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C zesła w  P r ę t k i

B o u n d a r y  p ro p erties o f so lu tio n s o f th e  iterated  
H e lm h o ltz  eq u ation

Dedicated, to Professor Zenon Moszner 
on the occasion of his 70th birthday

A b stra ct. Some theorems about boundary properties of solutions of 
the equation (Д  — c2)2u(x, y) =  0 in Holder spaces are given. This is 
a continuation of E. Wachnicki’s study of the above equation, cf. [6]. 
Similar theorems referring to Picard’s singular integral may be found in

[1], H -

1. Definitions and notation

1 .1 . In the paper [6] E . Wachnicki gives the solution of the Dirichlet 
problem for the equation

(Д  -  c2)2u( x , y )  =  0. c >  0, (1)

in the upper half-plane =  {(x,y)  : |x| <  oo, y >  0}, with the conditions

“ (®»У)1у=о =  / ( * ) ,  A u (*.!/)|»=o =  g (x ),

where Д  denotes the Laplace operator, that is

A u { x , y )
d 2u d2u 

d x 2 dy2

and /  and g are given functions defined on R.
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The solution presented by E . Wachnicki is of the form

u ( x , y , f , 9 )  =  Y  [  f { s )  f t c r ^ y K ^ c r )  +  c2y K 0 {cr)]ds
J  к

- 7Г  [  g ( s ) y K 0 (cr)ds,
^  J r

where r2 =  (x — s )2 T  y 2 and K v is the w-th MacDonald’s function.

(2)

1 .2 . Let L p =  L P(K ), 1 <  p  <  oo, be the classical space of real functions 
whose p-th power is Lebesgue integrable. The symbol L°°  =  L°°(IR) will 
denote the space of uniformly continuous and bounded functions. The space 
L p, 1 ^  p  ^  oo is equipped with the usual norm

lp '■= i
( / _ ” \ f ( x ) \ r d x ) ]

sup|/(s)|
s6M

for 1 ^  p <  oo, 

for p =  oo.
(3)

For any given function f  E L p, l ^ p ^ o o  and x,h E К we introduce the 
modulus of continuity:

L){t- / ,  L p) :=  sup \\A hf \ \ Lp , (4)
\h\&

where A / , /  is the classical difference:

A hf { x )  =  f { x  +  h) -  f ( x ) .

By О (cf. [5]) we denote the set of those functions f  E L p which have 
modulus of continuity, satisfying the conditions

a) /  is defined and continuous in [0, Too],

b) f ( t )  is increasing for t >  0,

c) is decreasing for t >  0.

Following [3] we define, for given uj  E D and 1 ^  p ^  oo, the generalized 
Hôlder space (a subspace of L p-space), which we denote by Н р,ы, as the set of 
all functions f  E L v for which the quantity

I P,U> sup
0</i<l u(h)

is finite. The norm in H p’u is defined by

(5)

11/Hhp-“ •— WIWlp +  11/IIp ,cj (6)
Like in [3], for given 1 ^  p ^  oo and uj E O, we define H p’u as the set of 

all functions /  E Я р,ш for which
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и »  ! №  =  o.
o+ Lu(h)

The norm in H p,u) is given by the formula

II/Н я р .« :=  ll/lkp +  l l / I U -

In the whole paper the symbols М а>ь will denote positive constants, dependent 
only on the indicated paramétrés a, b.

2. Auxiliary results

In this part of the paper we will give some auxiliary inequalities which will 
be used in the proofs of main theorems.

It is known (cf. [6]) that for y >  0, r 2 =  (x — s )2 -f y2, p2 =  s2 4- y2, we 
have

J  y K 0 {cp)ds =  ^ y e ~ C!/,

— lie2f
271- I J r

1 1f
27Г II,J r

1
7Г

< ~c\\f\\LPy,
LP

Lp
^  2 |̂|»||/.р У,

— f  cyr l K i ( c r ) d s  =  
n JR

-cy

(7)

(8)

(9)

( 10)

We will show some other properties of the solution u ( - , y ; f , g )  defined by
( 2).

Lemma 1
I f  f  G L p, 1 ^  p  ^  oc, then

\ \u(- ,y, f ,g) \ \LP <  |||/||lp +  -^ \ \9 \ \ lp f o r y >  0. (11)

Proof. By the definition of the norm (3) from (2) we have

M - , y ; f , g ) \ \ L r

* ll/llL " è  / _ „  [ у й р *1 ( c ^ + ^ ) + c 2 y  K  I

+  IIö IIlp ^  f R y \ K o ( c >/t2 +  У 2) I d t

Since K v ( c \ J t 2 -f >  0 for V — 0,1,  hence by (7) and (10) we get

dt
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1 М ' , » ; / , » ) 1 1 н  «  I I / I I l p  ^  { 2 » e - »  +  2 c 2 ^ - * }  +  IIs IIl p  T A „ e - « <  

«  Il/ Н и  +  |s/e-<®} +  llslln £ y e -< * .

