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Chapter 1

Introduction

The theory of hyperplane arrangements is one of the most classical theories in combina-
torial algebraic geometry. The origins of the theory date back to the ancient Greece (4th
century), for instance the celebrated Pappus theorem which leads to the so-called symmetric
(93)-configuration. Another interesting classical result which involves a point-line configuration
is Desargues’s theorem (17th century): if two triangles are in central perspective (lines joining
pairs of their vertices intersect in one point), then the triangles are in axial perspective (inter-
section points of pairs of lines containing edges of the triangles are collinear). In these results
the most important common factor is the collinearity of certain collections of points. Years
later, in 1893, Sylvester asked if there exists an arrangement £ in the real projective plane
which is not a pencil of lines, such that there are no double intersection points. A baby case
of this problem was raised already in 1821 by Jackson and is known as the orchard problem.
Somewhat surprisingly, this problem was solved to the negative by Gallai (or Griinwald) around

1940.

Theorem 1.0.1 (Sylvester-Gallai). If £ is an arrangement of d lines in the real projective
plane which does not contain any double intersection point, then all lines have a common point

of intersection, i.e. they form a pencil of d concurrent lines.

In 1941, Melchior presented his inequality for line arrangements in the real projective plane
that gives another proof of Sylvester’s problem [30]. For an arrangement of lines £ in a projec-
tive plane we denote by ¢, the number of r-fold points, i.e., points where exactly r lines from

L meet.



Theorem 1.0.2 (Melchior). Let £L C P% be an arrangement of d > 3 lines with t; = 0, then
ty >3+ (r—3)t.
r>3

Melchior’s result provides a small improvement of Gallai’s Theorem — now we have not just
one but at least three double intersection points under the assumption that our arrangement
is not a pencil. After Melchior’s result, it was an open problem to decide whether a similar
inequality can hold for line arrangements in the complex projective plane. It turns out there is a
similar inequality. In 1983 Hirzebruch [22] proved a ground-breaking result in the combinatorial
theory of line arrangements, which is in fact a by-product of his work on surfaces of general

type.

Theorem 1.0.3 (Hirzebruch). Let £ C P4 be an arrangement of d > 6 lines such that ty =
tg_1 =0, then
3
tz + Zt3 2 d + Z(T’ — 4)tr

r>4

For both inequalities mentioned above it is natural to investigate examples of line arrange-
ments for which we obtain equalities (or we are close to get equalities), and to understand
geometric properties characterizing such arrangements. It turns out that these line arrange-
ments are extremal in their nature, for instance they possess a large number of triple intersection
points — as simplicial line arrangements do — or, in the case of Hirzebruch’s inequality, these
examples are related to finite reflection groups.

Somehow surprisingly, these extremal properties have also other manifestations in different
areas of the current research fields in commutative algebra, or algebraic geometry. In order
to give some feeling, let us present some recent connections. In the theory of matroids of
arbitrary rank, hyperplane arrangements can be viewed as representable matroids, and we
have some interesting applications, for instance certain classes of hyperplane arrangements are
related to the so-called wonderful compactifications in the sense of de Concini-Procesi and
the combinatorial Chow rings [1]. In topology, there is an interesting problem devoted to
the complex compactifications of the complements of line arrangements (in this case we have
non-trivial topology), for instance Rybnikov found two interesting complex line arrangements
of 13 lines (based on MacLane combinatorics) being combinatorially equivalent, but having

non-homeomorphic complements (their fundamental groups are different). This means that



the global topology of line arrangements is not combinatorial in its nature [2]. At this stage
the mentioned areas of research might appear quite remote from the viewpoint of the present
thesis, but we want to emphasize that the subject of our interest has broad connections and

applications in various branches of mathematics.

Now we would like to present a short outline and the main results of the thesis. Our
hope is to provide an interesting merger of combinatorial and algebraic methods that allows
to understand such beautiful geometrical objects as line arrangements are. The Leitmotif of
our research is a family of Boroezky line arrangements — this is an interesting classical object
strictly related to the problem of classification of line arrangements in the real projective plane
possessing the maximal possible number of triple intersections points, quite along the lines of

the Green and Tao beautiful results in [20].

The first part of this thesis is devoted to basics on combinatorics of line arrangements in
the projective planes and their applications, mostly in the context of the freeness of hyperplane
arrangements in the projective spaces, and the so-called containment problem.

In Chapter 3, we study parameter spaces of certain Boroczky line arrangements for 13, 14, 16,
18, and 24 lines. In Chapter 4 we look from the combinatorial point of view on the contain-
ment problem I® C I?, where I is the radical ideal of a finite set of points in the projective
plane, and 1™ denotes the m-th symbolic power. In recent years the containment problem (in
general) gained a lot of attention among the renowned researchers whose list include L. Ein,
R. Lazarsfeld, C. Huneke, B. Harbourne, and many others. In this circle of ideas there are still
many open questions to explore. In this thesis, we look at the containment problem above from
the viewpoint of the combinatorics of line arrangements in the complex or real projective plane
emphasizing the role of extreme point-line configurations in the sense of the orchard problem.
This background reveals an important role played by Boroczky’s family.

In the last chapter, we study the freeness of line arrangements. Let us recall that to a line
arrangement (or in general a hyperplane arrangement) in a projective plane one can asso-
ciate certain (sub)module of polynomial derivations that encodes combinatorial features of the
arrangement. It turns out that if the mentioned (sub)module is a free module, then the ar-
rangement has many interesting properties and applications in different fields (for instance the
brand new field of research on unexpected hypersurfaces in projective spaces). We study the

freeness of Boroczky’s family of line arrangements, and variations on the Boroczky construction.



At the end of the thesis, we study extensions to the supersolvability — a special class of free
line arrangements having very restrictive combinatorics. It turns out that our method allows
to construct new examples of supersolvable line arrangements that might be applied in further
research. Since the core of our thesis is rather technical, and it is difficult to present the main

results word-by-word, let us show here an outline:

e In Chapter 3, we study the parameter spaces of certain Boroczky’s arrangement of lines,
namely for n = 13,14, 16, 18,24 lines. We show that these parameter spaces are in fact
high genus curves. Combined with the famous Falting’s result on the number of rational
points on varieties of general type this implies that to construct construct combinatorics of
the mentioned Boroczky’s line arrangements over the rational numbers is either extremely
hard or impossible. This path of studies was suggested by B. Harbourne in order to verify
whether one can find new (counter)examples to the containment problem. In the context
of the containment problem, we show that the radical ideals I3 of the triple intersection
points of Borocezky’s line arrangements up to 11 lines satisfy the containment Iég) CI2. In
chapter 4, we study a natural combinatorial problem related to the containment problem
which can be described shortly as follows. Suppose that we have two line arrangements
in the complex projective plane having the same numbers of the intersection points of
each type. Then it is natural to wonder if certain containment relation does (or does
not) hold for the radical ideal of some intersection points of the first arrangement, then
the containment holds (or does not hold) for the corresponding set of singular points of
the second arrangement. We show, using a result due to Bokowski and Pokora, that the
question has, in general, a negative answer: the containment relations are in fact not

combinatorial in their nature.

e In Chapter 5, we study the notion of free line arrangements. Our main result for this
part tells us that Boroczky’s line arrangements of n > 7 lines are not free in the sense of
Saito. In Section 5.2, we study supersolvability numbers. Given a line arrangement £,
it can be extended to a supersolvable arrangement by adding new lines. The question is
what is the minimal number of lines required to obtain a supersolvable arrangement. Let
us recall that a line arrangement is supersolvable in the sense of Stanley if there exists an

intersection point (called a modular point) such that if we join this point with another



intersection point, then the line defined by these two points is contained in the set of lines
building up the arrangement. In particular, we show that for Boroczky’s arrangement of
n = 6k lines the mentioned number is less or equal to 6k? — 6k, which shows somehow

that this particular subfamily of arrangements is far away from the supersolvable world.

At the end, I would like to thank my advisors, prof. dr hab. Tomasz Szemberg and Dr.
habil. Piotr Pokora, for hours of discussions and a plenty of essential comments that allowed
to improve the work. I would also like to thank Barbara Kabat, Zbigniew Kabat, Grzegorz
Malara, Marek Janasz, Magdalena Lampa-Baczynska, Lucja Farnik, and Beata Gryszka for

their meaningful mental support.






Chapter 2

Preliminaries

2.1 Combinatorics of line arrangements

In the thesis, we will consider projective spaces Pi defined over an arbitrary field K.

Definition 2.1.1. A set of the form ¢ = {[z : y : 2] : ax + by + cz = 0} C P% for some
a,b,c € K, not all zero, will be called a line. A line arrangement £ C PZ is a finite set of two

or more lines.

Definition 2.1.2 (Weak combinatorics). In the thesis, the weak combinatorics of a line ar-
rangement £ is the vectors whose entries are the number of lines in £ and their points of
incidence, namely (d;t, 3, ..., tq), where for m > 2 an m-point of £ is a point where exactly m

lines from the arrangement meet, and the number of m-points is denoted by t,,.

Remark 2.1.3. In combinatorial approach towards line arrangements, the notion of the combi-
natorics of a given line arrangement means usually something different, i.e., this is not only the
lines and the intersection points, but also the way how the intersection points are distributed

on each line from the arrangement, and so on. Thus, it means the intersection lattice L(L).
Now let us present a couple of examples.

Example 2.1.4. In the real projective plane, any line arrangement £ provides a partition of
P%. Denote by CM (L) the complement of £ in P%4. As we can see, CM (L) consists of the
union of disjoint polygons. If each polygon is a triangle, then we say that £ is simplicial.

Simplicial line arrangements play an important role in combinatorics. However, these objects

11
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are not completely classified yet! One of the simplest known examples of a simplicial line
arrangement is the complete quadrangle A;(6) defined by the zeros of xyz(z —y)(x — 2)(y — 2).
It is an arrangement of 6 lines with ¢, = 3 and t3 = 4. Figure 2.1 shows an affine model of the

arrangement.

