have (cf. (21))
f(x) = xvexp ( - £ )

so that
lim x~pf{x) — lim exp (—Vvt) = 0.
X —>0+ t— \ !
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