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Boundary properties of solutions of the iterated
Helmholtz equation

Dedicated, to Professor Zenon Moszner
on the occasion of his 70th birthday

Abstract. Some theorems about boundary properties of solutions of
the equation (4 —c2)2u(x,y) = 0 in Holder spaces are given. This is
a continuation of E. Wachnicki’s study of the above equation, cf. [0].
Similar theorems referring to Picard’s singular integral may be found in

[1]1 H-

1 Definitions and notation

1.1. In the paper [6] E. Wachnicki gives the solution of the Dirichlet
problem for the equation

(4 - c2)2u(x,y) = 0. c¢> 0, (1)
in the upper half-plane = {(x,y) : Xl < oo, y > 0}, with the conditions
“(@Y)ly=o = /(*), Au(*!)]»=0= g(x),

where [ denotes the Laplace operator, that is

d2u d2u

Autx.y) dx2 dy2

and / and g are given functions defined on R.
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The solution presented by E. Wachnicki is of the form

u(x,y,f,9) =Y [ f{s) ftcrryK~cr) + c2yKo{cr)]ds
JK

O

T [ g(s)yKo(ends,

where r2= (x —s)2 T y2 and Kv is the w-th MacDonald’s function.

1.2. Let Lp= LP(K), 1< p < oo, be the classical space of real functions
whose p-th power is Lebesgue integrable. The symbol L°° = L°°(IR) will
denote the space of uniformly continuous and bounded functions. The space
Lp, 1~ p ~ oo is equipped with the usual norm

(/_" \f(x)\rdx)] for 1~ p < oo,

Ip 'm= i 3)
sup|/(s)] for p = oo.
s6M

For any given function f E Lp, | * p 2~ 00 and X,h E K we introduce the

modulus of continuity:

L){t-/, Lp) := sup WAhf\\Lp, 4)
\h\&

where A /,/ is the classical difference:
A hf{x) = f{x + h) - f(x).

By O (cf. [5]) we denote the set of those functions f E Lp which have
modulus of continuity, satisfying the conditions

a) / is defined and continuous in [0, Too],

b) f(t) is increasing for t > 0,

c) is decreasing for t > 0.

Following [3] we define, for given v E D and 1 ~ p ~ o0, the generalized
Holder space (a subspace of Lp-space), which we denote by H p,bl, as the set of
all functions f E Lv for which the quantity

®)

1P,U>

sup

O</i<t u(h)

is finite. The norm in Hp'u is defined by
1UHhp- — WWp + 11llp,g 6)

Like in [3], for given 1 ~ p ™ oo and uj E O, we define H p'u as the set of

all functions / E A puw for which
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m» 1 Ne = o.
o+  Lu(h)
The norm in H pu) is given by the formula
WHap« := Il/Ikp + 11/1U -

In the whole paper the symbols Mab will denote positive constants, dependent
only on the indicated paramétrés a, b.

2. Auxiliary results

In this part of the paper we will give some auxiliary inequalities which will
be used in the proofs of main theorems.

It is known (cf. [6]) that fory > 0, r2= (x —s)2-fy2, p2 = s24-y2, we
have

J  yKo{cp)ds = ~"ye~Cl, (7
K+ -
27“1 : < ~oWLPy, ®)
A 2NPLEe Y, 9
or K, L e ©)
—f cyr IKi(cr)ds = & (10)
A JR

We will show some other properties of the solution u(-,y;f,g) defined by

(2).

Lemma 1
Iff GLp, 1~ p ™ oc, then

WuC-y. fowee < [[J]]p + -~wovup  forys o (11)

Proof. By the definition of the norm (3) from (2) we have

M-,y;f,g)\\Lr
<ML e [, [y ih p *LcN + A )+ eyK
+ lslp ~ tRy Ko (¢ 2+ v3 lat

Since Kv (c\Jt2 -f > 0 for V—0,1, hence by (7) and (10) we get
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IM " »il»)LLH o« HHp A {2»e-» + 2¢2™ - * } + lsllip T A, e-«<
« IWHwn + |s/e-<®} + llIslin £ye-<*.
Taking into account the inequalities

ye~cy » - and ecy <l fory>0 c> 0,

c
we finally get (11).
Lemma 2
If f,g £ Hp'w with fixed 1~ p ~ oo and w £ ft then
. 1
(i S A 2WH M o Mo @)

fory > 0, i.e. u(-,y;/, g) £ Lfpy /or any fixedy > 0.
Proof. Prom (1) it follows that for h,x £ K and y > 0:
HAhu(x,y;f,g)HLP = u{x,y\Ahf, A hg). (13
Hence by (3) and Lemma 1 we obtain
\Ahu(-,y;f,g)\\LP ~ \\u(-,y;Ahf, A hg)\\Lr -Su 1/IHI? + -}‘\\Ahg\\Lr
Finally, by the definition (5) we can write

B, ot omi IWAhFWBP + -AiW~AhgWhp
\m_’y\f’g)\\pv ¢ N TR E T PP,

3 Uas/tiep ., J_ gup HA/iglk?
< QR T uthy” t Ao uqn)
Ao 4°ae2 V1)
for y > 0, which ends the proof of the lemma.

From the definition of the norm in Hp'w (defined by (6)) and Lemmas 1
and 2 we have the following corollaries:

Corollary 1
If/,g £ Hpu, 1 p ~ oo, uy £ ft, then

3 1
\H-,y;f,g)\\HP-* < 2iif{i[HP™ 4- A 116 119P." fory> 0,

i.e. for any fixed y > 0 the functions u(-,y; f,g) £ # pu;
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Corollary 2
Iff,geH p*> 1<p ~ 00, uy Gfi, then for any fixedy > 0

u{-,y, f,0)& HPW

3. Main results

3.1. In this part of the paper we will prove two boundary theorems for
the solution u(-,y; /, g) of (1) in the case of functions /, g belonging to given
Lp-space, 1 ~ p ™ oo0.