7R

Figure 2.1: A;(6) simplicial arrangement.

Example 2.1.5. Consider F,» for some n > 0 and a prime number p. It is well-known that
the set of (p")* + p" + 1 lines in PZ  forms an arrangement with t,n1 = (p") + p" + 1, and
other ¢,,’s equal to zero. We call such an arrangement a finite projective plane arrangement. If
now p = 2 and n = 1, we obtain the famous Fano plane consisting of 7 lines and t3 = 7.

Note that the Fano plane is one of very few known arrangements with triple points only.

Counting (intersections of) pairs of lines in two different ways, we see that any arrangement

L of d lines in the projective plane satisfies the following combinatorial equality

(g) - Z; (;)t (2.1)

This is purely combinatorial — it holds over any field. However, this combinatorial equality is
a rather weak tool and it might be not enough to decide whether certain combinatorics can be
constructed. For example, the Fano combinatorics, i.e., (d; t2, t3) = (7,0, 7), can be realized over
a field K if and only if char K = 2. Another, almost combinatorial fact, is the de Bruijn-Erdos

Theorem, see [8].

Theorem 2.1.6 (de Bruijn-Erdos). Let £ C P% be any arrangement of d lines such that tq = 0.
Then

> t>d,

r>2
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and the equality holds if and only if £ is either a Hirzebruch’s quasi-pencil with t4_1 = 1 and

to =d —1 or a finite projective plane arrangement.

2.1.1 Boroczky’s arrangements of lines

In this subsection, we describe the main construction, namely Boroczky’s arrangements B,,
which were introduced in [19, Example 2|. Following this example, we present here an outline

of the construction.

Consider a regular 2n-gon inscribed in the unit circle in the real affine plane. Let us fix one
of the 2n vertices and denote it by (y. By @), we denote the point arising by the rotation of

Qo around the center of the circle by angle a.

Then we take the following set of lines

2
B, = {QaQW—&)aWherea: ﬁ fOI"k:O,...,TL—l}.
n

If « = (m — 2a0)(mod 27), then the line Q,Q 2, is the tangent to the circle at the point Q.

The arrangement B,, has \_@J + 1 triple points by [19, Property 4]. We denote the set of

these triple points by T,,.

Example 2.1.7 (Boroczky arrangement of 13 lines). In Figure 2.2 we present the Boroczky
arrangement for n = 13 with distinguished point (). In this case we have exactly 22 triple
intersection points and these points form a very interesting arrangement: one of the lines
contains 6 of these triple points, and each of the remaining 12 lines contains exactly 5 triple

points.
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Figure 2.2: The regular 26-gon and the 13 lines of Boroczky.

In the sequel we will need the following simple fact concerning the distribution of triple

points on the arrangement lines.

Proposition 2.1.8. Every line in the B,, arrangement contains at least VLT_?’J triple points and

there exists a line containing at least one more triple point.

Proof. By construction the triple points are distributed on the arrangement lines almost uni-
formly, that means that the difference between the number of points from T,, on two arrange-
ment lines is at most 1. Let s be the minimal number of triple points on an arrangement line.

Then it must be
n(n — 3) (s+1)n
6 3
and the claim follows. O

1)) g M) <

We derive the following, very useful, consequence of Proposition 2.1.8.

Corollary 2.1.9. For a fized n > 8 let C be a plane curve (possibly reducible and non-reduced)
of degree d passing through every point in the set T, with multiplicity at least 3. Then d > n.

Moreover, if d =n, then C is the union of all arrangement lines in B,,.

Proof. Assume to the contrary, that d < n. By Proposition 2.1.8 an arrangement line ¢ contains

at least | %=3| triple points. If ¢ is not a component of C, then it must be, by Bézout Theorem,
2 y

n—BJ'

n>d23t
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It follows that
n+3> 31% I,

which contradicts the assumption n > 8. ]

2.2 Freeness of hyperplane arrangements and of divisors

In this section, we consider all objects over the complex numbers, even if some definitions
are true over an arbitrary field. Our major reference for this section is Dimca’s book [11].

Let S = @, Sk = Clzo, ..., z,] be the graded polynomial ring in n + 1 indeterminates with
complex coefficients, where S denotes the vector space of degree k homogeneous polynomials.
Let f € Sq be a degree d polynomial and denote by .J; the corresponding Jacobian ideal

o
@D, M(f)r = S/J;. The graded module of all Jacobian syzygies (algebra of relations) is defined
by

generated by the partial derivatives f; = 2L, Now we define the graded Milnor algebra M (f) =

AR(f) = {r = (ap, a1, ...,an) € S s agfo + arfi + ... + anfn = 0}.

To each Jacobian relation r € AR(f), one can associate a derivation
d(r) = agOzy + 10z, + ... + a0y,

of the polynomial ring S. Note that §(r) kills f, that is (r)(f) = 0. The set of all derivations
that kill f is denoted by Dy(f), a graded S-module isomorphic to the module AR(f). One can

consider the Euler derivation
0p = 200z + 104, + ... + 1,04,
and then the graded S-module
D(f) =S5 ® Do(f)

consists of all derivations § of the polynomial ring S preserving the principle ideal (f).

Now we are ready to present one of possible freeness characterizations.

Theorem 2.2.1 (Freeness of divisors). Let V' be a divisor in P¢ defined by a homogeneous
polynomial f. We say that V is free (f is free) if one of the following equivalent conditions is
satisfied:
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e the module AR(f) is a free graded S-module;
e the module Do(f) is a free graded S-module;

e the module D(f) is a free graded S-module.

Let f be such that AR(f) is free. Then the rank of S-module AR(f) is n. Let r; =
(Ti0y -y Tin) € AR(f) € S™ for i = 1,...,n be a homogeneous basis of AR(F) with deg r; = d;.
We call the integers d; the exponents of f. Consider also the vector ro = (700, ...,70n) =
(2o, ..., T, ), which is not in the module of AR(f), but it corresponds to the Euler derivation.
In order to show the freeness of certain divisor, one can use the following Saito’s result — this

can be considered as a folklore result, but we took it from Dimca’s book [11].

Theorem 2.2.2 (Saito). The homogeneous Jacobian syzygies r; € AR(f) fori=1,...,n form a
basis of this S-module if and only if p(f) = cf, where o(f) is the determinant of (n+1)x (n+1)

.....

Now we consider a hyperplane arrangement A in C"™! which is the affine cone over the cor-
responding projective arrangement in P¢. We define the intersection lattice of A (in particular,

such arrangements are central arrangements, i.e., (.4 H 2 {0}).

Definition 2.2.3. e A non-empty intersection X of a family of hyperplanes in A is called
a flat of A. Note that C"*! itself is always a flat, the intersection of the empty family of
hyperplanes.

e The intersection poset of A is the set L(A) of all the flats X of A with the order < defined
by X <Y if and only if Y C X.

e The rank function r : L(A) — Z is defined by r(X) =n+ 1 — dim X = codimX.

We write X < Y if and only if X <Y and Y € X. Moreover by X £ Y we understand

elements which are not comparable with respect to <, i.e., neither X £ Y nor Y £ X holds.

Definition 2.2.4. The Mobius function g of an arbitrary poset L is defined as the unique

function p : L x L — Z such that
e u(z,x) =1 for any x € L;

® > ey (@, 2) =0 forall z,y € L with z < y;
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e u(z,y) =0 for z £ y.

If L has a minimal element 0, we set u(z) = u(0,z). In our setting, when L = £(A), C**
is the unique minimal element and we have u(C"™') = 1. If H € A, then u(H) = —1.

Definition 2.2.5. The characteristic polynomial of a hyperplane arrangement A is defined by
XA = ) (X)X,
XeL(A)
and the Poincaré polynomial of a hyperplane arrangement is defined by
A= S X)),
XEL(A)
An intuitive example of a free arrangement (or divisor) is given by the class of supersolvable

lattices.
Definition 2.2.6. Let A be a central hyperplane arrangement in C**!,

e A flat X € L(A) is modular if X +Y € L(A) for any other flat Y € L(A), where X +Y
denotes the linear subspace generated by X UY.

e The arrangement A is supersolvable if the intersection lattice L(A) has a maximal chain
CH=X,< X, <..<X,={0}
of modular flats with r = rank(A) and C(A) = (4 H is the centre of A.
Let us explain this notion using a down-to-earth example.

Example 2.2.7. Consider a near-pencil of d lines in the projective plane which has t;_; = 1
and to = d—1. If we take the vertex corresponding to multiplicity d—1, then we can join it with
each double intersection point using a line from the arrangement — this description explains
what we understand by being supersolvable in the case of projective planes. In fact, all the

double points are also modular.

We have mentioned that supersolvable arrangements are free, and this follows from Jambu-
Terao’s result [24].

Now we focus on the case of the complex projective plane. For a line arrangement A its
Levi graph is defined as a bipartite graph with one vertex per (singular) point and one vertex

per line with an edge for every incidence between a (singular) point and a line.
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Definition 2.2.8. We say that two line arrangements A and B are (strongly) combinatorially
equivalent if the associated Levi graphs are isomorphic (equivalently, if the intersection posets

are isomorphic).

A central problem in the theory of hyperplane arrangements is the following conjecture due

to Terao.

Conjecture 2.2.9 (Terao). Let Ay and Ay be two line arrangements in the complex projective
plane such that the associated Levi graphs are isomorphic. Assume that Ay is free, then Ay is

also free.

We know by [13] that Terao’s conjecture is true for up to 13 lines, but except that case the
conjecture is widely open. We are not going to approach this conjecture since this is a very
difficult problem. Let us emphasize that it is also a very elegant problem since the freeness
of certain modules of derivations is expected to be encoded in combinatorics of the associated
line arrangements — somehow surprisingly. As it was mentioned in Introduction, the topological
counterpart of the story that combinatorics should be reflected in algebro-topological properties
of certain associated objects is false, so it is extremely interesting to decide whether Terao’s
conjecture is true or not.

