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1. Introduction

Let C(IR |. ) be the set of all continuous real-valued functions on R+ = 
[0, +oo). Let К  ^ 0. We consider the space E k  defined by

E K = { /  e C(R+) : 3 M > 0 V r 6 R +  \f(r)\ ^ M e “ ' 2} .

Let
||/|U -=sup|/(r)|e-AV\

K+

In the space E k  we consider the operator W„(f)  defined by
roo

w „ ( /) ( r ,t )  =  i M / ; r , t )  =  /  K l/( r , s , t ) f ( s ) d s
Jo

( 1)
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where v ^  — 5, г >  O, t >  О, K„(r,s,t) — l's"+1/ I/ (Ц ) exp and

I у is a modified Bessel function ([2]);

yis+2 к

Iv ^  ^  2 "+2* Ш > -I-A +  1)'

For i / = - ^ w e  get I _ \ { z ) =  ch z and

w ^ r- i ) = / Г / |, )ехр ( J r  ~ ä)

(2)

4t
ds, (3)

where

/ w  =-{
f ( s)  if s ^ 0,
/ ( —5) if 5 < 0.

The integral (3) is the classical Gauss-Weierstrass integral and a solution of 
the heat equation.

In the general case, i.e. if и ^ —5, the function И^ ( / )  is an example of 
the solution of the generalized heat equation:

du d2u 2v +  1 du 
dt dr2 ^  r dr (4)

If t/ = 5 — 1, n = 1,2,... , the equation (4) is the heat equation (in Rn+i) in 
the radial coordinates and the function W„(f) is a solution of this equation.

If f ( s)  =  s2k, к 6 N, the function W„(f)  is a polynomial. The polynomials 
determined in this way are called radial heat polynomials ([1]). In the paper
[1] the expansions of solutions of the equation (4) in terms of radial heat poly
nomials and their Appell transforms (associated functions) have been studied.

The integral (1) can be considered as the example of the generalized con
volution. Indeed, consider in Kn the convolution

( F  * G ) (x )  =  f  G ( x  —  y ) F ( y )  d y ,  x  €  M n ,
J w 1

of two radial functions. If F{x )  =  /(|x|), G ( x )  =  ÿ ( | a : | ) ,  \x\2 =  ^"=1 x h  then

[F  * G)(.r) =  ( f  * «7)(|a:|) = f f ( \x -y \ )g ( \y \ )dy .
Jy>n

In the spherical coordinates we get

( /  * g){ M )

27r"+ i

= i > + è )
+ s2 — 2|i|s  cos в) 2 j sin2l/ в dd ds
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where v  =  % — 1. B y allowing n to be an arbitrary real number greater than 
1 we obtain the operator <g) defined by

{ f ® g ) ( r )

=  —^ ----- -p- f  / ( s ) s 2"+1 [  g f  (r2 +  s2 — 2rs c o s # )2)  sin2" QdOds,
Г  \У +  è) Jo  ̂ >

r  >  0, v 'ź — i .  This operator is a generalized convolution ([4]). Let 

9 < ( p )  =  ( 4 7 r t ) _ I / _ 1 exp Qf_
4t

t >  0, p G

Using the properties of the modified Bessel function ([2]) we get

Г*«Pi ( k 2 +  s2 — 2rs  cos в) 2 j  sirsin2l/ 9 d9

= --------— f -  (sr) exp
4t7T +  2

r2 +  s2 
4t ) 4

rSN

2 t )
■

Hence W „ ( f -r ,  t) =  ( /  ® gt) (r).
In the present paper in Section 2 we will prove the following theorems:

T heorem 1
Let f  G Е к . The function Wu( f )  is of the class C ° °  in the set D  =  

{ M )  : r >  0, 0 <  t <  j y }  (if  К  =  0, then 0 <  t <  + oo). Moreover, the 
function W „ ( /)  is a solution of equation (4) in D .

