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1. Introduction

Let C((IR]) be the set of all continuous real-valued functions on R+ =
[0,+00). Let K ™ 0. We consider the space E k defined by

EK={/eCR+): 3M>0Vr6R+ \f(r)\ ~ Me“'2}.
Let
[|/|lU-=supl/(r)|e-AA
K+

In the space E k we consider the operator wW,,(f) defined by

roo

w.,,()(r,t) = iM /;r,t) = / K l/(r,s,t)f(s)ds (1
Jo

Mathematics Subject Classification (2000): Primary 41A35, 41A25, Secondary 35K05.



252 Eugeniusz Wachnicki

where v~ —5, 1> O, t> O K,(r,s,t — I's"+1/V (L) exp and
ly is a modified Bessel function ([2]);
Yist2K
v N2+ 2 W0 > -1-A + 1) @
For i/=-~w e get I_\{z) = chz and
ds, 3

wn r-i)= [ T 1],)exp (Jr A4ty @)

where
f(s) ifs ™o,

Iw = f/(—s) if5<0.

The integral (3) is the classical Gauss-Weierstrass integral and a solution of
the heat equation.

In the general case, ie. if u ™~ —s, the function I”* (/) is an example of
the solution of the generalized heat equation:

du d2u 2v + 1 du
dt drz » r dr )
Iftt=5—1,n=1,2,.. ,the equation (4) is the heat equation (in Rn+i) in
the radial coordinates and the function w,,(f) is a solution of this equation.
Iff(s) = s2k k 6 N, the function w,,(f) is a polynomial. The polynomials
determined in this way are called radial heat polynomials ([1]). In the paper
[[] the expansions of solutions of the equation (4) in terms of radial heat poly-
nomials and their Appell transforms (associated functions) have been studied.
The integral (1) can be considered as the example of the generalized con-
volution. Indeed, consider in Kn the convolution

(F*G)(x) = f G(X=-y)F(y)dy, X¢& Mn,
Jwl

of two radial functions. If F{x) = /(Ix]), G(X) = j(a:), X\2: ~"=1 xh then
[F*G)(r) = (f *®)(a:) = £ f(\x-y\)g(\y\)dy.
Jy>n
In the spherical coordinates we get
(/ *g{M)

27r"+ i + s2—=2[i|s cose) 2j sinA/s ddds

Zi>+¢é)



On a Gauss-Weierstrass generalized integral 253

where v = %—1. By allowing n to be an arbitrary real number greater than
1 we obtain the operator < defined by

{f®g)(r)
= —N ——p-f J(s)sZ'HL [ g f(r2+ s2—2rscos#)2) sin2' QdOds,
r\wy+ @) Jo n >
r > 0, v'z —i. This operator is a generalized convolution ([4]). Let
) @
9<(p) = (47rt)_1/_1 €XpP at t>0 poG

Using the properties of the modified Bessel function ([2]) we get

r*l&k 2+ s2—2rscosB)2j sin2l/9d9

r2+ s2 rsN
R —f- (sr) exp 4t )4 2t) .

4t7T + 2

Hence W, (f-r, t) = (/ ® gt) (r).
In the present paper in Section 2 we will prove the following theorems:

Theorem 1

Let f G Ek. The function Wu(f) is of the class C°° in the set D =
{M):r>0 0<t< jy} (ifK = 0, then 0 < t < +00). Moreover, the
function W ,,(/) is a solution of equation (4) in D.

Theorem 2
Let f G Ek. If K >0, then for each 6 > 0 and t G ~0, iK(K+08))

function
Wv(f;;t):r—"W,(f-r,t) (5)
is in Ek+o6 and
c\ v+lI
+ N /1k -

If K = 0. then the function (5) is in E kgand
WW,, (f;-, )\\K < [1/]1K,

Theorem 3
Let f G Ek- For every r0 G [0, +00)

WvW,r.,t) = f(rO0).

lim
(r,0)—=={r,.,04)
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Theorem 4
Letf GErmFor every0< a <1

lim Wu(f,r,t) = f(r) 6)
uniformly on [a, RB\.

In Section 3 we will state, using the moduli of continuity, some estimates
of the rate of convergence (6).