Theorem 1
1ff,9 G LP, 1~ p ~ oo and the modulus of continuity of the function f
fulfills the condition

co(f,t) ~ Mta, O0O<a<1 t>0, M —const. (19)

then there exists a positive constant Ma such that for 0 < y ~ 1 the following
inequality holds:
| - /ll1p » maya. (15)

Proof. Letr2= (x- s)2+ y2 p2= s2+ y2. Prom the integral form (2) of
the function u; (3), (7) and (10) it follows, that (for y > 0)

IK-.y;/,5) - f\op ~ - I [ if{s) - f{-)]cyr IK\(cr) ds
* Ur

AN+ 2CTEINAP + 27MblTIpV,

where

Having put
P(t,s) = f(t - s)- 2f{t) + f(t+s); t,s> 0,

from the definition of modulus of continuity and (14) we can write
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11
A= - <p(-, s)cyp~IKi{cp)ds
m Yo LP

2— [ \s\WQyp~IKx(cp) ds.
n Jo

It is known ([6], [7]) that
Ki(cp) < (cp)-1.

Since p2 = s2 + y2. this implies

M [°°  sa _2My CH s2 ro sa
n+ + + 5 ds
n ¥yJo S2 ly2 I s2 Ty2 Jy S2+y2

Kiyb Yy
and by a direct calculation we finally get
A~ Maya fory > 0,

and also
1IM-Y;/,9)1kp < Maya+ Qcll/]liP + ~MI~HpNy ~ Maya

for 0 < y < 1. The proofof (15) is completed.
The following theorem can be proved analogously.

Theorem 2
1ff,9 e V, 12~ p ~ oo and the modulus of continuity of g fulfills the
condition
w(g,t) » Mta, O<a< 1 t>0, M = const. (16)

then there exists a positive constant MQ such that for 0 ~ y ~ 1 the inequality

HA«(-y:/y) ~Wip < ldya 17)
holds true.

Theorems 1 and 2 imply the following corollaries:

Corollary 3

Under the assumptions of Theorem 1 we have

lim \\u{-,yj.g) - /[lp = O.
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Corollary 4

Under the assumptions of Theorem 2 we have

lim NAu{-,y,f,g) - g WP = 0.
y->o+

3.2. Using the estimations obtained in part 3.1 we will give next two
boundary theorems for the solution u(-,y; f,g) in Holder norms.

Theorem 3

Let f,g£ Hpw, and w(t) = ta, 0 < a < 1 where 1~ p ™ oo are fixed. Let
also p(t) —t0 with fixed B, 0 < B < a < 1. Then there is a constant Ma > 0
such that for 0 < y ~ 1 the inequality

\H-,y:f,g) -/(-)[lsp» . < Maya- R (18)

holds true.

Proof. Denote (for short):

W{x,y,/,9)= u{x, y;/,9) - f(x) for XGK,y > 0.
Then by (6) we have
WWGY,FWHY = WW(GY,f,g)\\LP+ \\W(;yJ,g)\\Ri
and moreover, by Theorem 1,
fy -,y;/,0)kp ~ Maya for0<y~ I,
which further gives
WW(-,y,f,g)\\LP ~ Maya~0 forO0O< vy "™ 1

Taking into account the definition (5) we can write

W (; y;/, g)WPtB = sup AN T(y) + S(y) fory G (0,1
h>0 np
where
. N -
_ SUID\\AhW(,y,I‘;,g)\\LP | <) . WAhW( tyé],g)U,,
h>y W O0<hy n

Since for any F G Lp we have
[|Anh K p ™ 20WF\ap,

hence

T(y) N -resuPVNAhW{-y,f,g)\\LP ™ -22\\W{-,y;f,g)\iP
h h>y y
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and by Theorem 1 we get
T{y) » y—,F?,Mayaz 2Maya-0 forO< y< 1

Using identity (13) we have
AW (x,y: f,g) = u(x,y,4/J, Ahg) - A™I(z),
which by the formula (3) and Lemma 1 yields
W&hW (-,y,f,g)\\Lp ~ IM-,y; ART, Ah)\LP + |JA /J|1p
N 20A0 e + A2 LAY Y.

Further, from the assumption f,g G A pw with w(f) = ta, that is w(t,/, Lp) »
Mata and vj(t,g,Lp) » MQta it follows that

HAMN (-y;/ »Illp ~ Maha.
Consequently
. : .
S(y) A~ Ma sup WA TG0 vp + ATALY[LIP Ma sup jg A MOyQ &
O<hry PO O<hty W

for 0 < y ~ 1. Adding the above estimations we obtain (18). This ends the
proof of Theorem 3.

Three following theorems can be proved analogously.

Theorem 4
Let f, g, n, B and a, B fulfill the assumptions of Theorem 3. Then there
exists a constant Ma such that

HAu(-y:/.gr) - gO)llItfpp  Maya~0 forO0<y " 1 (19)

T heorem 5
Let f,g& Hp'wand cu(t) = ta, with fixed I"p~0oo0, 0< a < 1 Let also
B(t) = tR with fixed B, 0 < B < a < 1. Then

WW (;yf,g)\W\*=o(ya-0), y-+ 0+,

Theorem 6

Under the assumptions of Theorem 5 we have
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