T heorem 2
Let f  G Е к .  I f  К  > 0 ,  then for each ó >  0 and t G ^0, i K (K+ö))  

function
Wv( f ; ; t ) : r — ^ W „ (f - ,r , t )  (5)

is in E k + ö and

(
c \  v + l

1 +  ^ J  l l / l k -

I f  К  =  0. then the function  (5) is in Е к  and

\ \W „ (f ; - , t ) \ \K <  ||/|k,

T heorem 3
Let f  G Е к -  For every r0 G [0, +oo)

lim WvW,r.,t) =  f ( r 0). 
(r,t)—>(r„,0+)
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T h e o r e m  4

Let f  G E r ■ For every 0 <  а  <  ß

lim Wu( f , r , t )  =  f ( r ) (6)
uniformly on [a, ß\.

In Section 3 we will state, using the moduli of continuity, some estimates 
of the rate of convergence (6).

2 . P r o o fs

In this section we will prove Theorems 1, 2, 3 and 4.

Proof of Theorem 1. Let a , b , A , B  G К  and 0 <  a <  В ,  0 <  b <  В  <  ^ .  
Consider the set

Let p ,q  & N. Applying the induction and the properties of the modified Bessel 
function ([2]) we note that the integral

D ( a , 6, A , B )  =  {(r , t) : a ^ r ^  A , b ^ t ^  B } .

is a linear combination of the integrals of the form

where к ^  1; A ^  0; p  ^  i/; Z ^  1; к,/л, \ , l  G N. 
We get

for (r, t) G D (a ,  b, A , B ) ,  s >  0, where C i  is a positive constant. 
Remark that

-\kk\Y(i> +  k +  1) ^  (2Jfc)!I> +  1)

for every A- G 11 and о ^  Hence, by (2). we got

for г >  0  and и  ^

схр г (8)
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This implies that

r - » + \ sv+l exp

_  ,, ... 2. . . .  (  1 - 4 K B  2 ^  \
<  C ^ l l / lk  s2ß+ exp ^ --------— — s2 +  —  s j

(9)

for (r, t) e  D ( a , b , A , B ) , s  >  0, where C 2 is a positive constant. Observe that 
the integral

- 4 K B  2 A \  ,
+  2 6 * ) *

jT “ S2“ + ,e x p ( - -

is convergent, hence by (9), the integral

I sM+‘exp(-4 r)i>‘Q)f{s
and the integral (7) are uniformly convergent on D (a ,b ,  A, B ) .  

This implies that

gp+q roo roc Qp+q

drPdtv /00 roo Qp+q
Ku{r, s, t ) f ( s )  ds =  J  ̂ QrpQtqK ''(r, S, t ) f ( s )  ds

in D .  Consequently, the function W „ (f )  is of class C °°  in D .  It is easy to 
verify that

d K „ ( r ,s , t )  _  d2K l/(r, s ,t )  ^ 2 u  +  l  d K v( r , s , t )
dt d r2 r

in D  for every s e  (0, + 00).
This completes the proof of Theorem 1.

dr

Proof o f  Theorem 2. By (2) we obtain

/  s*+1 « Ф  ( - « * 2) W W *  =  ( 2 ^ r “ p ( l )  <10>

for a  >  0, ß  >  0, p  >  —1.
This implies that

\w „ ( f ; r , t ) \

<  l l / l k  V  exp ( - 5 )  I  X« 1 exp ( ~  ( 5  -  K )  *2)  ( g )  i S

for (r, t) e Z).
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If К  =  0 we get

\ \ W „ ( f r , t ) \ \ K Ś \ \ f \ \ K .

Suppose that К  >  0. Let <5 >  0 and t G ^0, 4к (к +б)')' Hence <  K  +  6

and

( Г \ I/ + 1

1 +  k )  •
The proof of Theorem 2 is completed.

Remark 1
The assumption that /  G Е к  (К  >  0) does not imply that the function 

(5) is in E k ■ Indeed, if h(r) =  exp r2 then h G and by the formula (10) 
we obtain

W „(/i; r, t) =  (1 -  4 t)- "-1 exp ( ^ 3 ^ )

for r >  0 and 0 <  t <  From the above it follows that W„(h; r, t) exp ( - r 2) 
is not bounded in [0, + 00) for each t G (О, | ).

To prove Theorem 3 we shall need the following lemmas.

Lemma 1
r 00
/  K u{r, s, t) ds =  1
Jo

for every r >  0 and t >  0 .