2. Proofs
In this section we will prove Theorems 1, 2, 3 and 4.

Proof of Theorem 1. Leta,b,A,B GKandO< a<B,0<b< B < /™.
Consider the set

D(a,6,A,B) = {(r,t): a~r”~ A, b~t"~ B}.

Let p,g & N. Applying the induction and the properties of the modified Bessel
function ([2]) we note that the integral

is a linear combination of the integrals of the form

where k A 1, A 0; p ~il; z™ 1; k/n, \,1 GN.
We get

for (r,t) GD(a, b,A,B), s > 0, where Ci is a positive constant.
Remark that
AKK\Y(i> + k + 1) ~ (2fc)ll> + 1)

for every AG 1lland o » Hence, by (2). we got

cXpr @

forr > 0 and I ~
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This implies that

r-»+\sv+l exp

9
ca 2. (1-4KB 2 A\ ©)
< CAIIK s2B+ exp AN e — s2+ — S

for (r,t) e D(a,b,A,B),s > 0, where C2is a positive constant. Observe that
the integral
-4 KB 2 A\

jT“ S2+,e x --
j p ( v 260 *

is convergent, hence by (9), the integral

l ep(= r) )

and the integral (7) are uniformly convergent on D(a,b, A, B).
This implies that

gp+q /ﬁﬁ mr @prey
arpary J KUr s Df(s) ds = 3~ QrpQtgK “(r, S, 1)f(s) ds

in D. Consequently, the function W,,(f) is of class C°° in D. It is easy to
verify that

dK,(r,s,t) _ d2KIl/(r,s,t) ~2u + | dKv(r,s,t)
dt dr2 r dr
in D for every s e (0, + 00).
This completes the proof of Theorem 1

Proof of Theorem 2. By (2) we obtain

[ s*1l«® (-«*2)W W * = (2721 “p (1) <10>

fora>0R>0p>—1L
This implies that

\w,, (f;r, t)\

< Ik V exp(-5)1 x< lexp(~ (5 - K)*2 (g)is

for (r,t) e 2.
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If K = 0 we get
WW ,, (fr, 1) WK SW\WFK .

Suppose that K > 0. Let > 0 and t G ~0, 4k(k+6)')" Hence <K +6

and
( ry+1

1+ k) o
The proof of Theorem 2 is completed.
Remark 1
The assumption that / G Ek (K > 0) does not imply that the function

(5) is in E k m Indeed, if h(r) = expr2then h G and by the formula (10)
we obtain

W, (fi;r, t) = 1- 4t)-"-lexp (~37)

forr > 0and 0 < t< From the above it follows that W, (h;r,t) exp (-r 2)
is not bounded in [0, + 00) for each t G (O, |).

To prove Theorem 3 we shall need the following lemmas.

Lemma 1
rc0
[ Ku{r,s, t)ds = 1
Ne

for every r > 0 and t > 0.

Proof. From (2) and from the inequality
sQe“s ~ oae“n, s>0 a>0

it follows that the series

oo j,2kg2i/-{-2k+ 1 exp M

o {Aty+2k+ Ik\Y{v + k+ 1)

is uniformly convergent on [0, + 00) with respect to s for every r > 0, t > O.

v>~T
Hence
roc

/ Kv{r,s,t)ds
N o)

2K
= M =4 3 7 E:O{At)ZKAk\Y{U + k+ 1) T s2/+2ct exp (—Ss
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1 ¢ r2\ A r Zodi)2+fcHr(i/ + A+ 1)
4teXP\ ar) + A+ ]
Lemma 2

LetB > a > 0. If6E (0,a), <Jlen

rr—&

lim / Ki/fr, s, t) exp (Ks2) ds = O,
t->0+ Yo

uniformly on [a, /3].

Proof. From inequality (8) it follows that

mr—e
/ K. (r,s, f) exp (Ks2) ds

s2'tlexp (r- s K 32’3 ds
Jo

oS

iox every r G (a,/?], where Ci, C2 are positive constants independent of r.

Hence
rr—6

lim / K,(r,s, t)exp (Ks2) ds = 0,
«->0+ yO

uniformly on [a, R].

Lemma 3
Let6 > 0, 3 > 0. Then
ra
li / K, (r,s,f)ex Ks?2) ds = 0,
«-PIB'FJF+S ( ) P ( )

uniformly on (0, R\.

