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A p p r o x im a tio n  b y a nonlinear co n vo lu tio n  operator  

in m o d u la r fu n ctio n  spaces
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A b stract. There is investigated a nonlinear convolution operator

T f  =  K * f  +  P f

in modular function spaces L°p(G), with application to approximation of 
functions /  in L°p(G). 1

1. One of the leading problems in the theory of Fourier series is the problem 
of approximation of 27r-periodic functions, Lebesgue integrable in the interval 
[— 7Г, 7t] by means of linear, singular integral operators of the form

*  -  y) f { y ) dy -

For example, in case of the first arithmetic means of partial sums of Fourier 
series of a function / ,  (Ffn)^ _ 1 is the Fejér kernel

K n{u) =
sin ^nu

2nn sin |и

and the singularity conditions mean that 

K n(u) du + f  K M du -> 0 as n —> oo
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for every 0 <  6 <  n and

1 for n =  1 , 2 , . . .

(see e.g. [3]). In further investigations, these problems were extended in three 
directions:

(a) The interval [—7Г, 7r] was replaced by a locally compact abelian group G
with Haar measure //; the most important examples besides the interval 
[—7Г, 7Г] are G  =  M =  ( —сю, oo) with the operation of addition, G  =  =
[0, oo) with the operation of multiplication and d/а =  y ,  and G  =  Z  
the group of all integers with the operation of addition.

(b) The set N =  { 1 , 2 , . . . }  of indices was replaced by an abstract set W  of
vv

indices with convergence — » generated by a filter W  of subsets of W;  
this enables a unique treatment of the “discrete” and the “continuous” 
case.

(c) The kernel (K n)^= l  is replaced by a kernel (K w)weWi  where K w: G  x 
К  —> E  do not need to be linear with respect to the second variable (see

[1], HD-
In this paper we shall investigate the case when the integral operators 

consist of a linear part and of a nonlinear perturbation.

Let G  be an abelian, locally compact Hausdorff topological group with ope
ration + :  G  x G  —» G  and with Haar measure /a. The a -algebra of measurable 
sets will be denoted by E . Let L °(G )  be the space of all measurable, finite 
/i-a.e. functions / :  G  ->  R , where К  is the extended real line, and let L l (G)  be 
the subspace of all /r-integrable functions /  € L °(G )  with equality /r-а.е.; we 
write I I /||i =  f G dn(t).  In the theory of linear operators a special role is 

played by the convolution operator К  * / ,  defined by

( K  * f ) ( x )  =  [  K ( x  — y ) f  (y) djj,(y) =  [  K ( t ) f ( t  +  x)df i ( t)
J g  J g

for x 6 G,  f , K  € L l ( G ), where K { x )  =  K ( - x ) .  Recently, there was consi
dered also a nonlinear version of the convolution operator of the form

( T f ) ( x ) =  f k{t, f ( t  +  x)) dfi(t)
J g

(see, e.g. [1], [4]). We shall investigate here the case when the nonlinear 
operator T  is a sum of a linear convolution operator К  * /  and a perturbation 
operator P  of the form
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( P f ) ( x )  =  f  k ( t , f ( t  +  x) ) dp( t ) ,
J G

i.e.
( T f ) ( x )  =  ( K  * f ) ( x )  +  ( P f ) ( x )  (1)

for p-a.e. X G G . We suppose that K : G  —> R and k: G  x К —> К are kernel 
functions, i.e. К  G L ° ( G) ,  -ftT(O) = 0  and k(- ,u)  G L ° ( G )  for и G K, k(t, - )  
is continuous for t G G , k(t,  0) =  0 for t G G . We call К  the linear kernel 
function , and к —  the perturbated kernel function.

Let 0 < L  G L l (G) ,  p( t) = Let ip: G  x R^ —» Rj}-, where Rq =
[0, oo), ip(-,u)  is measurable on G  for all и ^  0, ip(t, -) is continuous and 
nondecreasing, ip(t, 0) =  0, ip(t,u ) >  0 for и >  0, ip(t,u)  ->  oo as w - t o o  for 
all t G G . The perturbated kernel function к is called (L,  ip)о -Lipschitz, if

|/:(t,u)| ^  L(t) ip(t ,u)  for all t e  G,  и ^  0.

The domain D o m T  of the operator T  is defined as the set of all functions 
/  G L ° ( G ) such that ( T f ) { x )  exists for p-a.e. x  G G  and T f  is a measurable 
function on G.

2. Let p be a modular on L° ( G ) ,  i.e. a functional p: L° ( G)  —> R * =  [0, oo] 
satisfying the conditions:

P(0) =  0, p U )  > 0  for /  ф 0, p ( - f )  =  p ( f )

and

p ( a f  +  ßg) ^  p ( f )  +  p(g)  for f , g  G L °(G ), a , ß ^ 0 ,  a  +  ß = l .

