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Abstract. Let | ¢ R be an open interval and let CM(1l) denote the
set of all continuous and strictly monotonie real functions on I. For
p £ CM(I) we define AN(X,y) := + ply) — for all
X,y G I, which is called a conjugate arithmetic mean on I . In this paper
we solve the functional equation A™N(X,y) + AN(X,y) = x + y for all
Xy 6 1, where £ CM [I) and either y> or ip is twice continuously
differentiable on I.

1. Introduction

Let / ¢ R be an open interval. We say that a function 1/ : 12 —1 is a
mean on | if it satisfies the following conditions

(i) Ifx oy and x,y £1 then min{:ir,y} < M(x,y) < max{x,y};
(i) M(x,y) = M(y,x) ifx,y 6 /;
(iii) M is continuous on | 2.

The best-known mean is the arithmetic mean

MXx,y)-=2Y" (XY e D, (1-1)

which is defined on any interval I.
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Let CM (I) denote the set of all continuous and strictly monotonie real
functions on |. The following definition is well known ([1], [2], [6], [11]).

Definition 1
A function M : 12 —1 is called a quasi-arithmetic mean on 1 if there exists
p GCM(I) such that

M(x,y) = p~x = Av(x,y) (x,yel). (1.2

Then the function p G CM(I) is called the generating function of the quasi-
arithmetic mean (1.2) on I.

Definition 2 ([3))
A function M :11—=l is called a conjugate arithmetic mean on | if there
exists ip G CM {l) such that

M (x,y) = p~x(p(x)+ p{y) - ip =M (xy) &y €r) (L3

Then the function p G CM {l) is called the generating function of the conjugate
arithmetic mean (1.3) on I.

Definition 3
Let ip,ip GCM {l). If there exist real constants a ® 0 and 3 such that
ipx) —acp(x) + B ifx G, ()
then we say that p is equivalent to ip on /; and, in this case, we write: p ~
on | or p(x) ~ ip{x) if x G 1.
The following result is known ([6], [1], [2]. [10], [3]).

Theorem 1
If prp G CM {l) then the equation A® = Ad or A* = A* holds on 12 if,
and only if, p is equivalent to ip on 1.

Matkowski [11] (see earlier Sutd [12]) raised the following problem: For
which quasi-arithmetic means M and N does the equality

M + N = 2A, (1.5)
that is,
M(x,y) + N(X,y) = X +y (16)

hold on | for all x,y G

The problem has not been solved in this general form yet. Suté [12] and
Matkowski [11] supposed that the generating functions are several times dif-
ferentiable.
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Definition 4
Let M : 12 — | be a quasi-arithmetic (conjugate arithmetic) mean on I.

If there exists a generating function ip € CM (1) of M with the property T
then we say that the quasi-arithmetic (conjugate arithmetic) mean M has the
property T on I.

For example, if there exists a continuously differentiable generating func-
tion £ CM (1) such that M = Av (or M = /1*) on / 2then briefly we say that
M is a continuously differentiable quasi-arithmetic (or conjugate arithmetic)

mean on | .
The above mentioned problem has partially been answered by the following

result (Dardczy-Pales [5]. see also [4]).

Theorem 2

If the quasi-arithmetic means M and N satisfy (1.5) (or (1.6),) on 12 and
either of them is continuously differentiable on | then there exists p £ LUfor
which

M{x,y) = Sp(x.y) and N(x.y) =S-P{xy) (x,y £/), (L7
where
( ifp =0
*<Fen> = - {}* (.=*-) i/lp#o0 {x'yen' <18)

In this paper we examine the Matkowski-Sutd type problem in the class of
conjugate arithmetic means.

2. The functional equation of the problem, lemmas

The subject of this paper is the investigation of the following question. Let
M and N be conjugate arithmetic means on | satisfying the equation

M + N = 2A (2.1)

on 12. Then there exist generating functions p. ip 6 CM (1) for which M —Af
and N = AV, and they fulfil the functional equation

AP{X.y)+A*H{x,y)=x +y (2.2)

for all x,y £ |I. The problem has not been solved in this general form yet.
Clearly, it is enough to solve the functional equation (2.2) up to equivalence
of the generating functions g and ip.
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Definition 5
A pair of functions (ip,ip) is called a Matkowski-Sutd type pair on | if
p,ip £ CM {l) and the functional equation (2.2) holds for all x,y £ I.

Now we prove some lemmas.