Finally, let us recall the main tool in our thesis that allows to decide whether certain line

arrangement is free. This result works in the whole generality.

Definition 2.2.10. We say that C' : {f = 0} of degree deg f = d is a free curve with the

exponents (dy, ds) if the minimal resolution of the Milnor algebra M (f) is of the form
0—S(—di —(d—1))® S(—dy — (d—1)) — S*(=d+1) = S — M(f) =0,

Example 2.2.11. Consider the line arrangement given by Q(z,y,2) = zy(x +y + z). The

Jacobian ideal corresponding to @) is given by
Jac(Q) = (2xy +y* + yz,2* + 2yx + 12, 1Y),
Then the minimal set of generators of Jac(Q) looks as follows

Jac(Q) = (y* + yz, 2% + w2, 1).
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We compute the resolution of Jac(Q). The first map S*(—2) — S is given by the partial

derivatives g—?, aa—Q, %—Q. Next, we are going to look at non-trivial relations among the partials.
y z
It is easy to observe that

- (v +yz)— (y+2) 2y =0,
(x+y) -ay—y- (2> +22) =0,

so the Hilbert-Burch matrix of the first syzygies looks as follows

T
r 0 —y—=z
A= Y
0 -y x4z

Obviously, we have 1 -2 4+ (=1) - (—y —2) + 1 (=y) + (—=1) - (x + z) = 0, so the minimal free

resolution has the following form:

(02,00
S

0= S(—3)® S(—3) & S(—2)° LS M(Q) — 0,

so the arrangement defined by @) is free with exponents d; = dy = 1.

2.3 Symbolic powers of ideals and the containment prob-

lem

In this section we assume that K is an arbitrary algebraically closed field.

Definition 2.3.1. Let [ C S be a homogeneous ideal and let m > 1 be a positive integer. The

m-th symbolic power of [ is defined as
=50 () (g
QeAss(I)

where Ass(-) denotes the set of associated primes, and the intersection is taken in the field of

fractions of S.
Symbolic powers are algebraic objects, but we can see their association with geometry due
to glorious Zariski-Nagata theorem, which says, that if [ is a radical ideal, then

olel f
Ox“

]“”):{felz = 0 on the zeros of I, for all |a|<m}.
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Directly from definitions of symbolic and ordinary powers of an ideal we have the following

containments:

I=1W>1@ 51605 |

and

I=I'D>2r*>ro...

It is natural to ask if there are some containment relations between the members of symbolic
family of powers of ideals and the members of family of their ordinary powers. In one direction

this relation is quite elementary.

Proposition 2.3.2. Let I C Kz, ..., x,] be a radical homogeneous ideal. Then the contain-

ment

I cim
holds if and only if r > m.

The reverse containment is much more subtle. It has been established in 2001 by FEin,
Lazarsfeld and Smith [16] under the additional assumption that char K = 0. This assumption
is not essential as proved by Hochster and Huneke [23]. Since we are interested in the first line

in ideals of points, we present the Containment Theorem in a somewhat simplified version.

Theorem 2.3.3 (Containment Theorem). Let I C K|xy,...,z,]| be a homogeneous ideal. Then

the containment

™ cr
holds for all m > nr.

The key feature of Theorem 2.3.3 is that the statement does not depend on I'!

It is natural to wonder to what extent the lower bound nr is optimal. Clearly, it cannot
be optimal for any I. For some classes of ideals it is even very far from being optimal. For
example, if [ is a complete intersection ideal, then its symbolic and ordinary powers agree and

one does not need the factor n. The same happens for other classes of ideals.

Example 2.3.4 (Edge ideals of bipartite graphs). Let G be a simple graph with vertex set
V(G) ={z1,...,z,} and edge set E(G). The edge ideal I(G) of G is defined by

I(G) = (zzj : xzj € E(G)) CKlzy,...,z,).
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Simis, Vasconcelos and Villarreal showed in [35] that all symbolic and ordinary powers of I(G)

coincide if and only if GG is bipartite.

Huneke asked around 2006 if the containment I C I? holds for radical ideals of points
in the projective plane. Note that the containment I® C I? follows from Theorem 2.3.3.
This question has motivated a considerable part of this thesis. Before, it has motivated a
lot of research, and led Bocci, Harbourne and Huneke to formulate the following, conjectural,

improvement to the lower bound in Theorem 2.3.3.

Conjecture 2.3.5. Let I be saturated ideal of a finite set of reduced points in P™. Then the
containment

mcr
holds for m > nr — (n — 1).

Strangely enough, it turns out that Conjecture 2.3.5 fails in its original setting due to
Huneke, i.e., it fails for ideals of points in P2. The first non-containment result was exhibited
by Dumnicki, Szemberg, and Tutaj-Gasitiska in [15]. They study set of 12 intersection points of
9 lines arranged in the so called dual Hesse arrangement. This arrangement cannot be realized
over the reals and it is rigid, i.e., any arrangement of 9 lines intersecting by 3 in 12 points, is
projectively equivalent to the dual Hesse arrangement, see [28] for a direct argument.

The first real non-containment example was provided in [7]. The construction there is based
on the Boroczky arrangement of 12 lines which is defined over the reals but not over the rational
numbers. However, it turned out that in this example the 12 lines can be slightly modified so
that they can be defined over the rational numbers. This path of investigations was followed
by Lampa-Baczyriska and Szpond in [27]. They introduced the notion of a parameter space for
a line arrangement. We will follow closely their ideas in the study of other arrangements in the

Boroczky series of examples in the next chapter.






Chapter 3

Boroczky arrangements

3.1 Parameter spaces of some Boroczky line arrange-

ments

In order to put our research in the perspective, we begin by recalling what is usually under-
stood by a moduli space of line arrangements and explaining how our parameter spaces fit into
the picture. In this set-up it is convenient and customary to consider a line ¢ in the projective
plane as a point in the dual projective plane (P%)*.

We say that two line arrangements A and A’ are combinatorially equivalent A ~ A’ if their
intersection lattices L(A) and L(A’) are isomorphic. That means that there exists a bijection

¢ : A — A (extending naturally to intersection lattices) that preserves the lattice order, i.e.,
B < C if and only if ¢(B) < ¢(C)

for all B,C € L(A).
If A is an ordered arrangement, i.e., the lines in A are numbered, then two ordered arrange-
ments are ordered combinatorially equivalent if the bijection ¢ respects the order.

The following definition is taken from [2].

Definition 3.1.1 (Moduli spaces of ordered line arrangements). The moduli space of arrange-

ments of ordered n lines with the fixed intersection poset L(A) is defined as
My = {B € (PE)": B ~ A}/PGL(S,C),

23
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where the action of PGL(3,C) is defined naturally as
PGL(3,C) x (P*)" 3 (g, ({1, ... n)) = (g1, ..., gln) € (PE)".

We emphasize the adjective ordered in Definition 3.1.1 since we fix the order of lines — in
general one allows to have unordered lines and then we must take an additional quotient by an
appropriate symmetric group. The following Example shows that it is important to distinguish

between ordered and unordered arrangements.

Example 3.1.2. Let wy = %?3 We consider two ordered sets of 8 lines AT and A~, where

AL ={ly, ... U5, 05 0 (5} given by
bi:x=0, ly:y=0, l3:2=0, ly:y—x=0,

ls:2—2=0, (F:z4+wy=0, (F:z4+wlrtwy=0 (r:z—z—wiy=0.

It is known, see for instance [31], that the moduli space (after fixing L(A)) is
M.A = {‘AJru‘Ai}’

so it consists of exactly two points.
However, passing to unordered arrangements, the moduli space has just one element, see

[2, Example 1.7].

The combinatorics from Example 3.1.2 plays an important role in the topology of comple-
ments and the so-called Zariski pairs, but we are not going to discuss the details here.

Parameter spaces of line arrangements considered here are a much less formal object. The
idea behind is very simple. Knowing the intersection poset of the arrangement, one reconstructs
the arrangement starting from the scratch. Here, we start always with four points in general
position. We may, and do, choose their coordinates in a convenient way. Then we construct
additional lines and their intersection points, following the receipt encoded in the intersection
poset. Whenever there is some ambiguity in making the next step in the construction, we
introduce a new parameter, and continue the construction. Typically, at the end, we arrive at
a number of constraints (equations) involving the parameters, which must be satisfied so that
we obtain the whole intersection poset. In this approach some values of parameters correspond

to degenerate arrangements, where some lines or points fall together. Parameter spaces can
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be thus considered as some particular compactifications of realization spaces (see [2]), which
typically are quasi-projective varieties. It seems that the approach presented here has been
pioneered by Lampa-Baczyriska and Szpond in [27] and we thank them for teaching us their
techniques.

Later on, in our considerations we will be interested in finding rational points of the pa-
rameter spaces of line arrangements. In the case of Boroczky families of line arrangements, the
parameter spaces turn out to be curves of genus g > 2. The celebrated Mordell Conjecture
(solved by Faltings) tells us that curves of genus g > 2 defined over the rationals have only
finitely many rational points. However, Faltings’s proof does not tell us how we can find these
rational point in an effective way. It turns out that old methods developed into the direction
of the proof of Mordell Conjecture are very useful for searching the rational points. Here we
are going to use Chabauty’s method — a very nice description of this method is presented by
Poonen in [32]. The idea standing behind Chabauty’s method is to use p-adic extensions, but
we do not want to go into details since it involves some technicalities not related to the core
of the thesis. However, we are going to use MAGMA’s command which allows to apply this
method and find rational points in our cases.

Our key motivation for this search of rational points on some algebraic curves stems from
the desire to construct new rational non-containment examples for the 7®® C I? problem. Such
rational non-containment examples seem to be quite rare. We pass to this question in Chapter
4.