Proof. Similarly as in the proof of Lemma 2 we get

/++00

/ K.,(r, s, t)exp (Ks2) ds
Jr+6

sj C\t~v~I sAHlexp (k3f- '415)2 ds

where C\ is a positive constant.
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Observe that

- sY Kr2 1- AKt
KSZ {r SY S —
Al 1-4Kt At 1- AKt
Thus
r'#o0
!/ Ku(r,s,t) exp (Ks2) ds
Jr+O
1- 4AT
sd/+lexp (— s - ds
T w op+g 4t 1- AKt

foro<r~R Let0O< a < rsli'é,,thena< 1 and

o<
1-a)(B +59)
Assume that K > 0. Let 0 < t < where
6-a(lR + 6)

V= (l~a)® + sy
It follows that 0 < t< -w and

AKt + (1 - AKt)a

I-A K t r<(@—ayp (")

for O < r ~ R.
From (11) we obtain

—ayr+on"

1- AKt
and
sa
1- AKt
fors>r+6and O< r ~ R,
Henc
f+ 600
A,(r,s, f)exp (Ks2) ds
» f+oo .
sV ex[% 1 1 —AKt 922 1 ds
1 4t
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Vo 41 n-f-oo ,
= C2t / sZ'+lexp f-s2) ds
1 -4 Kt
00
sZ2'+l exp (—s2) ds
V7
for every O<r~R, where 7 = \/I - r] a6, C2, C3 are positive constant.
The integral
s2u+l exp (—s2) ds

is convergent for n ~ —A. There exist N > 0 such that

r+00
/ sZ2'+lexp (—s2) ds <
Jin
H
ence 00
/ FfAr,s, f)exp (Ks2) ds ™ e
Jr+6
forO<r~ R and 0 < f < min j.

If K = 0, similarly we get

f “ Ku(r,s,t)ds < e
o/1+<5

forO<r~Rand O0< t< N7 .
This completes the proof of Lemma 3.

Proof of Theorem 3. Let ro ™~ 0. By Lemma 1 we get

r oo

\Wv (f-,r,t) - f(ro) < J/ IMr ,M)/(s) - /(r0)]ds.
o]
Let e > 0. By assumption there exists d > 0 such that
1/bl -/bl 1< (12

for |s- o]l < 6 ifro > 0 and for s G (0,5) ifro = 0.
First we assume that ro = 0. We get

/ Ku(r,s,t) |/(s) - / (rO)] ds < / Kv(r,s,t) [/(s) - /(r0)]ds
do Jo
+ Kv(r,s,t) |/(s) - /(r0)]ds

= A+ B
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By (12) and Lemma 1 we obtain
£ rS £ fOO

- t)yds = -
2J0 KAr's,trds ~» 2Jo KAr's' )ds ’

A <
for every r > 0.
IfO<r < g,then r+ ) < 6 and
reo
J K,{r,s,t) \f(s) - f (r0)] ds
roo
2] | /1ky KI{r,s,t)exp(Ks2) ds

B

A

fo+ Q0

2111k 1 s,t) exp (Ks2) ds.
Jr+i

A

The above inequality and Lemma 3 imply that there exists 7> 0 such that
B <l forO<t<mT0<r< | Hence

1X N/;M)-/(0)] <£

forO< t< 770 < r< It follows that lim(nt)_q0+i0+) Wu(f;r,t) = /(0).
Let ro > 0. We get

\Wv{f\r,t) - /(r0)] < [ Ki/(r,s,t)\f(s) - f (r0)] ds
Jo
+ [ K, (r,s,t)\f(s) - f (ro)] ds
J |sro]<b
r+oo
+ K,(r,s,t)\f(s) - f (ro)] ds
Jro+5
= A+ B+ C.
By (12) and Lemma 1 we get B < | for every r > 0. Let Jr—ro] < then
ro—6<r—"andr+ | <ro+ S
Hence
A+ C
~ 210 {7 K, (r, s,t) exp (Ks2)ds + Ku(r, s. t) exp {K.s2) d j.

Lemma 2 and 3 imply that there exists 77/ > 0 such that A + C < ~ for
0<t< Tand Ir —7(] < Finally

IN(/r,t) - 1(r0)I< £

foro < t<mand Il —to| < f- This ends the proofof Theorem 3.
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The proof of Theorem 4 is similar to that of Theorem 3.