Lemma 1
If (ip, ip) is a Matkowski-Sutd type pair on | and ip is continuously dif-
ferentiable on I, ip'(x) ® 0 if X £ I, then <9 is continuously differentiable on

Proof. By (2.2) the function 9 £ CM {l) satisfies

X y\
Sy e v(92{x,y)) - tp(y) (2.3)
for all x,y £ I, where
g2{x,y) :=x +y - i/T1(d(x) + ip{y) - ip nn (2.4)
if x,y £ 1. By the assumptions of the lemma, g2 : 12 —t | is continuously
differentiable and
_ PR 0
d92{x,y) _ip{x)-ip’ (fg) % (25)

LX {4 (x,Y))

and a similar expression is valid for
Now we intend to show that p is differentiable at each point of I. For, let
Xo £ | he arbitrarily fixed. Then from (2.3) we have

+y'

{xa) = ip + <A92(zo,y)) - <ply) (v £1). (2.6)
Define the function h :/ by
B oy) = 92{xo,y).
Then h is continuously differentiable and h'(xo0) = Therefore h is invertible

in a neighbourhood U of xq and it inverse is also continuously differentiable
on li(U) = V, which is a neighbourhood of h(xo0) = xq. Hence h~1 is locally
Lipschitz in V\ whence it follows that h~1(H) is of measure zero whenever
H C F is of measure zero.

By Lebcsgue's Theorem. the function ipis differentiable almost everywhere,
that is, the complement of the set D where < is differentiable is of measure
zero. Hence h~x(V \ D) is also of measure zero. Thus the set [(2D —xq) N
U]\ h~I(V \ D) cannot be empty. Let yo be an arbitrary element of this set.
Then y0 € U, £ D, and yO£ N1~ \ D), i.e., h(y0) G D. Thus p is
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differentiable at the points an(j y2(xo,yo)- The functions x i-> anci
X »>g2{x,yo) are differentiable at xq and, by (2.3),

- X Yo "
<p(x) = 1 + V>(62(*,yo)) - P(Yo) (X G/),

from which, by the rule of differentiability of the composite function, we have
that < is differentiable at xo- Thus < is differentiable on / everywhere.

Differentiating the equation (2.3) with respect to x, and using (2.5), we
get

\
yl(x) = tp + v'itofa (2.7)
K YD) NN @)
for all x,y G I. The equation (2.7) can be written as
ip'(x) = f(x.y;<p{gi(x.y)).ip'{g2{x.y))).
where g\(x,y) := g2 is the function defined in (2.4), and
dg2{x.y)

\Y

dx

for all x,y G I and u,v G R. Since ¢ : |1 — R is a measurable function and
A)-(x,x) = ~@® 0and ~(x, x) = ~ & 0, moreover / is continuous, thus by

f{x,y,u,v) = -u +

the theorem of Jarai [8] (Theorem 2), ip' is continuous on I. (See also the
papers Jarai [7] and [9].)

Lemma 2

If ((p,ip) is a Matkowski-Sutd type pair on I, ip is twice differentiable on
I, and ip'(x) ® 0 for x G I, then ip is twice differentiable on | and there exists
a constant ¢ ¢ 0 such that

ip'(x)ip'(x) = ¢ (2.8)
for all x G I.
Proof. Let
xon = Ad(x,y) = Ip~I *p(x) + ip{y) - ip )
for all x.y G 1. By Lemma 1. ip is continuously differentiable on I, and thus
both sides of the equation
<P(x) + <p(y) - p = p(x+ty-xoy) (xyGl

are differentiable on | with respect to x, that is,
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(X +y\ i , ( d'(x) - 4 e (29)
\% N — VRV )
{()-" {— )2 = ip{x+y- x0y) yl-mm n~y)—
for all x,y 6 /. From this we have
o Yo <pi(x+y - xoy) . p'(x + y-xoy)
TSt — p'xoyy— P (X) = xay > +f

which implies
Vix+y xoy) — )+ 02y - @) =0
h(X0y)

for all x,y G I mDividing the equation by (y —x) (y ¢ x) and taking the limit
y — X, by the continuity of ¢ and &', we have that p is twice differentiable

and

+ 4"(X) = 0.
that is, (pLx)p'(x))1 = 0 if x 6 |I. Therefore, there exists a constant ¢ ¢
0 (since p and ¢ are strictly monotonie, ¢ = 0 cannot occur) for which
(P'xX)p'(x) = cifx G/.
Lemma 3

If (ip, d) is a Matkowski-Sutd type pair on | and ¢ is twice differentiable
onl and d'(x) ¢ 0 if x € I, then the functional equation

(@' (y) - & (x))
~ (2 .
X (1 W Yy -k ) - ﬂy)+*=(J|£§3)l+

holds for all x,y € 1.