Proof. From (2) and from the inequality

sQe“ s ^  о ае“ л, s >  0, a  >  0 

it follows that the series

0 0  j,2k g2i/-{-2k+ 1

E
fc=0

exp И )
{A ty+ 2k+ l k\Y{v +  k +  1)

is uniformly convergent on [0, + 00) with respect to s for every r >  0, t. >  0.

v >  ~ T
Hence

roc
/  K v{ r ,s , t )d s
Jo

- м - э  t4 7 fc=0

„2 к

{At)2k^ k \ Y { u  +  к +  1) f
s2l/+2fc+1 exp (-Sds
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1 (  r2\  A r 2fc(4i)2v+fc+1r(i/ + A + l)
4t eXP \  4t )  + A + 1)

Lemma 2
Let ß >  а  >  0. I f  ó E (0, a ) , <Леп 

r r —<5rr—o
lim /  •K’i/fr, s, t) exp ( K s 2) ds =  0, 

t-> 0+ Уо

uniformly on [a, /3].

Proof. From inequality (8) it follows that

rr—6rr — o
/  K „(r , s, f) exp ( K s 2) ds

(r~ s)2 
Jo

lexp(“S)

s2"+1 exp — I- K s 2 ] ds
’)

^  C^t-

iox every r G (a, /?], where C i ,  C 2 are positive constants independent of r. 
Hence

rr—6
lim /  K „ (r , s, t) exp (K s 2) ds =  0,

«->o+ y0
uniformly on [a, ß].

Lemma 3
Let 6 >  0, ß  >  0. Then

Г OO
lim /  K „ (r , s ,f )e x p  ( K s 2) ds =  0,

«-►0+ J r+S

uniformly on (0, ß\.

Proof. Similarly as in the proof of Lemma 2 we get
/•+00

/  K „ (r , s, t)exp  ( K s 2) ds
Jr+6

sj C \ t ~ v~ l s2l/+1 exp ( к з г -2 (r  -  s )2
41

ds

where C \  is a positive constant.



258 Eugeniusz Wachnicki

Observe that

K s 2 {г -  SŸ 
A1

K r 2 1 -  AKt

1 - 4  K t At
s —

1 -  AKt

Thus
" + 00r+oo

/  K u(r, s , t )  exp ( K s 2) ds 
Jr+Ö

т ш / .
s2l/+1 exp ( —

1 -  4AT

for 0 <  r ^  ß. Let 0 <  а  <  -Л ?,  then а  <  1 and

r+ й 

S
ß+S ’

o <

4t
s -

1 -  AKt
ds

(1 - a ) ( ß  +  S) 

Assume that К  >  0. Let 0 <  t <  where

6 - a ( ß  +  6 )
V =

It follows that 0 <  t <  -щ  and

(1 ~ a ) ( ß  +  SY  

AK t  +  (1 -  A K t)a

l - A K t
r <  (1 — a )6

for 0 <  r ^  ß.
From (11) we obtain

and

(1 — a )(r  +  (5) ^

1 -  AKt

1 -  AKt

>  sa

for s >  r +  6 and 0 <  r ^  ß. 
Hence

f + oo/ + 00

A „ (r , s, f) exp (K s 2) ds

1 -V Jr

>2 f+oo 

+6

2v+l i 1 — AKt  sz"+L exp ,
K 1 4t

(И)

s2a 2 I ds
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=  C 2t - V -  1 41

1  - 4  K t

n - f -o o

/  ______ s2"+1 exp f - s 2) ds

/
-too

s2"+1 exp ( —s 2) ds
5v7

for every 0 <  r ^  ß, where 7 =  \ / l  -  г] аб, C 2 , C 3 are positive constant. 
The integral

s2u+1 exp ( —s2) dsf
is convergent for и ^  — A. There exist N  >  0 such that

r+oо
/  s2"+1 exp ( —s2) ds <

J n

Hence

in

r+OO

c3

r+oо
/ F f^ r , s, f) exp ( K s 2) ds ^  e 

J r +6

for 0 <  r ^  ß  and 0 <  f <  min j .