Taking into account the inequalities

ye~ cy ^  -  and e_cy < 1  for y >  0, c >  0, 
c

we finally get (11).

Lemma 2
I f  f , g  £ Н р'ш with fixed 1 ^  p  ^  oo and ш £ ft then

1
llu(’i У! />  ̂2 Il/Hp̂  4" ąc2 llsllp.u»

fo r  y >  0, i.e. u(-,  y; / ,  g) £ Lfp,u; /o r  any fixed у  >  0.

Proof. Prom (1) it follows that for h ,x  £ К  and у >  0: 

l l^ h u (x ,y ;f ,g )H LP =  u { x , y \ A hf , A hg).

Hence by (3) and Lemma 1 we obtain

3 1
\\Ahu(-,y;f,g)\\LP ^  \\u(-,y;Ahf , A hg)\\Lr ^ - Ц Д / J H l ? +  -^ \ \A hg\\Lr 

Finally, by the definition (5) we can write

i, , t  mi /  IW^hfWbP + -^iW^hgWbp
\ m - ,y \ f ,g ) \ \ p v  <  s u p  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

(12)

(13)

0<Л<1

3

2 о<л<1

3

uj(h)

ЦД/i/I Ilp , J _  gup HA/iglk? 
4c2 0<h<i u{h)<  Ö SUP " -V,."" +  779 SUPu(h)

~  Ĥ/llpA» 4“ Ąę2 ll̂ llp.u)
for у >  0, which ends the proof of the lemma.

From the definition of the norm in Н р'ш (defined by (6)) and Lemmas 1 
and 2 we have the following corollaries:

Corollary 1
I f  / ,  g £ H p,u), 1 p  ^  oo, uj £  ft, then

3 1
\ H- , y ; f , g ) \ \ HP- “ <  2 ïïfÏÏHP'“ 4- ^ l l ö l l ЯР." f o r y >  0, 

i.e . for any fixed у >  0 the functions u(- ,y;  f , g )  £  # p,u;.
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Corollary 2
I f f , g e H p*>, 1 < p  ^  oo, u) G f î , then for any fixed y >  0

u{- ,y,  f , g ) &  H P,UJ.

3. M a in  re su lts

3 .1 . In this part of the paper we will prove two boundary theorems for 
the solution u(-,y;  / ,  g) of (1) in the case of functions / ,  g belonging to given 
L p-space, 1 ^  p  ^  oo.

T heorem 1
I f f , 9 G LP, 1 ^  p ^  oo and the modulus of continuity o f the function f  

fulfills the condition

then there exists a positive constant M a such that for  0 <  y ^  1 the following 
inequality holds:

Proof. Let r2 =  (x -  s )2 +  y 2, p2 =  s2 +  y2. Prom the integral form (2) of 
the function u; (3), (7) and (10) it follows, that (for y >  0)

co(f , t)  ^  M t a , 0 <  a  <  1, t > 0 ,  M  — const. (14)

I -  /I Ilp ^  м ауа . (15)

I K - . y ; / , 5) -  f\\bp  ^  -  I [  i f{s)  -  f { - ) ] cyr  l K \ ( c r )  ds 
*  I U r

^  ^  +  2С11/И^Р +  2^lbl llpV ,

where

Having put

P (t, s ) =  f ( t  -  s) -  2f { t )  +  f ( t  +  s); t , s >  0,

from the definition of modulus of continuity and (14) we can write
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1 II
A =  -  /  <p(-, s ) cyp~l Ki { cp) ds

7 Г  II У о

2 —  [  \\s\\Q y p ~ l Kx(cp) ds.
n  J o

LP

It is known ([6], [7]) that
Ki ( cp)  <  (cp)- 1 . 

Since p2 =  s2 +  y2. this implies 

2 M
Л +

Ш  [ ° °  sa _  2 M y  Г H  s2 Г

п  У  Jo S 2 + у 2 7Г [Уо S 2 + У 2 5 Jy

оо sa

S2 +  у 2

К [у Jo Jy

d s

and by a direct calculation we finally get

A  ^  M a y a for у >  0,

and also

1 М-,У ; / ,9 )1 кр <  M ay a +  Q c||/||iP +  ^II^IIl p^ у ^  M aya

for 0 <  у  <  1. Th e proof of (15) is completed.

