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Elementary inequalities for a quotient of Gamma
function

In honour of Professor Zenon Moszner
on his 70th birthday

Abstract. Three elementary estimations of the ratio ,forx > 0
and 0 < s < 1 are derived.

Kershaw [2] gave the inequalities

<exp (- s)ip(x 4 "(s+ 1) (K)

for X > 0and 0 < s < 1. The bibliography in [3] Usts several articles containing
inequalities of this kind, nearly all of which involve the digamma function ip (=

r'/r'). In this article | present similar inequalities in which the approximants
(extreme members) involve only elementary functions.

Lemma
The inequalities

1
< logy - ip{y) < -
Yy M

hold for y > 0.

Proof. By [1] 1.7 (27),
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The inequality on the left is obvious from this. That one on the right follows
from

dt <

i f .
7' oy2+ t2eont —1 T y2+ tz my L Y. =0 2y’

which was to be proved.

First inequality. For y > 0 the Lemma gives

logy - y'1< odfy) < logy - (2y)_1

so that, for s < 1,

1—S§

(9{(7))_5 < expip)L s < (Yexp O

Now puty = a+ 5(s + 1), and suppose that x > 0 and s > —1. The middle
member in (1) becomes

exp (1- a)p (x+ -(a + 1)

and so (K) gives

1—S 1-S
1 rocs 1) < (s+ 1) ex !
(I+Ig ) F(x + s) (M P 23?7+ s+ 1 M

for x > 0 and 0 < s < 1. This is my first elementary inequality.

Remarks

Te inequality on the right of (1) is of course less close than that in (K),
because it is derived from (1). The fractional increase so entailed is, by (1),
less than

(ye=rp(-£))" ° I-a ,
(SM'Xp('I))l' 2x -Fs+ 1J

As x and s increase this decreases. For x ~ 1and s ™ it is k'ss than 1.260;
for x ~ 5and s ™~ 7 it is less than 1.045. As x — oc it tends to 1. uniformly
on s G [0,1].

Second Inequality. Again suppose that x > 0and 0 <s < 1, the condi-
tions assumed for (1). In (I) replace x by >+ s and s by 1—s; this is permissible
because x + s> 0and 0 < 1—s < 1 Thus
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1, 14v / r(x +8) X+ ~rs+ 1
Il + 2(s+ 1,j <(1+S)fgrrii< exp(/%l.sﬁ))

now by taking reciprocals,

exp (AT5+2) rx + 1) X+ S
(x + s) DAy r< R Q)
X+ 5SS+ 1 F(x + s) (x+ I(s + 1)A

This is my second elementary inequality, proved for x > 0 and 0 < s < 1

Third Inequality. Inequalities (I) and (Il) together give the simpler
elementary inequality

1 ' r(x + 1) X oms
X+-.S S r < (1)
F(x +5s)  (x+ s+ 1))n

for which the conditions x > 0 and 0 < s < 1 are again sufficient.

Remarks
To assess how close the extremes in (l1l1) are to the middle member, con-
sider their ratio

X+ s X + ~s

f{x,s) u= (P

X+ is \ x+ i(s + 1)

Differentation gives

df = ls 1+ 1+ 1+
fa (x+”7s)2 X+ s X + X+ 2s

Since 0 < s < 1, we have LI < 0. So /(e, s) decreases as x increases in (0, 00),
for any fixed s G (0,1). By (2),

/(0+,8) = 271 + A 3
and /(x,s) — 1as x — 00. Thus the range of /(-,s) is the interval

(1,2(1 + £ -

elgt) = (B'+)-ju)e

Writting Vv = this is equal to

Further
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V 1

dt < O;
1+ V 1+V 1+t

so that /(()+,s) in (3) decreases as s increases. Its minimum, at s = 1, is 1,
by (3); and its maximum (or rather, upper bound), at s = 0+, is

21lim@+v) y= 2.
So the range of (I11) is the interval (1,2).
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