If К  =  0, similarly we get

f “
•/ r+<5

K u(r ,s , t )  ds <  e

for 0 <  r ^  ß  and 0 <  t <  ^ 7  .
This completes the proof of Lemma 3.

Proof of Theorem 3. Let ro ^  0. By Lemma 1 we get
Г  OO

\Wv(f - ,r , t )  -  f ( r 0)\ <  /  J M r ,M ) | / ( s )  - / ( r 0)|ds.
Jo

Let e >  0. B y  assumption there exists d >  0 such that

1 / Ы - / Ы 1 < !

for |s -  7'o| <  6 if ro >  0 and for s G (0, 5) if ro =  0.
First we assume that ro =  0. We get

Г О С  r ö

/  K u(r ,s , t )  | /(s) -  /  (r0)| ds <  /  K v(r ,s , t )  | /(s) - / ( r 0)|ds 
do Jo

( 12)

+

=  A +  В

r  OO

K v(r ,s , t )  | /(s) -  / ( r 0)|ds
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By (12) and Lemma 1 we obtain

rS
A <  '

£ £ f ° °
2 Jo K ^ r' s , t ^ds ^  2 Jo K ^ r ' s '

t )ds  =  - ,

for every r >  0.
s 
2If 0 <  r <  I , then r +  I  <  6 and2

pooroo
B  =  J  K „ { r ,s , t )  \ f ( s )  -  f  (r0)| ds

roo
<  2 | | /lk y  K l/{ r , s , t ) e x p ( K s 2) ds

/• + 00
<  2||/Ik /  s ,t )  exp ( K s 2) ds.

J r + i

The above inequality and Lemma 3 imply that there exists 77 >  0 such that 
В  <  I  for 0 <  t <  T], 0 <  r <  |. Hence

1 Ж Л / ; М ) - / ( о ) | < £

for 0 <  t <  77,0  <  r <  It follows that lim(r)t)_q0+ i0+) Wu( f ; r , t )  =  / (0 ) .
Let ro >  0. We get

\Wv{ f \ r , t )  -  / ( r 0)| <  [  K i/( r , s , t ) \ f ( s )  -  f  (r0)| ds
Jo

+  [  K „ ( r , s , t ) \ f ( s )  -  f  (r0)| ds
J  |s-ro|<<5 

r+oо
+  K „ ( r , s , t ) \ f ( s )  -  f  (r0)| ds

Jrn+Slro+6

=  A +  В  +  C .

By (12) and Lemma 1 we get В  <  | for every r >  0. Let |r — ro| <  then 
ro — 6 <  r —  ̂ and r  +  I  <  ro +  S.

Hence

A +  C

^  2||/||k  { ^ j  K „ (r ,  s ,t )  exp ( K s 2) ds +  K u(r, .s. t) exp {K.s2) d .̂ j .

Lemma 2 and 3 imply that there exists 77 >  0 such that A  +  C  <   ̂ for
0 <  t <  7/ and I r — 7 ()| <  Finally

l ^ ( / ; r , t )  -  / ( г 0)I < £

for 0  <  t < 77 and Ir — ro| <  f -  T h is  ends the proof o f Theorem  3.
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The proof of Theorem 4 is similar to that of Theorem 3.

3. Rate of convergence

In this section we will state some estimates of the rate of convergence of 
the integral W v{ f \ r ,  t) as t — > 0+ . We shall apply the method used in the 
paper [3].

Using (2) we get

roo °°
/  s l/+2ß+1 exp ( - a s 2) I„(ß s) ds =

Jo k=o

for и ^  — i ,  g  ^  0, a >  0, ß  >  0.
Hence 

Wv(fi- ,r ,t )  =

1

r 2 +  4 t{v +  1)

ß ‘' + 2kT{n +  k +  g  +  1) 

/с!Г(г/ +  к +  l )a l'+fc+ ^+ 12l/+2fc+1

for i =  0,

for г =  1, (13)

k г 4 +  8tr2(y  +  2) +  16t2(v  +  l ) (u  +  2) for г =  2,

where ft (s )  =  s2i. 
Observe that

W M -.r . t )  =  s ’ - - 'e x p  s 5 e x p ( - ^ ) / „  ( ^ ) / ( > Л ) * .