The following theorem can be proved analogously.

Theorem 2
I f f , 9 e  V ,  1 ^  p  ^  oo and the modulus of continuity o f g fulfills the 

condition
w(g, t )  ^  M t a , 0 <  a  <  1, t >  0, M  =  const. (16)

then there exists a positive constant M Q such that for  0 ^  у  ^  1 the inequality

IIA«(-,y;/,y) ~9Wlp <  hdQya (17)

holds true.

Theorems 1 and 2 imply the following corollaries: 

Corollary 3
Under the assumptions o f Theorem 1 we have

lim \ \ u { - , y j , g )  -  /||lp =  0.
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Corollary 4
Under the assumptions o f Theorem 2 we have

lim IIA u { - , y , f , g )  - g \\LP =  0. 
y-> o+

3 .2 . Using the estimations obtained in part 3.1 we will give next two 
boundary theorems for the solution u(-,y;  f , g )  in Holder norms.

Theorem 3
Let f , g £  Н р,ш, and w(t) =  ta , 0 <  a  <  1 where 1 ^  p  ^  oo are fixed. Let 

also p(t)  — t0  with fixed ß , 0 <  ß  <  a  <  1. Then there is a constant M a >  0 
such that for  0 <  у ^  1 the inequality

\ H - , y ; f , g )  - / ( - ) | | я р .“ <  M aya- ß ( 18 )

holds true.

Proof. Denote (for short):

W{x,  y,  / ,  g ) =  u{x,  y; / ,  g) -  f ( x )  for X G К , y >  0.

Then by (6) we have

\ \W(;y,f,g)\\Ĥ  = \\W(;y,f,g)\\LP + \\W(;yJ,g)\\Ptli

and moreover, by Theorem 1,

11Щ - , у ; / , 0) 1кр ^  M aya for о <  у ^  l ,  

which further gives

\ \W(- ,y, f , g) \ \LP  ^  M aya ~ 0 for 0 <  у ^  1.

Taking into account the definition (5) we can write

IIW ( ;  y; / ,  g ) \\Ptß =  sup ^  T (y) +  S(y)  for y G (0, 1],
h> 0 np

where

______ \\AhW(;y,f ,g) \ \LP \\^hW(-tyJ,g)U„
• sup a , <5(y) ■ sup a

h>y W  0<h^y n

Since for any F  G L p we have

| | А л Л к р   ̂2\\F\\l p ,

hence

T( y )  ^  - r e suP\ \A h W{ - , y , f , g ) \ \ LP ^  - ^2 \ \ W{ - , y ; f , g ) \ \ i P  
h h>y У
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and by Theorem 1 we get

T{y)  ^  —д М ауа =  2 Мау а - 0 for 0 <  у <  1.
У Р

Using identity (13) we have

A „ W (x , y; f ,  g) =  u(x,  y, Д / J ,  A hg) -  A ^ /( z ) ,  

which by the formula (3) and Lemma 1 yields

\ \ & h W ( - , y , f , g ) \ \ Lp ^  IM -,y ; A ßf ,  A h)\\LP +  ||A /J ||lp 

^ 2 I|A/J||lp +  ^ 2  ЦАлуЦ^р.

Further, from the assumption f , g  G Я р,ш with w(f) =  ta , that is w(t, / ,  L p) ^  
M ata and иj ( t , g , L p) ^  M Qta it follows that

||AMW ( - ,y ; / , y)||/,p ^  M aha .

Consequently

S( y )  ^  M a sup
0 <h^.y

II A / j / U l p  +  l | A / , y | | i P
P 0

^  M a sup j-g ^  M QyQ ß 
0<h^y W

for 0 <  у ^  1. Adding the above estimations we obtain (18). This ends the 
proof of Theorem 3.

Three following theorems can be proved analogously.

Theorem 4
Let f , g, и , ß and a , ß fulfill the assumptions of Theorem 3. Then there 

exists a constant M a such that

l|Au(-,y;/ ,gr) -  g(-)||tfp.p M ay a ~ 0  for  0 <  у ^  1. (19)

T h e o r e m  5

Let f , g &  Н р'ш and cu(t) =  ta , with fixed l ^ p ^ o o ,  0 <  a  <  1. Let also 
ß(t) =  tß with fixed ß , 0 <  ß  <  a  <  1. Then

\ \ W ( ; y f , g ) \ \ ^ = o ( y a- 0) ,  y - +  0+ .

T h e o r e m  6

Under the assumptions of Theorem 5 we have
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