Proof. By Lemma 2, (2.8) holds, from which

* X)- m {xe,)

follows, where ¢ ¢ 0. Then (2.9) holds, too, with the notation
X oy m= . 4°' (.r.y).

which implies, putting p' = d,

1 1 X h(x)-p(Lx) 1l
- <p' . 2.11
D) -V (A) <P'X+ y- Xoy) b'(x 0y) ( )

for all X,y € L. Using the symmetry of the equation (2.11), we have
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i2* ' oy)- ¢@'bl + *"{ Y1)\ ) w
=: xay
= ynx

for all X,y G 7, which (and some care) yields (2.10).

In the following we examine the differential functional equation (2.10) of
the problem, assuming that ip'(x) ® 0 if x G/ and ®"(x) (x G 7) exists and
ip" is continuous on 7.

3. On a differential functional equation

The investigation of the differential functional equation (2.10) is a problem,
interesting itself, assuming the following conditions: ip : | —» R is twice con-
tinuously differentiable on 7 and ip'{x) ® 0 if x G 7. Then clearly ip GCM {I)
and x oy := A”™(X,y) is defined for all x,y G 7.

Theorem 3

Ifip : 1 — R is twice continuously differentiable on | and ip'{x) ¢ 0 if
x G 1 and the differential functional equation (2.10) holds for all x,y G 7 then
there exists p G K such that ip(x) ~ Xpix) tfx € 7, where

Proof. Let
Hp := [x | x G7, ip"(x) = O}
Then 77¢ is closed and thus 7\77~ =: L isopen. IfL = 0 then ip"(x) = 0 for all
X, that is, ip(x) = ax + /3, where a ® 0, 3 are constants. Then ip(x) Xo(x)
ifx G7.

If L & 0 then let TC =]a,6[c L be a maximal component, i.e.,, for at
least one of its endpoints, for example for 6, we have 6 G7 and b ¢ L hold.
Obviously, then

ip"(b) = O. (3.2
Clearly ip' : 77 —¥ K is strictly monotonie On K , by the condition ip"{x) + O if
x G 77, therefore from (2.10), we have

iv{xoy) = o) + ipy) - gt RX Ty PIIPD) (33)
2 2iP' (M)

for all x ® y, x,y G 77, where x oy = AMX,y).
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We shall show that then there exists p € K, p ¢ 0, such that 'p(x) ~ Xp(x)
if X e K. This implies the statement of the theorem.

Indeed, then ip(x) = aepx + B (a ¢ 0, B are constants) if x £ K and
ip"(x) = ap2epx, which implies, by the continuity of ip”, ip”{b) = ap2epb &b O,
and this contradicts (3.2). Thus K = | and ip ~ Xp on I- Let us therefore
return to the examination of (3.3), which holds for all x,y 6 K. Then

ip{x oy) = ip(x) +ip{y) - ip (L_Ia

if x,y € K, from which we have

A(xoy) _ p{x) - (") =

ax ip'(x oy)
whence
n2(xoy)= Y (*f) »(xo ad P INGES
AXAY (p'(xoy)Y

from which

(3.4)

follows for all x,y € K. The left hand side of (3.4) is symmetric with respect
to x and y. therefore, by (3.3),

iryy - e (T2
_ipgoipniy)zipt (M) - ipr (7)) ipip'y)
(3.5)
4 Q'(A )2
X (~T~) “n X)) =:X*y=YyY*X
for all x,y £ K. We introduce the following notation:

F(xi\X2,x3,x4) =ip"{xi)ip'(x2)ip'{xz)ip'{x4), (3.6)

where x\, x2,>3,x4 G K. Apparently F is symmetric with respect to the
variables x2,x3,x4. Then (3.5) and some calculation show that, using the
notation (3.6), the expression
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X+y x+y X+y X+y XAy X+y X+y
A (X, 1= 4F ; - F
(x,y) y 9 2 5 9 2+ 2+ 2 . 9