Putting

*’() = 5 1  ( f ) 2 exp ( - Т Г  ) 7" ( ^ )  9<s) ‘*
we obtain

where / ( s )  =  <?(s2). 
By (13) we get

W „ ( f ; r , t )  =  Vl / {g-,r2 , t ) ,

Vv(gr.x.t) =  <

1

X +  4t(v  +  1)

for i =  0, 

for г =  1,

k X2 +  Ы х(и  +  2) +  16t2(u +  \ ){v  +  2) for i =  2.

Vv (ipx ; X , f) =  +  16t2(^ +  l ) (n  +  2)

where & (s ) =  s \  ipx (s) =  (s -  x )2.
We shall prove the following

(14)

(15)
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L em m a  4

Let д € C '(R + ). Assume that

L j{ g ,h ) =  sup \g{x +  h) -ÿ(x)| <  +oo 
0 -g t G h

X  >  0

for every h >  0. We have

IVv(g \x ,t )  -  з(ж)| ^  L u )(g \  y / 8 tx +  Ш { и  +  1 ){u +  2 )j (16)

for X  >  0 and t >  0, where L  is a positive constant.

Proof. First we suppose that g is continuously differentable on [0, +oo) 
and g' is bounded on [0, +o o). We have

g ( s ) = g ( x ) + [  д'{т) dr.
J  X

Hence, from Lemma 1, formula (15) and from the Hôlder inequality we obtain

\V „{g - ,x ,t ) - g ( : r ) K  sup \9 ' { s ) \V „ ( ^ x,x , t )
[0,+oo)

<  sup |p'(s)| {V„ (<px; x , t ) ) ï  {Vu (g0 ; x , t ) ) ł
(0,+oo)

=  sup |g,'(s )| \/8 tx  4- Ш 2(г/ +  l ) (v  +  2)
[0,+oo)

for X >  0, t >  0, where Ф * ^ )  =  |s — x\.
Let g €  C(R-|_). Assume that cu(g,h) <  +oo  for every h >  0. Let дь be 

the Steklov mean of g , i.e.

We have

1 f h
9 h(x) =  ^ J  д(х +  t )  dr, X  >  0, h  >  0.

1 r h
g(x) -  gh{x) =  -  J  (g (x ) -  g(x +  r )) dr,

.9/Л1 ) =  t [9(x  +  h) -  g(x)}.

which implies that g /, is continuously differentiable on [0, +oo) and g'h is 
bounded on [0, + o o ). Moreover

sup Ig{x) -  gh(x)\ ^  w{g,h),  sup \g'h(s)\ <  h lw{g,h). (17)
[0,+oo) [0,-foo)

Since

IV„{g:x. t) -  g {x )| ^  \V„ (g -  gn\ x , t ) | +  \VU (gn\ x , t ) -  gn{x)\ +  \gn(x) -  g(x)| 

=  A  +  В  +  C,
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from (17) and the first part of this proof we get

В  ^  h ~ l uj(g, h ) y / 8 tx +  I 6 t2(v  +  l){u  +  2).

By (14) and (17) we have

A =  \Vu (9 -  9h ',x ,t)I ^  V„ (|g -  9h \ ;x , t )

<  sup \g{s) -  gh( s ) \ ^ u ( g , h ) ,
[0,+oo)

C  ^  u (g ,h ) .

Hence

|F„(ö, x ,t )  -  <j(a:)| ^  2w(g,h)  +  h ~ 1w (g ,h )y /8 tx +  16t2(v  +  \ ){v  +  2) 

for X >  0, t >  0.
Setting h =  y / 8 tx  +  I 8 t2(y  +  l ) (u  +  2) we obtain (16).

Prom Lemma 4 we have 

T h e o r e m  5

I f  g is continuous on [0, + 0 0 ) and w( g, h)  <  0 0  for h >  0, then 

IV „ ( f , r , t )  -  f { r ) I <  M u  (g, y/ 8 tr +  16t2(u +  \ ) { u  +  2 )) 

for r >  0, t >  0,  where g(s)  — f { ^ / s ) ,  s € [0, + 0 0 ).
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