If, additionally,

p { a f  +  ßg) ^  otp(f) +  ßp{g)  for f , g  G L °(G )  and a .ß  ^  0, a - 1- /0= 1, 

we say that p is a convex modular.
Every norm || • || on a linear subspace L ' of L ° ( G ) defines a convex modular 

p on L °(G )  by means of the conditions p ( f )  — ||/|| if /  G L \  p ( f )  =  oo if 
/  G L °(G ) \  L ' .

The standard example of a modular (convex modular) is provided by the 
formula p ( f )  =  f G <p{\f(t)\) dp(t) ,  where </?(0) =  0 and ip is a homeomorphism 
(a convex homemorphism) of R q onto itself, and leads to an Orlicz space
L * (G ).

Turning back to the general case, a convex modular p on L ° ( G )  defines a 
modular space

L°p(G ) =  { /  G L ° ( G ): p { \ f )  <  oo for some Л >  0},



184 Julian Musielak

which is a linear normed space with the norm

II/IIp = inf ju  > 0: p ^ 0  ^ l |  ,

generated by the modular p. In the case of a normed space with norm || • ||, 
the modular p(-) =  || ■ || defines again the norm || • ||p =  || • ||. In the case of 
the above mentioned Orlicz convex modular, there holds L°p(G ) =  L V(G).  In 
a general modular space, convergence ||/n||p -4  0 is equivalent to the condition 
p ( Xf n) —> 0 for every A >  0. If p (A /„) —► 0 for some A >  0, we say that ( f n) is 

p- convergent to 0 and we write f n 0. For further information concerning 
modulars, see e.g. [5].

There will be needed some definitions concerning modulars. We say that 
a modular p on L ° ( G ) is:

(a) monotone, if from f , g  G L ° (G ), |/| ^  |g|, follows p ( f )  ^  p{g),

(b) fin ite , if for every set A 6 £  of finite measure p  there holds x a  G L°p(G ), 
where x a  is the characteristic function of the set A,

(c) absolutely fin ite , if it is finite and if for every e >  0 and every A >  0 
there exists a 6 >  0 such that for every set B  G £  of measure g ( B )  <  6 

there holds the inequality р ( \х в )  <  £,

(d) J-con vex , if the inequality

P  ̂ P(t)p[h(t, )\dp{t)

holds for every nonnegative p € L X(G)  such that ||p||i =  1 and every 
measurable h: G  x G  —» K q",

(e) absolutely continuous, if for every /  G L °(G )  such that p ( f )  <  oo there 
hold the following conditions:

1) for every e >  0 there exists A  G £  such that p( A)  <  oo and

p U X g\ a ) <  e,

2) for every e >  0 there exists 6 >  0 such that for every B  G £  with 
p ( B )  <  6 there holds p ( f x e )  <  £,

(f) subbounded, if there exist constants С  ^  1 and ho >  0 such that p{ f { t + - ) )  
^  p ( C f )  +  ho for all /  G L °(G )  and t G G,

(g) т-subbounded, if there exist a constant С  ^  1 and a function h G L °°(G )  
tending to 0 as t —> 0 in the sense of the topology in G , satisfying the 
inequality p { f ( t  +  •)) ^  p { C f )  +  h(t) for all /  G L °(G )  and t G G.
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Let p and 77 be two modulars on L ° (G ) and let ip be the function from the 
(L , ip)o  -Lipschitz condition.

We say that {р,ф,т)} is a properly directed triple, if there is a set Go € E 
of measure p(Go)  =  0 such that for every number Л G (0,1) there exists a 
number C \  G (0,1) satisfying the inequality

p[C\il){t, |F(-)|)j <  T](XF(-)) 

for all i G G  \  G 0 and F  G L° ( G) .
The following example explains the motivation. Let p be the Orlicz mod

ular defined by means of a convex homeomorphism (p: K q~ —» K (| and let 
ip: —> Rjj" be the inverse of <p. Since ip is concave, it follows p(A7/>(|F(')|) ^
r/(XF(-))  for 0 <  A <  1, F  G F ° (G ) , if we take 77(F )  =  f G \F( t ) \dp( t ) .  Hence 
{p, ip, 77} is a properly directed triple with C \  =  A. Let us remark that for a 
given A, the set of numbers C \  is an interval I \  of the form I \  =  (0, <5д) with 
0 <  ^  1 or I \  =  (0, 5] with 0 <  6\  <  1. Writing C \  we shall have in mind
an arbitrary number C \  € I \ .