3. Rate of convergence

In this section we will state some estimates of the rate of convergence of
the integral Wv{f\r, t) as t — >0+. We shall apply the method used in the

paper [3].
Using (2) we get

roo Bu+2kT{n + k+ g + 1)
| sl/+2R+1exp (-as2) 1,(Rs) ds =
el (r/ + k + 1)al+c+ N+ 121/+2fc+1
Jo k=0
form”~ —i, g™~ 0,a>0,0B>0.
Hence
1 for i = 0,

Wv(fi-,r,t) = r2+ 4t{v + 1) for r= 1, (13)

krd+ 8tr2(y + 2) + 16t2(v + I)(u + 2) forr= 2,

where ft(s) = s2i.
Observe that

WM-.r.t) = s '--'exp sSexp (-)/, (M)/I(>Nn )*.

Putting

¥0=51 (f2ep(-11)7(") R9*

we obtain
W, (f;r,t) = VI/{g-,r2,t),
where /(s) = <?(s2).
By (13) we get
1 for i = 0O,
Vv(gr.x.t) = < X+ 4t(v + 1) forr= 1, (14)
kX2 + blx(n + 2) + 16t2(u + \){v + 2) fori = 2

Vv (ipx; X, f) = + 16t2( + I)(n + 2) (15)

where &(s) = s\ ipx(s) = (s - x)2.
We shall prove the following
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Lemma 4

Let o € C'(R+). Assume that

Li{g.h)= sup \g{x+ h) -¥(X)| < +00
0gtGh
X >0
for every h > 0. We have
IVv(g\x,t) - 30K)] ~ Lu)(g\ y/8tx + W{n + 1){u + 2)j (16)

for X > 0 and t > 0, where L is a positive constant.

Proof. First we suppose that g is continuously differentable on [0, +00)

and g' is bounded on [0, +00). We have

g(s)=g(x)+[ a{m)dr.

X

Hence, from Lemma 1, formula (15) and from the Hd8lder inequality we obtain

\W.,.{g-,x,t)-g (:r)K sup V9'{s)\V, ("x,x,t)
,+00)

< sup |p' )l {V. (9x;x,1))T {Vu(g0;x,t))t
,+00)

= sup Jg'(s)|V8tx 4- W 2(r/ + I)(v + 2)
[0,+00)

for X > 0, t > 0, where ®*7~) = |s —x\.

Let g € C(R-]_). Assume that cu(g,h) < +oo for every h > 0. Let gb be
the Steklov mean of g, i.e.

1 fh
9h(x) = ~J a(x+ «)ydr, x >0, nh > 0.

We have

1 rh
g(x) - gh{x) = - J (g(x) - g(x + r))dr,

9/N1) = € [9(x + h) - g(xX)}.
which implies that g/, is continuously differentiable on [0, +o0) and dh is

bounded on [0, +00). Moreover

sup lg{x) - gh(x)\ ™ w{g,h), sup \gh(s)\ < h Iw{g,h). a7
[0,+00) [0,-foo)

Since

IV, {g:x. t) - g{xX)|™ WV, (g - gn\x,t) ]+ \WU(@n\x,t) - gn{x)\ + \gn(x) - gX)|
= A+ B + C,



On a Gauss-Weierstrass generalized integral 263

from (17) and the first part of this proof we get
B N h~luj(g, h)y/8tx + 16t2(v + I){u + 2).
By (14) and (17) we have

A= \WVu(9- 9h' x,t)l ~ V, (Jg- 9h\;x,t)

< sup \g{s) - gh(s)\*u(g.h),
[0,+00)

C ™ u(g,h).
Hence
|F,.(6, x,t) - @) ~ 2w(g,h) + h~1w(g,h)y/8tx + 16t2(v + \){v + 2)

for X > 0, t> 0.
Setting h = y/8tx + 18t2(y + I)(u + 2) we obtain (16).

Prom Lemma 4 we have

Theorem 5

If g is continuous on [0, + 00) and w(g,h) < 00 for h > 0, then
IV, (f.r,t) - f{r)I< Mu (g, y8tr + 16t2(u + \){u + 2))

forr > 0, t > 0, where g(s) — f{*/s), s € [0, + 00).
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