By B, we denote arrangements which preserve all incidences of the original construction
of Boroczky arrangement B, on n lines. Thus the arrangements B, are in particular less

symmetric then the original arrangements B,,.

3.1.1 Construction of B3

The original Boroczky construction of Byz uses trigonometric functions and is based on
vertices of a regular 26-gon. The core of the construction of Bi3 is the set of four general
points in the projective plane and five lines joining certain pairs of these points. To simplify

the calculations we begin our construction with the four fundamental points:

P =(1:0:0), P,=(0:1:0), P3=(0:0:1), Py=(1:1:1).
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Then we take the following lines
PP z—y=0, PPP: 2=0, PPPy: y=0, PBRPy: z—x=0, P3P,: y—x=0.
It gives us the coordinates of intersection points
Ps=PP,NPP,=(1:1:0) and Ps=P PsNPP,=(1:0:1).

From now on we need to introduce a parameter. We choose a point P; € P, P,, distinct from

all previous points. We write its coordinates with the parameter a # 1 and a # 0
Pr=(a:1:1).

The construction up to this point is depicted in Figure 3.1.

Figure 3.1: Construction of B3 at the stage of choosing parameter a

Continuing the construction, we obtain the following equations of lines

PsP;: ay —x =0, PP x—az=0.
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In the next step, we take the following points:
P8:P3P7QP1P2:(GZ:[20),

P9:P2P7QP1P3:(a3021),
P10:P3P4QP2P7:(O,26L31>,
P11:P3P7HP2P4:(CL1116L).

Now we need to introduce an additional point Pj5 € P; P, distinct from all points from P; to

Pj; and depending on a new parameter b ¢ {1, a}:

Plgz(bi]_ll).

Figure 3.2 indicates the construction at the current stage.

Pio
Po Pia=(b:1:1)
Py ~v
P
Py

Py

P

Figure 3.2: Construction of By3 at the stage of choosing parameter b
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The next two lines in our construction are
PoPs: —x+ay+(b—a)z=0 and PpPy: z+ (a—b)y—az=0.
This gives us the following points
P3=PosPRNPP,=(a:a—b+1:a),
Pyy=PsoPyNPsPy=(a:a:a—b+1),
Ps=PP,NPyPy=(b—a:1:0),
Pg¢=PoPNPPs=(0b—a:0:1).
The last four lines of the construction are
PyPis: 2 — (b—a)y+ (ab—a® —a)z =0,
PPy 2+ (ab—a* —a)y— (b—a)z =0,
Pi3Ps: —ar+ay+ (b—1)z=0,
PsPy: —ax+ (b—1)y+az=0.
Finally, we obtain the remaining triple points
Pi; = PLPyN PoPis N PP = (a*>+b—ab:1:1),
Pig = PPy PygPis N PPy = (0> —a®> —b+a—ab:ab—a>—a:—a’+b—1),
Py=PPNPsPyNP P=(a—ab:a—a®:1-b),
Py = PoPyNPsPsNP P =0 —a®>~b+a—ab: —a®>+b—1:ab—a*—a),
Py = P3PsN PoPisNPsPr=(a—ab:1—b:a—a?),
Py =P P N P3PsNPsPy=(a+b—1:a:a).

It is easy to check (computing a suitable determinant) that points Py; and Py are always the
common points of given three lines, independently of the values of a and b. The situation is
more complicated for points Pig, Pig, Poo and Py;. These points are triple only if parameters a

and b satisfy the additional condition:

Ci3(a,b) : a* — a®b + a*b — a* + b* — 2ab +2a — b = 0.
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This condition is necessary for the construction to terminate successfully, in the sense that we
obtain exactly 22 points in T;3, distributed as follows: six points on one of the lines and of

five points on each of the remaining 12 lines, as in the original Boroczky arrangement B3, see

Figure 3.3.

AN

Figure 3.3: Complete construction of Bys.
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3.1.2 Degenerate cases of B3

In this section we check under which conditions the arrangement B;3 is non-degenerate in

the sense that all points and lines appearing in the construction are mutually distinct.
Proposition 3.1.3. For (a,b) € R? such that a #0, a# 1, a# b, and b # 1, and satisfying
Ci3(a,b) : a* —a*b+a*h — a®> + b*> —2ab+2a — b =0 (3.1)

the arrangement constructed in Subsection 3.1.1 consists of 13 mutually distinct lines which

intersect in exactly 22 triple points and 12 double points.

Proof. We have already seen that the conditions a # 0, a # 1, a # b, and b # 1 are necessary.
We need to check when other overlaps of points and/or lines might occur. We have the following

possibilities:

Z) ifa—b+1:OthenP4:P17,P5:P14:P15:P20:P10andP6:P13:P18:P16:
P117

i1) if 2a — b =0 then Py =0, Py = Pig, P11 = Py = P13 and Py = Pig = Py,
it7) if a®> —ab+ 2a — b = 0 then PygPi5 = PigP1y (thus Py, Pys, Pig, P11 are collinear points),
iv) if a> —b+1=0 then Py = Pig and Py = Pa,

v) if a®> —a—b+1=0then P; = Py = Py = Py = Py,

vi) if a® —a?b+ab—a—b+1=0 then Py = Py,
vii) if a® — 2ab + 2a + b* — a* — b = 0 then Py = Py and Pig = Piy.

Together with main condition (3.1) it gives us

i) —ala—1) =0

ii) —a*(a—1)>=0
=0

... a3
i) — e

iv) —a*(a—1)>=0
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v) —ala—1)*=0

a2(a—1)3
UZ) ﬁzo

vit) a*(a—1)(a —b) =0

It is easy to see, that in all these cases we get values of a and b already excluded by the
assumptions. Thus, if (a,b) satisfy equation (3.1) and @ # 0, a # 1, a # b and b # 1, the
construction leads to an arrangement of 13 distinct lines, which have 22 triple intersection

points. O

3.1.3 Parameter space of B;3 arrangements

The parameterizing curve
Ciz(a,b) : a* — a*b+a*b — a®> + b* — 2ab+2a — b =0

is an irreducible curve of degree 4 with one double point. This may be checked by hand or with

help of a computer. Thus, the geometrical genus of C' is 2. The curve may be written as
V> +b(—1—2a+a®>—a®) +a* —a*+2a = 0.

Substituting b by b — =1=20+@*=0% and then b by ¢ we get

D: 1—4a+6a*—2d°+a* —2a° +a° — b* = 0.
We denote the homogenization of D also by D. Using computer algebra programme MAGMA,

we compute that the Mordell-Weil rank of the Jacobian of D has rank 0, thus Chabauty’s

method may be applied here. We obtain all rational points of D:
(1:=1:0), (1:1:0), (0:1:1), (0:—=1:1), (1:1:1), (1:-1:1).

These points correspond to the set of all rational points on C' (with perhaps second coordi-
nate changed). However, the points having a = 1 or a = 0 are excluded by the construction.

Thus all possibilities lead us to the degenerated cases. Thus we have the following

Corollary 3.1.4. The configuration B3 cannot be realized over the rational numbers.
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3.2 Construction of BM, Bw, Blg and ]B324

For configurations B4, B1g, B1g and Boy we present simplified descriptions of construction
in tables. We omit some coordinates of points and some equations of lines of the configurations,
because of their complicated forms. We only give the coordinates of points being the core of
each construction and coordinates of points taken during the construction as parameters. We
distinguish these special points using bold type font. Enough motivated reader may follow the
construction step by step and find remaining coordinates and equations of lines if necessary.
The idea of the construction is the same in all considered cases: we start with four fundamental
points and some of the lines through them, and then we choose two points (parameters) on one

of the already constructed lines. This input allows us to construct the configurations.

3.2.1 Construction of By,

The construction of By is based on the four fundamental points in the projective plane.
We introduce here two parameters a and b such that a # 1, b # 1 and a # b. The construction

goes in the following way

stepl | PL=(1:0:0), ,=(0:1:0), 3=(0:0:1), P,=(1:1:1)
Step2 lines: P1P27 P1P3, P1P4, P2P3, P2P4, P3P4
Step3 P5:P1P2ﬂP3P4,P6:P1P3HP2P4,P7:(331:1)€P1P4

The construction up to now is visualised at Figure 3.4.

Figure 3.4: The B4 arrangement at the point of choosing the first parameter



step 4 | lines: P5P7, P6P7

step

Py = PPN PP, Py = P3Py N PPy, Prg = PPN PP,
Py = PiPsN\ PsPr, Pio = PoPsN\ Ps Py, Pi3s = PoP3s N Py,
P14:<b11:1)€P1P4

The construction up to now is visualised at Figure 3.5.

Figure 3.5: The B4 arrangement at the point of choosing the second parameter

The construction continues as follows.

step 6

lines: PigPi4, Pi1Pis

step
7

Pis = PsP; N PioPuy, Pig = P3Py N PigPra, Pir = PoPy N PPy,
Pig = P,Ps N PioPiy, Pig = PsPr N P11 Py, Pog = PoPy N Py Py,
Py, = P3Py N\ P11 Piy, Pog = PoPs N PPy

step 8

lines: Pi5Pag, PPy, Pi7Pa, PigPo

step

Pys = PyPy N P15 P, Poy = PiPs N PisPoy, Pos = PLP N PPy,
Pys = Pi7 Py N PigPyy
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This ends the construction of 14 lines with 26 triple intersection points. The complete B4

arrangement is visualized in Figure 3.6.

We sum up the discussion gathering coordinates of the points and equations of the lines in

Tables 3.1 and 3.2.