3. We start with the following 

E m b e d d in g  t h e o r e m

Let p and 77 be two convex modulars on L ° (G ) , subbounded with constants 
C , h '0 and C " , Hq, respectively; moreover, let p be monotone and J-convex. 
Let the linear kernel function К  belong to L 1(G ) and let the perturbated kernel 
function к be (L,ip)o-Lipschitz with L  G L 1(G) .  Suppose that {p, ip,r]} is a 
properly directed triple, and let the operator T  be given by (1). Let 0 <  A <  1 

and 0 <  a  ф.  ̂min ^ • Then for every function f  G L°p+r)(G ) П 

D o m T  there holds the inequality

p ( a T f )  ^  l- \ [ p { \ C ' f )  +  77(A G " /)  +  h '0 +  ht)}.

Proof. Since p is monotone, convex and subbounded with constants C , 
h'0, so taking a  >  0 so small that 2ö ||FG|| 1 ^  A2 with 0 <  A ^  1 we obtain

p ( 2 a ( K  * / ) ) ’<  f  Щ ^ р ( 2 а \ \ К \ Ш ^  +  -)|) dp{t)

< Wh Ig + ‘W
< A [ p { \ C ' f )  +  h '0].

Since k is (L,  ip)o -Lipschitz, {p, ip,ri} is properly directed and 77 is convex and 
subbounded with constants C " , h", we get
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p(2otPf )  ś, [  ïfp^p[2a||L||iV>(t, \ f ( t  +  -)\)dfi{t)

« L w J lx2f{t+))Mt)

^  \ [ r ] ( \ C " f )  +  h'o\,

if 2a||L||i ^  C \ 2. By convexity of p, we obtain

p(<*Tf) Ś  \ [ р ( 2 а ( К  * f )  +  p ( 2aPf ) }

<  ^ A [p (A C 7 )  +  г/(ЛС"7) +  Л(, +  / $ .

From the above Theorem one may conclude, immediately:

C o r o l l a r y

Under assumptions o f the Embedding Theorem, T  maps L°p+T](G )n  Dom T  
into L°p(G ) and is continuous at 0 in sense o f the (p +  r])-convergence.

4. Let p be a modular on L° ( G)  and let if  be a basis of ^-measurable 
neighbourhoods of the zero element 0 G G.  Then the map

шр: L ° ( G )  x W- > K +

d( fined by

Wp(f , U)  =  s u p p ( / ( t  +  •) -  / ( • ) )  for /  € L° ( G) ,  U  e U  
teu

is called the p-modulus of continuity. There holds the following Lemma (see
[2], Theorem 2):

L em m a

Let p be a monotone, absolutely finite, absolutely continuous and r-sub- 
bounded modular on L ° ( G ) .  Then for every f  € L°p(G ) there exists a constant 
A >  0 such that

ujp( X f . U ) ^ 0

in the sense o f U .

A p p r o x im a t io n  t h e o r e m

Let p be a convex, monotone, subbounded with constants C ' , h '0 and 
J-con vex  modular on L °(G ) and let p be а т-subbounded with constant C "  
and function h" modular on L ° ( G ) .  Let the linear kernel function К  belong to 
L X(G) and let the perturbated kernel function k be (L,ip)o-Lipschitz. Moreover, 
let {p, ^ , 77} be a properly directed triple. Let 0 <  A <  1, 0 <  2a||L||i ^  C \ ,  
U  E H  and f  € L®+V(G )  П D o m T . Then there holds the inequality
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P(a ( T f  — / ) )  s? Jo ;p(4a||K||1/ ,C / )

+  1 [p (8 a C '\ \K \ \1f )  +  h'0] [  l̂ - d p ( t )
4 J g \ u  ^

+ ÿ b l(AC"/) + h'lf] + -h 'c  f  -у т р  dp(t)
2 2 J g \ u ll^lli

+  \p [4 a { \\K \\i  -  1) / ] ,

w/геге =  supessh"(t). 
teu

Proof. B y convexity of p, we have for every a >  0

p ( a ( T f  -  / ) )  ^  \p[2oc(K  * / - / ) ]  +  \p ( 2 a P f ) .  (3)

Applying the identity

{K  * f  -  f ) { x )  =  [  +  x) -  f { x ) )  dp(t) +  (||AT||i -  \ ) f ( x ) ,
J g

convexity and monotonicity of p, we obtain

p [ 2 a ( K * f - f ) ] ^ \ j i  +  \ j 2 ,  (4)

where

J x = p ( ^ a j G \K ( t ) \ \ f { t  +  - ) - f ( - ) \ d p { t ) y  J 2 =  p (4 a (\\K \\1 - l ) f ) .  ( 5 )  

Since p is J-convex and subbounded, we obtain for every U  G U

J i  i f c  + • ) - / ( • ) ! ]  M t )

s X  l/(t +  ■) -  /(•)!) Mi)

+  1  [̂ р [ 8а||ЛГ||,/(1  +  - ) Ж < )
2 J g \ u llÄ lli

+  \  [  Ш г - т т о ш ^
2 J g \ u  \\k  Hi

p(8aC'\\K\\if) + lho
L

\K (t)\

G\U l l^ l ll
dp(t).