SR, Yy 0V YR T ik Y

, x+yx+y 2F|X+?}/|:r+'z}/:l’+y

y; —r—e—+—

oo
il

) X + \ wa | XK+
+4F Ty;x m X’,)KJ- 2E ~—l¥\x,y,x

is symmetric with respect to x and y. This together with the symmetry of F
with respect to W2 k3, K4 implies that

\ -/ + + + X + X+ V'
Blxy) = 3y XLV XY XEY sp yin Y

2 - 2

XTY Xty Xty M+ y

+ .
+ FI — 'X' — yv)K)'K
FE){ﬁJF—y;X,X,y
= B(y.x)

holds for all >x,y G K. By the definition (3.6), we have

{dy) - ®"{x))

Y« 2gP XY 2 (X +y [ (x +y

B (x) e’ + 2¢0°2(x)P

+ (@) - @) (5prpop? (XYL (REY 2y

+ {P'(y) - ¢'{x)
X (- 2(/0k) + ()" (x)d’

=0

ty O CX +Y_j

for all x)xy G FT. Dividing this equation by (y —>X) (y / > and taking the
limit as y -+ > we have that ¢"'(x) exists (k G F) and

—")P{x) + p"2(x)=0 (x £ K). (3.7)

It can be easily seen that, under the conditions prescribed for ¢, the solutions

of (3.7) are
h(x) = aepx+ B (kG F), (3.8)

where a ¢ 0, p ¢ 0, and B are real constants. This means ¢ ~ \p on F for
some real constant p ® 0, and that was to be proved.
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4. Corollaries

Returning to our problem, first we give an important corollary of The-
orem 8.

Theorem 4
If (<p,ip) is a Matkowski-Sutd type pair on | and either p or ip is twice
continuously differentiable on |I then there exists p e I for which

PO ~ X-pz),  “(*)~Xp(*)  (x€D). (41)

Proof. Since the roles of p and ip can be exchanged, we suppose that ip is
twice continuously differentiable on |. Let

Ny, := {x | X€/, ip'(x) - O}

Then bl is closed (since iplis continuous on I). Thus I \ Ny is open. There
are two possible cases: either 7v» = 0 or ® 0. We show that the latter is
impossible.

Suppose that Np ® 0. Then there exists a maximal component K C I\ ,
that is, an open interval K = ]a, b[ such that at least one of its endpoints
let it be b — belongs to /, and so be Ald.

Then (ip, ip) is a Matkowski-Sutd type pair on K, ip is twice continuously
differentiable on K, and ip'(x) ¢ 0 for x £ K. By Lemma 3, (2.10) holds for
all x,y € K and, by Theorem 3, there exists p € K such that V ~ Xp on K-
From this, we have

ip{x) = Axp{x) + B (x £ K)

where A ® 0 and B are real constants. This yields

A ifP = 0,

if'
Apepx ifp® 0

(X e K ).

By the continuity of ip' on /, we have

lim ip{x) = ip[b) = 0.
i +o0
XeK

However, this is a contradiction, because

Thus Mp = 0, that is, ip'(x) ® 0 for all x GI. The same argument with K = 1
now results that ip~ Xp on ~ f°r some p € R.
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Then, by (2.2), the function Y3 E CM (1) satisfies
AMx,y) + AM(x,y) =x +y
for all x, y € 1. By
AR, y) = X+ y - AM{x,y) = - A% Xp{x,y)
and by Theorem 1, from this we have y3~ x~p on I.
Now we can state the main result of our investigations.

Theorem 5
If the conjugate arithmetic means M and N satisfy the functional equation

(1.5) on I, and either of them is twice continuously differentiable on I (see
Definition f) then there exists p G K such that
M(x,y) —Dp(x,y) and N(x,y) = D_p(x)y) (xyel), (CR)
where
X ifp = 0,
Dp(x.,y) = 1] sfv (X.yel). (5-2)

i log (ePx+ epy - epT ) P o 0

Proof. There exist generating functions if, y3 6 CM {l) such that M = A*
and N = A*, furthermore, the pair (y>,if) is a Matkowski-Sutd type pair. By
the symmetry, we can suppose that M is twice continuously differentiable on
/, that is, if G CM {l) is twice continuously differentiable on I. By Theorem 4
there exists p £ M such that if ~ Xp and y»~ x-p on |- Obviously M —Ai =
AXp=Dpand N = 1* = AX p—D -p, where Dp is the mean defined in (5.2),
that is, (5.1) holds.
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