Point | Coordinates

P (1:0:0)

P, (0:1:0)

P, | (0:0:1)

Py (1:1:1)

Ps (=1:=1:0)

Fs (1:0:1)

P; (@:1:1)

Py (1:—a+2:1)

P | (1:1:—a+2)

Py |(—a+1:-1:0)

Py (—a+1:0:-1)

Py |(0:—a+1:1)

Py | (0:=1:a—1)

Py (b:1:1)

P (—a®>+a+b:—2a+b+2:—a+2)

Pig (—a+b+1:—a+b+1:—a+2)

Pi; (a—1l:a—b:a—1)

Pig 0:a—b—1:a-1)

Py (—a*+a+b:—a+2:—2a+b+2)

Py (a—b—1:a—2:a—-b—1)

Py | (~a+1:—a+1:—a+0)

Py 0:a—1:a—b—1)

Pa3 (a*b — 2a® + ab + 2a — 2b* : —a® + 3ab — b* — 30+ 2 : —a® + 3ab — b* — 3b + 2)
Poy | (a® —5a%+2ab+6a —b*—b—2:0: —a®+ 3ab— b* — 3b+ 2)
Py (—a® +5a* —2ab—6a + 0> +b+2:a2 —3ab+b*+3b—2:0)
Py | (2a°b — a®b* — 6a®b + 2ab* + 6ab — b* — 2b :

4a3b — 2a® — 4ab* — 9a2b + 6a® + ab® + Tab® + 6ab — 6a — b — 3b*> — b+ 2 :
4a*b — 2a® — 4a*b* — 9a*b + 6a* + ab® + Tab* + 6ab — 6a — b* — 3b* — b+ 2)

Table 3.1: Points in the B4 arrangement
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PP
Py P53
PPy :
PyPs
PoPy :
P3Py :

P15 P :
PigPro :
Pi7Pa :
PrgPoy :
ProPia:
P11 Py

PsP7 .
PsP7 :

z=0
y=20
—y+2=0
=0
r—2=0
r—y=20

(—a? +3ab—b2—3b+2)z + (a® —a?b—3a® +ab+4a+ b2 —b—2)y + (—a® + 5a® — 2ab—6a + b2+ b+2)z =0
(a® — 3ab+ b2 +3b — 2)x + (a® — 5a? + 2ab+6a — b2 — b —2)y + (—a® + a?b+3a% —ab—4a — b2 +b+2)z=0
(—2ab+a+b>+b—1Dzx+(—a’?+ab+2a—b—1Dy+(a®> —2a+1)z=0
(2ab—a—b?—b+ 1Dz +(—a?+2a—y+(a®2 —ab—2a+b+1)z2=0

—z+(a—1)y+(—a+b+1)z=0

z+(a—b—1y+(—a+1)z=0
—z+4+y+(a—1)z=0
—z+(a—1y+2=0

Table 3.2: Lines in the B4 arrangement

The point P»3 lies additionally on the line Pjg P9 and the point Psg lies on the line P, Py for

any value of a and b. However, there exist points, which become triple only for certain values

of parameters a and b. These points are Ps, Py, P, Pi3, Poy and Pp5. The conditions to have

them triple (i.e., to assure additional incidences) are

Py
Py
Pyy
P
Pyy
Pos

€ PBLP,N PPN PigPoy,
€ P3P, N PsPr N Py7 Py,
€ PPN PsP; N Pyg P,
€ PPy PsPr N Pys Py,
€ PLP3 N Pig Py N Py Py,
€ PP, N PigPig N Pi7Pos.

We obtain the following algebraic conditions for parameters a and b:

e 204 —3a*+a® +ab—b* =0,

e (—2+4a)(2a—3a*+a*+ab—b*) =0,

o (—2+2a—b)(—1+b)(2a —3a*>+a®+ab—b?) = 0.

Thus the parameter space for configurations B4 is the curve

Cia(a,b) : 2a — 3a® + a® + ab — b* = 0.
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Parameter space of configurations B,

We now take a closer look at the curve parametrizing the configurations By, i.e.,

Cia(a,b) : 2a — 3a* + a® + ab — b* = 0.

Its smooth of geometric genus is 1. By substituting a +— a/4,b +— (a + b)/4 we get the curve in

Weierstrass form

D : b =a®—11a® + 32a.

The curve D has the following rational points:

0,0), (4,—4), (4,4), (8,-8), (8,8).

Thus the closure of (14 in the projective plane has the following rational points:

(0:0:1), (1:1:1), (1:0:1), (2:2:1), (2:0:1), (0:1:0).

Each of them leads us to a degenerated case hence no B4 configuration can be obtained over

the rational numbers.

3.2.2 Construction of By

The core of configuration B4 are the four fundamental points. We need two parameters a

and b such that a # 1, a #0,b# 0, b # 1 and a # b. We present the construction step by step.

stepl | PL=(1:0:0), ,=(0:1:0),P3=(0:0:1),P,=(1:1:1)
Step2 lines: P1P4, P2P4, P3P4
Step3 P5:(32121)EP1P4

The construction up to now is visualised at Figure 3.7.
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Figure 3.7: The By arrangement at the point of choosing the first parameter

step 4

lines: P2P5, P3P5

step b

P6:P2P4OP3P5,P7:P3P4QP2P5

step 6

lines: P1P6, P1P7

step

Ps=PsPsN\ PP, Py = PoPyN PP, Prog= PiBs N PP,
P11:P3P4QP1P6

step 8

line P9P11

step 9

P12:P9P11HP3P5,P13:P9P11QP2P5,P14:(b2121)EP1P4

The construction up to now is visualised in Figure 3.8. In order to improve its readability we

denote points P; merely by their index i. The exception is done for point P4 as this is where

the new parameter appears.
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Figure 3.8: The By arrangement at the point of choosing the second parameter

step 10 | lines: PPy, P3Py
step Pis = P3Py N PLPs, Pig = P3Py N PyPry, Pir = P3Py N PP,
" Pig = PPy N P3Py, Prg= PPy N PLBs, Py = PaPry N Py Pry

Poyy = PoPiy N PLPr, Pog = PPy N P3Py
step 12 | lines: PsPao, PioPr6, PiaPro, PisPiz, PisPis, Po1Pao

Po3 = P3P1y N Py Py, Poy = Pi5Pis N Pi3Pi7, Pos = Pi3Pir N Py Py,
step Pog = Pi3Pi7 N PPy, Por = PoPy N PisPig, Pog = PioPig N P3Py,
13 Pag = PoPy N PioPig, Psg = PaPs N PiaPrg, P31 = PioPig N P3Py,

The complete Byg4

Pyy = PIPy (N P15 Pis, P33 = PrPs N Py Py, Psy = P1P; N Pyo Py,
P35:P1P4QP10P16

arrangement is visualized in Figure 3.9.
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Figure 3.9: The complete By arrangement

To sum up, we collect coordinates of all points and equations of all lines in the Tables 3.3,



3.4 and 3.5.
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Point | Coordinates

Pl (1:0:0)

Py | (0:1:0)

Py 1(0:0:1)

P (1:1:1)

Py | (a:1:1)

Ps |(a:1:a)

P, | (—a: —1)

Py | (=a*:—a:-1)

Py | (1:a:1)

Py | (a®*:1:a)

Py | (1:1:q)

Py |(a*—a:a—1:a>-2a+1)

Ps | (a®>—a:a®>—2a+1:a—1)

Py | (b:1:1)

Ps | (b:1:a)

P | (—ab+b:—a+1:—a*b+a+b—1)

P | (—ab:—a:—1)

Pg | (b:b:1)

Py | (—ab:—=1:—a)

Py | (—ab+b:—a*h+a+b—1:—a+1)

Py | (b:a:1)

Py | (b:1:0)

P3| (a'®® — a®b — 24?0 + a®b + ab? : a’b — a® — 2a%b + a® + ab : a® + a®b? —

Py | (a®V? — — a*b — 2a3b? + 2a3b + a?b? + a’b? — ab® + ab® —ab :
a’b? — 2a*b — 3a*b? + 2ab + a® + 2a%b* + a®b — a® + ab® — 2ab — b> + b :
a*b + a®b* — 3a3b — a*b? + a* + 3ab — a — b)

Table 3.3: Points in the B4 arrangement, Part 1

aQb—aQ—ab—b2+2b)
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Point | Coordinates

Pss (a7b —a%b2? — ab — 2a%b + a® + 3a*b? + a* — a3b? + a3b — a3 — 2a2b? + ab? :
a’b — abbh? — a8 — 2a%b 4 a® + 3a*b? + a* — a®b? + a3b — a® — 2a2b% 4 ab? :
a® — 2a® — a*b? 4 a%b — a* + a3b? + 3a3 + a2b% — 2a2b — ab? —a + b)
Pog (a4b—a3—3a2b+2a2+2ab—a:a3—a2—a+1:a3—a2—a+1)
Por (ab—b:ab—b2+b—1:ab—b)
Psg (aSb2 —2a7b — 4a%b2 4 2a%b + a® + 2a%b? + 3a5b — a® + 4a*b? — 4a*b — a* — 3a3b? + a® — a?b? + 2a%b+ ab? —ab:
abb? — aSb + ab — a®b — a® — 3a*b? + 3a*b — a* + a3b? + 2a3b + a® + 202 — 3a%b — ab® —ab+ b :
a™b — a%b — a8 — 3a°b + 2a® + a?b? + 2a%b + a* — a3b? + 3a3b — 303 — a?b? — a?b + ab® — ab+a)
Pog (a4b—a —2a2b+a?+ab:a®+a%b—2a%2 —ab+1:a*b— a3 —2a%b+ a? +ab)
( adb+a* +2a3b — a® —a?b: —a* + a3 — a?b+ 242 + ab—2a : —a*b+a? +2a2b—a2—ab)
P31 (a3—a —ab+b:a®>—a%2—ab+b:a*b—a3 —3a?b+ 242 +ab+b—1)
Py | (—ab—b2+2b:—ab+1:—ab+1)
P33 (-
P34 (
P35 (-

a®b+a* +2a3b—a?b—a?2 —ab+b: —a?b+a2+b—1: —a3b+a3+ab—a)