(6)

< ш р( Щ К \ и / , и )  +
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Moreover, since p is monotone and J-convex, the permutated kernel к is 
(L , tp)o -Lipschitz, {p, ip ,g} is a directed triple and rj is r-subbounded with 
constant C "  and function h " , so we obtain for U £ U , 0 <  Л <  1 and 0 <  
2a||L||, Ś  C \

g{2otP f) ^  j jO -p [2 a \\L \\ i ip ( t ,\ f ( t  +  )|)] dg{t)

^  t](X C "  f )  +  [  h " (t ) dp(t) +  [  § ^ - h " ( t )  dg(t)
J u  ll-Mli J g \ u ll^lli

^  p (A C " /)  +  h'{j +  h,Q f  тггтр dp{t).
J g \ u  ll^lli

Taking together the last inequality and inequalities (3), (4), (5) and (6) we 
obtain the inequality (2).

5 . We take now a family T  =  (Tw)we\y of operators Tw, filtered by means 
of a filter W  of subsets of the set W  of indices w. Thus we have

(Twf ) ( x )  =  (K w * f ) ( x )  +  (P wf ) ( x )

for p-a.e. X  £  G  (the exceptional set of measure zero is supposed to be inde
pendent of the index w).

The family /С =  (K w)w^w  of linear kernel functions is called a linear kernel, 
and the family К  =  (kw)wew  is called a perturbated kernel. The domain Dom T  
of T  is defined as Dom T  =  П W&w D o m T ^. We say that К  is (£ , ip)о -Lipschitz
for C  =  {Lw)W£\v , if kw are (L w, ip)o -Lipschitz for all w £ W . Convergence in

w
the sense of the filter W  will be denoted by — к

We say that the linear kernel К  is singular, if the set {||iCu||i: w £ W )  is 
bounded and

М П Г  /| - о-ш ||1 J g \ u
\K w(t)\d p (t)  Л о

is called strongly singular, if it is singular and satisfies the

w

for every U £ U. 
condition

II*«, 111
We say that the perturbated (L , ip)o-Lipschitz kernel К  is singular, if the set 
{ UZ/„. {I i : w £ W )  is bounded and

1.

h iJw II 1 J g \ U
L w(t) dp(f) 0.

w
Now, we formulate a theorem concerning the p-convergence T wf  — > / .
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C o n v e r g e n c e  t h e o r e m

Let p be a convex, monotone, absolutely finite, absolutely continuous, 
т-subbounded and J-con vex  modular on L ° (G ) . Let p be a т-subbounded mo
dular on L ° (G ) . Let К  =  {K w)wew be a strongly singular linear kernel and 
let K. =  (kw)W£w  be an (L,ip)o-Lipschitz , singular perturbated kernel. Let 
{p,ip,T]} be a properly directed triple and let f  G L°p+J)(G ) П D o m T . Then 
there exists a A >  0 such that

p[4 Twf  -  / ) ]  A  o.

Proof. We apply inequality (2) with T w, K w and L w in place of T , К  and 
L, respectively. Let К  =  s u p ^ ^  ||Ä„,||i, L  =  sup^çjy ||L„,||i. Let e >  0 
be arbitrary. Since /  G L ^ (G ), we may find а Л such that 0 <  Л <  1 and 

p (X C " f )  <  Since /  G L°p(G ), we have p (8 a C 'К f )  <  o o  for sufficiently

small a >  0; we may also assume that 2a L  ^  C \ .  Moreover, by the Lemma, 
we may take a  so small that ojp( 4 a K f ,U )  —» 0 in the sense of U , i.e. there 
exists a U e ld  depending on e such that

ojp(4 a K f ,  U ) <  e.

Since T] is т -subbounded, we may choose the set U  so small that h", <  We 
fix the set U . Now, since /С and К  are singular, there exists a set W\ G W  
such that

\p(8 a C 'K f )  +  h '0 ] [  dp(t) <  e
J g\ u п л ш ||1

and

гЪ f
J  G

Lw jt) , / ,•. 1
Il t л dp(t) <  e 

G\U Iwiulll 4

for w G W \. We obtain

p (a (T wf  -  / ) )  <  +  ^p[4a(||Ä'lu||1 -  1 )/]

for w G W \. Since /  G L°p(G ), there exists а Л0 >  0 such that p(A0/ )  <  e. Since

/С is strongly singular, we have H /CJIi -  1 — >• 0. Hence there exists a set W2 G 

W such that 4q | ||î u;||i — 1|  ̂Ao for w G W2, and so p[4a(||Ä'u;||i -  1)/] < e 
for w G W-2 - Taking W =  W\ П W2, we thus obtain p (a (T wf  -  / ) )  <  e for 
w G W . This ends the proof.
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