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A note on the convergence of partial
Szasz-Mirakyan type operators

Abstract. In this paper we study approximation properties of partial modi-
fied Szasz-Mirakyan operators for functions from exponential weight spaces.
We present some direct theorems giving the degree of approximation for
these operators. The considered version of Szdsz-Mirakyan operators is more
useful from the computational point of view.

1. Introduction

Let us denote by C'(Rp) a set of all real-valued functions continuous on Ry =
[0;+00) and let Ny = NU {0}. In paper [I] we investigated operators of Szasz-
Mirakyan type defined as follows

= 2k .
Ay (f5) = ;pmk(@f(n)’ z>0;
f(O), xTr = O

and
1 x2k+u

Puk(®) = S T s v+ 1)

where T is the gamma function and I, stands for the modified Bessel function, i.e.

e
ZQkJrV

I, = .
(2) kzzo 92F VI T(k+ v + 1)

We studied the operators in polynomial weight spaces

Cp ={f € C(Ry) : wpf is uniformly continuous and bounded on Ry},
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where w), was the polynomial weight function defined as follows
L, p=0;

17w PEN

for x € Ry. The space C), is a normed space with the norm

1fllp = sup wp ()| f(z)]

€Ro
In paper [4] a certain modification of the above operators was introduced

[n(z+an)]

> pz,k(l')f<%)a x> 0;

n
k=0

f(O), rz=0

for f € Cp, where (a,) was a sequence of positive numbers such that

BZ(fv an;x) =

lim a,vn = o0 (1)
n—oo
and [n(x + a,)] denotes the integral part of n(z + a,,).
In the paper were studied approximation properties of these operators. Among
others there was deduced that

i {BY(f.azi2) — f(2)} =0

for every f € Cp, uniformly on every interval [z1, 2], z2 > 1 > 0. In that case
the crucial assumption was that the sequence of positive numbers (a,,) satisfied
the condition .

Similar problems for Baskakov type operators were discussed in paper [5] and
some generalization of truncated operators we can find in [6].

We shall drive analogous results for the modified Szasz-Mirakyan operators for
functions from exponential weight spaces

E,={f € CRy): v,f is uniformly continuous and bounded on Ry},
where v, is the exponential weight function defined as follows
vg(x) = e 9%, qeRy
for € Ry. The space E; is a normed space with the norm

1fllg = sup vq()|f(2)]. (2)

zE€Rg

In this paper we will present a certain modification of the operator B}. We
shall apply the modification to prove the convergence of the operators in exponen-
tial weight spaces.
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2. Main results

At the beginning of this section we will recall the definition of Z,Vl and some
preliminary results from papers [2] and [3], which we shall apply to prove main
theorems.

If v € Ry and n € N we considered operators of Szasz-Mirakyan type as follows

- 2k .
T = | @ g 720
£(0), z=0
for f € E,.

LEMMA 1
For all v € Ry, n € N and x € Ry we have

A (1;z) =1.

LEMMA 2
For all ¢ € Ry and v € Ry there exists a positive constant M(q,v) such that for
each n € N we have 1

(L)

H " Uq7

Applying the definition of ZZ and we get

< M(q,v).
q

LEMMA 3
For all ¢ € Ry and v € Ry there exists a positive constant M(q,v) such that for
each n € N we have

—V
Notice that operators ZZL are bounded and transform the space E; into itself.

LEMMA 4
For all ¢ € Ry and v € Ry there exists a positive constant M(q,v) such that for
each r € Ry and n € N we have

—v z(r+1

[ (¢~ )% )] < (g, "EFY)
LEMMA 5
For all ¢ € Ry and v € Ry there exists a positive constant M(q,v) such that for
all t € Ry and n € N we have

(t—x)*
vg(t)

J;) §M(q,y)m.

n

Uq(x)zz (
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THEOREM 6
If v € Ry and f € E, with some g € Ry, then for all x € Ry

lim {A (fiz)— f(z)} =0.

n— o0

Moreover, the above convergence is uniform on every set [x1, xa] with 0 < 1 < xa.

Proof. Let f € E, with some ¢ € Ry. Pick x € Rg and € > 0. There exists
a number J such that

)~ f@) <5 (3)
for |t — x| < &, t € Rg. By linearity of A, and Lemma [1| we get
|4 (f52) = f ()|
< A (f = f(@)];)

= Y () @l Y selr(2) - 1)

z|<8 m—z\>5

|n+q

=1+ I
Hence by we obtain Iy < 5. Further we get

1fllq 5 (1t — 2| 1flla v
=75 A"(vq(t)’m>+5vq(x)A"(|t 2l;2).

Using the Holder inequality and Lemmas we have
—z)? 3 —v 3 v 1
< I£l [An((t z) )] 1 )]+ W lla_ 7 (¢ — 2y20))

a(t) vq(t) dvg(x)
< H[Ma.0) (x?;)} [M@’”)ULJZ 5!;{,6((1) [M(q”’)x(x: UF
<z

The above estimations imply the convergence in Theorem [0}

In the space F,; we define the following class of partial operators

[(n+q)(z+an)] 2%
=V v 5 > O;
B, (f,an;x) = kZ:O p”’k(x)f(n+q) ’
f(O), z =0,

where we replace the infinite summing in Z; by the finite one and we still have
the assumption .

THEOREM 7
If v € Ry and f € E, with some ¢ € Ry then for all x € Rg

lim {B (f,an;z) — f(2)} = 0.

n— oo

Moreover, the above convergence is uniform on every interval [x1, xs], xo > x1 > 0.
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Proof. Let f € E, with some ¢ € R;. From the definitions of the operators
Z:L and EZ we get

E’lrll(fﬂ an;z) — f()

[((n+q) (z+an)]
, 2k
> P () — @)

=§pz,k<x>f(n2+’“q)—f<x>— > ()

k=[(n+q)(z+an)]+1

= A (f;z) — f(z) — RU(f, an; x)

for x € Ry and n € N. Observe that

v

]2’“ an it k> [(n+q)(z+an)]+ 1.

_x’
n—+q

Analogously as in the previous proof we can write the following estimation

Rreals > sl

k=[(n+a)(@+an)]+1 nta

0o 2k
2k 1£1lq |5tg — @l
C T ()| < WS
_ Ifllq ZZ('t_x|;x).
an vg(t)

The Hoélder inequality, Lemmas [2] and [ imply

s = Ml (o) [ ()

vg(t)

In view of we obtain the required result.

Notice that the same simplified method we can use in polynomial weight spaces
C), to estimate the reminder of the series A”, which was considered in [4].
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