5

a®b—a* —2a3b+a2b+a2+ab—b:ab—ad —ab+a:a?b—a? 7b+1)

a*b+ 2a3 + 2a2b —2a2 —2ab+b: —a?b+ a2 +b—1: —a?b+ a? +b71)

Table 3.4: Points in the B¢ arrangement, Part 2

PP —y+z=0
PP : r—2=0
PPy —a4y=0
PyP; x+(—a)z=0
PP : —z+(a)y=0

PP (-a)y+z=0
P P;: y+(—a)z=0
PoPpi: (a®>—1Da+(—a+Dy+(—a+1)z2=0
PPy x4 (=b)z=0

PPy: —x+4y=0

PsPy:  (—=a?b+a?+b— 1)z + (—a®+a®+ab—b)y + (a*b — a® — 2a%b + a® + ab)z =

PP : (— 2b+a +b—1)x + (a’b —a® — 2a%b + a® + ab)y + (—a® + a® + ab — b)z =

PP (a®—a? —a+ 1)z + (—a*b + a® + 2a%b — a® — ab)y + (a*b—a® —ab+a)z =0

Pi3Pi7: (—a®>+a?>+a— 1)z + (—a?b+a® +ab—a)y + (a*b — a® — 2a*b+ a® + ab)z = 0
PisPig: (—ab+1)x+ (ab—b)y + (b2 —b)z =0

PPy (ab— 1)z + (—=b* +b)y+ (—ab+b)z =0

Table 3.5: Lines in the B4 arrangement

We get the following additional incidences for free: Pys € P3Py, Pog € PioPig, Pog € PPy,
P3y € Py Poy, P35 € PyPyy.

Additional incidences impose conditions on parameters a and b. These are the points Phg,
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Poy, Po7, Pog, P3y, P31, P33 and P34. The conditions to have them triple are

Pos = P3P1aN Py Pog N Pr2 Py,
Pyy = P3Ps N PisPip N PisPis,
Pyr = PyPy (N PsPoy N Pi5 P,
Py = PyPraN PioPig N P3Py,
P3g = Py Ps N PraPrg N Poy Pog,
Py = P3Py 0 PioPig N Pay Pao,
Ps3 = PP N Py Pyg N Py Paa,
Psy = PiP; 0 PioPig N Pi5Pis.

Evaluating these conditions we get the equation:

a*t? — 2a3b — 2a%b* + a®b + 2ab®* — b3 +a®> + 202 — 26 =0

Parameter space of configurations Big4

The parametrizing curve is
Cis(a,b) : a*b* — 2a®b — 2a%V? + a®b + 2ab® — b* + a* + 2b* — 2b = 0.

Computations with MAGMA returned genus of Cig = 2. This curve is hyperelliptic and its
Mordell-Weil rank of the Jacobian J has rank 0. Hence, Chabauty’s method may be applied
and MAGMA computes that the rational points on C4g are:

(1:1:1), (0:1:0), (0:0:1), (1:0:0), (=2:—-2:1), (—=1:1:1), (=1:—=1:1).

All these points lead to degenerate configurations.

3.2.3 Construction of By

The construction of Byg is also based on the four fundamental points on the projective plane.

As before, we introduce parameters a and b satisfying the conditions a # 1, b # 1 and a # b.
stepl | PL=(1:0:0), ,=(0:1:0), Ps=(0:0:1), P, =(1:1:1)
Step 2 | lines: P1P4, P2P47 P3P4
step3 | Ps=(a:1:1) e PPy
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The construction up to now is visualised at Figure 3.10.

Figure 3.10: The B;g arrangement at the point of choosing the first parameter

step 4

lines: P Ps5, P3P

step 5

FPs = PP, NPsP;, Pr= PPN PP

step 6

sz(b21:1)€P1P4

The construction up to now is visualised at Figure 3.11.

Figure 3.11: The B;g arrangement at the point of choosing the second parameter
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step 7 | lines: PyFPs, PPy

step | Py = PoPy N PyPy, Py = PsPs 0 PoPs, Py = P3P, 0 PyPs,

8 Py = PPN Pr 1y

step 9 | lines P, Py, P, Py

step Pi3 = P3Py N PPy, Pry = PaPyN Py Pro, Pis = PPN P,

10 Pe=PPyN PP, P =PP,NP P, P.s=P;P,N PPy

step 11 | lines: Pi3Pi5, Pi4Pig

step Prg = PyPyN PigPis, Pog = P3Py N PiaPig, Poy = PoP5 N P3P,

19 Pay = P3P5 N PiyPrg, Pog = PPy N Pi3Prs, Poy = PPy N Pi3Pis
Pos = PsPs N P14 Pig

step 13 | lines: P17 Pa1, PigPss, PigPyy
Pog = P17Po1 N PLPy, Por = P3Ps N PrpPoy, Pog = PigPay N PP,

step Pag = PrgPoy N Pi7Pa1, P3g = PrgPa N PigPag, P31 = P3Py N Pr7Pa,

” Psy = PyPyN PigPay, P33 = PrPig N Pi7 Py, Psy = PrPy N Prg P,
Ps5 = P17Po1 N PiyPrg, Psg = PisPaa N Pi3Pis, Py7 = PrgPy N PPy,
Psg = PigPoy N P1Pro, Psg = P3P5 N PPy, Pao = P25 N PrgPag

step 15 | lines: Py Py, P3Pss, Pi1Por, PioPog

step Py = PPy N PrPrg, Pio = P3Pos NP1 Py, Pys = PLPy N Py Par,

14 Py = PoPoy N PPy, Pys = P3Pos N Pr By, Pyg = PPy N PaPoy

The complete Byg arrangement is visualized in Figure 3.12.
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Figure 3.12: The complete B;g arrangement

Thus we obtain 46 triple intersection points. Here there also exist some points which are

not triple for arbitrary values of a and b. The conditions that there are 3 lines passing through
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all of them are:
Py = PsP3s N PPy N Pig Py,

Psg = PrPy N Pig Py N Prg Py,

P31 = PyPoy N P3Py N Pi7 Py,

Psy = PyPy N P3Pos N PrgPoy,

P35 = P11 Py; N PiagPag N P14 P,

Psg = P11 Py; N Pi3Pis N PrgPoo,

P37z = P1Py N P11 Py N Prg Py,

Psg = P1Pig N PiaPag N Prg Pa,

Psg = PyPoy N P3P5 N Pig Py,

Py = PyPs N P3Pas N Prg Py,

Py = PyPoy N PPy N PraPag,

Py = P3Pos N Pr Py N Pry Por.
They imply several algebraic conditions for parameters a and b but only one of them does not
lead to a degenerate case. This condition provides us the parametrization curve of the Big

configurations:

Cig(a,b) :=a’b’ — a®b* + a'b® — 6a°b* + ab® + a® + a*b* + 12a°V® — 4a*b* — 5a°+
7ab — 22a30* + 11a%b* — ab® + 6a* — a®b + 3a*b* — 4ab® + b* — 4a>+
4ab — ab®.

Parameter space of configurations By

Computations with MAGMA returned genus of C'g equal to 2 again. This curve is hyperel-
liptic and the Mordell-Weil rank of its Jacobian J has rank 0. Thus, Chabauty’s method may

be applied and Magma computes the rational points on homogenization of C'g, namely
(1:1:1), (0:1:0), (0:0:1), (1:0:0).

All these points correspond to degenerate configurations.

3.2.4 Construction of By,

We start the construction by taking the four fundamental points. Then we introduce the

parameters a and b, such that a # 1, a # 0, b # 1 and a # b and we have
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step 1

Pi=(1:0:0),P,=(0:1:0), 3=(0:0:1), P4=(1:1:1)

step 2

lines: P1 Py, PoPy, P3Py

step 3

P5:(a:1:1)6P1P4

step 4

lines: P>Ps, P3Ps

step b

Ps = PoPANP3P;, Pr = PoPs N P3Py

step 6

lines: Py Pg, P1Pr

step 7

Py =P1PsN P3Py, P = PPN PyPy

step 8

lines: P> Pg, P3Py

step 9

Pio=PiPAN P3Py, P11 = PaPs N P3Py, Pia = P2Pg N P3P,
Pis=PiPs N PoPs, Pla=P1P; N P3Ps, Pis = P1Ps N P3Py,

Pig =P1PrNPPg

step 10

P17:(b:1:1)€P1P4

step 11

lines: P11 P17, Pi2aPi7

step 12

Pig = P3Py N Pi2Pi7, Pro
Py1 = PLPs N PiaPi7, P2
Poy = PoPs N PiaPi7, Pas
Py7 = PoPy N P2 Pri7

= P2Ps N P11 P17, Poo = P1P; N P11 Pr7,
= P3Py N Pi2Pi7, Pog = PoPy N P11 a7,
= P3Ps N P11 P17, Pog = P3Py N P11 Pa7,

step 13

lines: P1oPoo, PooPas

step 14

Pog = PyPy N Pag Pe3, Pog
P31 = P3Py N PaaPo3, P32
P3y = P1P7; N P15 Pa2, Pss

= P12 P17 N Pag Pag, P3o = P2 Ps N Pag Pag,
= P1Pys N Pag Pag, P33 = P1Ps N Pag Pes,
= PPy N P15 Po2, Psg = P3Ps N P15 Pag,

P37 = P11 P17 N P15 P22, P3s = PaPs N P15 Pag

step 15

lines: P4 Pag, PosPsg

step 16

P3g = P1Py N PayPag, Pao
Pyo = Py P3N PoaPog, Pag
Pys = P1Ps N PayPag, Pag
Pyg = P1Pr N PasPsg, Py
P51 = P3Py N Pa5 Psg, Ps2

= PoPy N PoaPog, Pu1 = P1Pr N PayPog,
= P3Py N PoaPag, Paa = Pi15P22 N P2y Pos,
= P3P5 N PaaPag, Pa7 = PoP5 N Pas Psg,
= PaoPag N Pas P3g, Pso = Pa Py N Pas Psg,
= P1Ps N Pa5 P38, Ps3 = P3Py N Pa5Psg

step 17

lines: P30 P53, P36 Pao

step 18

P54 = P3Py N P36 Pao, Pss

= P2 P5 N P36 Pao, Pss = P2Ps N PsgPao,

Ps7 = P12 P17 N P3gPyo, Pss = P1 Py N P3gPyo, Psg = P3Py N P3gPyo,
Pso = P25 P38 N P36 Pao, Ps1 = P1Ps N P3gPao, Ps2 = P1Pr N P3oPss,
Ps3 = PayPog N P30 P53, Psa = P2Py N P3gPs3, Pss = P11 P17 N P3o Pss,

Pes = P3Po N P30 P53, Per

= P3Ps N P3oPs3, Psgs = P2 Py N P30 Ps3

step 19

lines: Py Ps4, Ps1Pss

step 20

Psg = P2Py N PyaPsy4, Pro
Pro = P1Py N PyaPsy, Pr3
P75 = PPN P51 Pss, Prg

= P15P22 N Py2 P54, P11 = P1Ps N Py2 Psg,
= P3P5; N P42 P54, Pra = P2 Ps N Ps1 Pes,
= P2 Po3 N P51 Psg, Pr7 = P3Py N P51 Pes

step 21

lines: PogPgsg, Po7Pse

step 22

Prg = P11 P17 N Pa7Psg, Pr9 = P3Ps N Pa7Pse, Pso = P1 P4 N Pa7Psg,

Pg1 = PoP5 N PogPse, Ps2

= P12 P17 N PesPse

step 23

lines: P18 Ps5, P19 Ps7

step 24

Ps3 = P3Py N P1gPs7, Psa

= P2 Pg N P1gPss, Pgs = P1sPss N P9 P57

step 25

In this case we obtain 85 intersection points and, as previously, some points are not neces-

line: P41 Pso
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sarily triple. The conditions to have them triple are:

Pag = P1a P17 N Pag Pa3 N Pyo Psy,
P33 = PiPs N PigPos N Pz Pog,
P3y = PiP; 0 PisPay N Prg Py,
P37 = P11 Pi7 0 PisPas N Psy Pes,
Py3 = P3Py N PrgPs7 N Poy Pos,
Py = P15 Py N PigPos N Pay Pog,
Py = P3P5 N PayPog N Ps1 Pes,
Py7 = PyPs N Pos P3g N Pyo Py,
Py = Py Pog N PigPs7 N Pas P,
Pso = PPy N PigFPgs N Pos P,
P55 = PyP5 N P3gPyo N Py Psa,
Psg = P3Py N PigPes N Psg Py,
Pso = PasP3g N Pag Pos N Psg Py,
Ps1 = P1Ps N P3gPio N P51 Pes,
Py = PiPr N P3g P53 N Pyo Py,
Pss = PoyPog N Pa7 Psg N Pso P,

Psy = PaPy 0 PigPs7 N PsoPsg,
Fsr = P3Ps N Pyo P53 N Py Psa,
Psg = PaPy N Py Psy N Pya Psy,
Pry = PiBs 0 PrgPs7 N Pya Psy,
Prs = P3Ps N PigPss N Pya Py,
Pry = PyPs (0 PigPsy N Psy Pes,
Prs = P1Pr N PigPss N Ps1 Pes,
Pre = PP N PagFse N Ps1 s,
Pr; = P3Py 0 Py Py N Psy Pes,
Prg = P11 P17 0 Par Psg N Py1 P,
Prg = P3P5s N PigPs7 N Pa7 Psg,
Py = PyPs N PigPes N Pag Pee,
Psy = P1aPi7 N Pag Pog N Py1 P,
Ps3 = P3Py N PrgPs7 N Py Psa,
Psy = PaPy N PigFss N Py P,

Removing the factors which lead to the degenerate cases we are left with the equation:

Caa(a, b) :=a®b® + a’b® + aS* — 6a"b* + 3a°b® — 6a°b* — 2a°b® 4 10a°b — 6a°b*—
200 — ab + 12a°b + 3a*V? — 2a®6® — 6a° + 3a*b + 6a°D* — a*bP—
3a* — 13a3b + 9a%b® — ab® + 4a® — 12a%b + 6ab® — b + 5a® — 3ab+

2a — b= 0.

This condition is necessary for the construction to terminate successfully in the sense that
we obtain exactly 85 triple points on 24 lines satisfying the combinatorial properties of the

original Boroczky configuration of 24 lines.
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Parameter space of configurations B,y

The parametrizing curve
Cas(a,b) :=a®® + a"b* + a®b* — 6a"b* + 3a°0* — 6a°b* — 2a°b* + 10a°b — 6a°b*—
2a*b® — a® + 12a°b + 3a*b* — 2a3b® — 6a° + 3a’b + 6a>b* — a®b>—
3a* — 13a®b 4 9a%b? — ab® + 4a® — 12a%b + 6ab® — b* + 5a* — 3ab+
2a —b=0
is a curve of genus 5. Therefore, there are no general methods to determine all the rational

points of Cyy. The only rational points of height up to 10° are
(I1:1:1), (0:1:0), (0:0:1), (1:0:0), (—1:-1:1).

Simple but cumbersome calculations confirm that all of these points lead to a degenerate

configuration, however we were not able to prove that the construction cannot be made over

the rational numbers.



Chapter 4

Line arrangements and the

Containment Problem

Before we present our main results, let us give a chronological outline of the subject in order

to present a motivation standing behind our work. Here we assume that P C P2 is a finite set

of mutually distinct points, and we denote by [ its radical ideal.

(2001)

(2006)

(2009)

(2013)

(2013)

(2015)

(2015)

Ein, Lazarsfeld, and Smith [16]: I®*) C I* for every k > 1.
Huneke: Does the containment I C I? hold?
Bocci and Harbourne: Does the containment 1(2*=1) c I* hold for every k > 17

Dumnicki, Szemberg, and Tutaj-Gasiniska [15]: The first counterexample to the contain-
ment 13 C I? — they used the dual-Hesse arrangement of 9 lines and 12 triple intersection

points.

Czaplinski et al. [7]: The first counterexample to the containment I C I? over the real

numbers — Boroczky’s arrangement of 12 lines, 19 triple and 9 double intersection points.

Lampa-Baczynska and Szpond [27]: The first counterexample to the containment 1) c 12
over the rational numbers — using the parameter space of Boroczky arrangement of 12

lines they found a rational realization of this combinatorics.

Harbourne: Construct new counterexamples to the containment I C I? over the rational

numbers using parameter spaces of Boroczky’s line arrangements.

o1
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(2018) Ma and Schwede [29]: I?%) C I* for every k > 1 in the mixed characteristic case.

4.1 Containment criteria

Over the years a number of containment criteria has been developed. We recall here those
which are relevant for our applications. We begin by recalling some standard notions in a
general setting of homogeneous ideals in the ring of polynomials. In order to fix the notation,

let I be a homogeneous ideal in the polynomial ring R = K]z, ..., z,]|. Let
0— ... = @;R(—j)PD = . = @;R(—j)D = @;R(—j)PD 5 T =0

be the minimal free resolution of I. From this resolution we derive one of central invariants in

commutative algebra and algebraic geometry.
Definition 4.1.1. The Castelnuovo-Mumford regularity (or simply, regularity) of I, denoted
by reg(l), is the integer
reg(T) = max {j — i fiy(I) #0}.
Thus reg([) is the height of the Betti table of I.

Another important invariant of a homogeneous ideal I = @&£°,(/); is its initial degree
a(l)=min{t: (I); #0} =min{j: fo,; #0}.
Note that it is always
a(l) < reg(/)

because reg([) is at least equal to the maximal degree of a generator in the minimal set of
generators.
Bocci and Harbourne proved in [3, Lemma 2.3.3 (c)] an important containment statement,

which we recall here only in the case of saturated ideals of zero-dimensional subschemes in P".

Proposition 4.1.2 (Bocci-Harbourne Containment Criterion). Let I C R be a non-trivial

saturated homogeneous ideal defining a zero-dimensional subscheme. Fort > r -reg(l) there is
(1) = (I7),.

Remark 4.1.3. It follows from the proof of Lemma 2.3.3 in [3] that the conclusion in Propo-

sition 4.1.2 holds as soon, as t > reg(I").
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From Proposition 4.1.2 and Remark 4.1.3 we derive the following useful result.

Corollary 4.1.4 (Bocci-Harbourbe Containment Criterion 2). Let I C R be a non-trivial ideal

defining a zero-dimensional subscheme in P™.
If reg(I") < a(I™), then I™ c I".

In the rest of this section, we consider zero-dimensional strict almost complete intersections,
i.e., ideals of height h that have a minimal set of generators of cardinality h + 1. In the case
of projective plane, a reduced set of points is strict almost complete intersection if its ideal is
3-generated — the minimal set of homogeneous generators of degree d has cardinality 3. Let
I =(f,g,h) C R:=XK]lzx,y,z| (here we do not assume anything about K) be a homogeneous
ideal with minimal generators of the same degree. We are interested in free resolutions for
powers of I, and in order to do so we need to consider the Rees algebra of I, which is defined

by R(I) = &;>0l't". In that case we have the following description, see [33].

Theorem 4.1.5. Let I be a strict almost complete intersection ideal defining a reduced set of

T
P P P
points in P? and let A = P be a presentation matriz for the module of syzygies

Q1 Q2 Q3
on I, i.e., the Hilbert-Burch matriz of I. Then the Rees algebra of I is given as a quotient of

the polynomial ring S = R(T1, T, T3) of the following form
R(I) = S/(PTh + PTy + PsTs, QiT1 + Q2T + Q3T3).

Furthermore, the defining ideal of this algebra, (P\Ty + PoTo 4+ PsTs, Q1 T) + Q215 + Q3T3) is a

complete intersection.

Before we present our main tool in the box, we need the following result providing a precise

description of powers of strict almost complete intersection ideals.

Theorem 4.1.6. Let I be a strict almost complete intersection ideal with minimal generators

. o P P B
of the same degree d defining a reduced set of points in P%. Let AT = be

Q1 Q2 Qs
the Hilbert-Burch matriz of I. Let dy and dy denote the respective degrees of the polynomials

in each of the two rows of AT. Then the minimal free resolutions of I? and I*® are as follows:

0 — R(—3d) = R(—2d — do)* ® R(—2d — dy)* — R(—2d)® — I> — 0,
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0 — R(—4d)® -5 R(—3d — do)® & R(—3d — d;)® — R(—3d)"® —s I — 0,

and the last homomorphism in the respective resolutions can be described by the matrices X

and Y given below by:
X = [Plv P27 P37 _Qla _Q27 _Q?)]Ta

and
PP P 0 0 0 —Q —Q2 —Q3 0 0 0
Y = 0O P 0 P P 0 0 —-@ 0 —-Q —Qs3 0
0O 0 A 0 P P 0 0 -1 0 —Q2 —Q3
Theorem 4.1.7 (Seceleanu). Let I be a 3-generated homogeneous ideal with minimal generators
1,9, h of the same degree d, defining a reduced set of points in P%, where K is an arbitrary field
of characteristic different than 3. Set'Y to be the matriz representing the last homomorphism

in the minimal free resolution of I* (see above):
0— R 5 R2 — R — °—0
Then I C I? if and only if [f,g,h]" € Image(Y'T).

In the same direction, we can follow ideas of Grifo, Huneke, and Mukundan developed
in [21]. In order to formulate more efficient criterion on the containment I* C I? for ideals

generated by 2 x 2 minors of 2 x 3 matrices.

Theorem 4.1.8 (Grifo-Huneke-Mukundan). Let R = K]z, y, z], where K is a field of charac-
teristic different than 3. Let aq,aq,as, by, by, b3 € R and consider the ideal I which is generated

by 2 x 2 minors of the matrix
a; ao das

by by b

A=

If the ideal {ay, as,asz, by, by, bs) can be generated by 5 or less elements, than I®) c 2.

It turns out that we can use this interesting result in a straightforward way in the case of
Boroezky’s arrangements of n € {4, ..., 10} lines in order to verify that for the radical ideals
of triple intersection points I3 the containment I C I? does hold. Since the method is the

same for all cases, we are going to present our considerations only for n = 10.
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Proposition 4.1.9. Let I3 be the radical ideal of the triple intersection points of Boroczky’s

arrangement of 10 lines. Then the containment I§3) C 12 does hold.

Proof. First of all, we need to observe that the ideal of the triple intersection points is generated

as bellow by
I3 = <4xy3 + 20z + 4Py — ay2® — 3yt 4y 4 20%yz — 3wy — 2P,
ot — 622y + oyt — 4ady + 2?2 oyt 4 222 — ).
Since the ideal I5 is 3-generated, we can use the theory of Hilbert-Burch. We compute the

minimal free resolution of I3, and the matrix A that we are searching for is given by the

following Hilbert-Burch matrix, namely

4 4a? — 202 — 22 4y — 14z2 + 22 —4y? — 222 + 322
4x% — 24y* — 14zz + 1322 0 —16zy — 16yz
Since it is obvious that the ideal given by the entries of matrix A is 5 or less generated (in fact

it is 5 generated), thus the containment Iég) C I2 holds. O

Now we are going to consider the last remaining case which would allow us to conclude
that the minimal counterexample to the containment problem I®) C I? (in the sense of the
number of lines) for Boroczky’s family of line arrangements is the case of 12 lines. As a first
observation, we can show that for n = 11 lines the ideal of the triple intersection points is
not 3-generated — in fact the minimal set of generators has cardinality 4, so we cannot use the
Grifo-Huneke-Mukundan method. In the remaining part of this section, we are going to show

explicitly the following theorem.

Theorem 4.1.10. Let us denote by I3 the radical ideal of the triple intersection points of

Bordczky’s arrangement of 11 lines. Then the containment ]§3) C I7 holds.

Proof. Our proof heavily relies on computer aid methods with use of Singular. First of all, we
compute the ideal I3 which has exactly 4 generators, namely
Iy =(42%y — 4xy® — 32yz — 3Pz — 20y2® + 223,
32y° 4 88zy32 + 332%y2® — 55y32% — 662y + 22y2?,
3222 + 7221 2 4+ 11a2y2? + 35y322 — 22zy2® — 22y2%,

22° — 10xy* — 82*z — 150%y%2 — Ttz + 4227 + 209?22 + 100227 + 8y22% — duw2* — 22°).
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Then we compute the minimal free resolution of I3 which has the following form
0 — S(—13)2@S(—12) — S(—12)*@S(—11)"®S(-10)* — S(—10)°®S(—9)*®S(—8) — I2 — 0.

Thus we have reg(I3) = 11. Taking into account Corollary 2.1.9 we obtain oz(]f’)) = 11.
Applying in turn Corollary 4.1.4 with m = 3 and r = 2 we conclude that

Y c 12

4.2 Arrangements of 12 lines with 19 triple and 9 double
intersection points

The study of arrangements of lines with many triple is motivated by the Sylvester-Gallai
problem and classical problems in combinatorics, see [34], and for a modern treatment [14]. A
general upper bound for the number T3(d) of triple points in the arrangement of d lines has

been provided by Schonheim

Ty(d) < H%J gJ ~ (),

where e(d) =1 if d = 5mod 6 and ¢(d) = 0, otherwise. In the case of 12 lines, the upper bound
is 20. It has been proved by Burr, Griinbaum and Sloane [6, Theorem 7] that no arrangement
of 12 lines with 20 triple points is possible over the reals. We do not know if it exists over the
complex numbers, but we suspect that the answer is no. On the other hand, Bokowski and
Pokora classified in [5] all oriented matroids of rank 3 with 12 pseudolines and 19 triple points.
They showed that among them, there are only three realizable matroids, i.e., corresponding
to actual arrangements of lines. In their notation, these arrangements are Cy, Cg (which is
Boroezky on 12 lines), and Cy7. In this section we take a closer look at Cy and C7. Our study

is motivated by the following folklore problem.

Question 4.2.1. Let £, and L4 be two line arrangements having the same number of lines and
the same number of the corresponding ¢, points, i.e., the same weak combinatorics. Assume
that the containment ]g) C IZ, does not hold. Does it follow that the containment ]f;) C I,

is not satisfied?
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We answer this question in the negative. Arrangements of 12 lines are of interest in the
context of the containment problem since 12 is the smallest known number d of real lines such
that triple points of arrangement of d lines provide a non-containment example for I c 12,
Interestingly, all arrangements considered here can be realized over the reals, this follows from

the Bokowski-Pokora classification.

4.2.1 Arrangement C,
Figure 4.1 indicates the Cy arrangement. The points P, = (1 :0:0) and P, = (0:1:0)
are at infinity. Without loss of generality, we assume that P = (0:0:1) and Py = (1:1:1).

Now we want to show that, up to conjugation in the field extension Q[v/2]/Q, coordinates of

all remaining points are determined by incidences depicted in Figure 4.1.

L7116 Lio,11 L2 3 Lz o L2y
L1314

Lg 12

Ly Py3 Py

\ P1o [ ]
Ly7 Pr {] Py

Py
Li3 P3 P13 Ps P1a

Figure 4.1: Arrangement Cs.
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We take the following lines:
Lisz: y=0,
Los: x—2=0,
Ligs: y—2=0,
Lyq: x—y=0,
Lys: x=0,
where L; ;, is the line passing through the points F; and P;. Then we obtain the points

P5:L173HL274: (101),
P6:L174QL2’3: (01 : 1)
and the line

Lsg: x+y—2=0.

We need now to introduce a parameter to proceed with the construction. Thus we take the
point Pr = (0,1,a) € Los. Since all points and lines in the configuration should be distinct, we

assume that a # 1 and a # 0. We obtain the remaining lines and points in the following order:
Li7: z—ay =0,

Ps=Li7NLyy=(a:1:a),
Py=LizsNLsg=(a—1:1:a),
Poy=LisNLsy=(1:1:a),

Lyg: ax —(a—1)z =0,
Py=LygNLizg=(a—1:0:a),
Py=LogNLyy=(a—1:a—1:a),
Ps=1LsgNLigy=(a—1:a:a),

Lgip: a2 —a)x —ay+ (a — 1)z =0,
Puyu=1Lg1aNLiz=((a—1)*:0:ala—2)),
Pis=1ILg12NLsg=(a*—3a+1:—1:a(a—3)),
Pig=1Lg1aNLig=(a*—3a+1:a(a—2):ala—2)),

Ly : ax —ala—2)y — (a— 1)z =0,

P7=Lip11NLyz=(0:a—1:a(a—2)),
Pg=1LipnNLys=(a(2—a):1:a(2—a)),
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Lizpa: ala—2)z+(a—1)y — (a—1)*2 =0,
L7 : ala—1)(a—2)x —a(a® — 3a+ 1)y + (a®* —3a + 1)z = 0,
Py = L3140 L7y = (a® —5a* +7a® —a®> —3a+1:a(a—2)*: a® — 4a* + 3a® + 3a* — 2a).
The following incidences need to be checked additionally:
Pis € Lipa1, Pir € Ligaa, Pig € Ly1g, Pig € Lsg.

By the determinant condition we conclude that Py5 € Lo ;1 holds without any assumption on

a, but the remaining incidences occur under the algebraic condition
a>—2a—1=0,

which is equivalent to @ = 1 + /2 or @ = 1 — /2. The arrangement in Figure 4.1 corresponds
to the parameter @ = 1 + /2. Then P; = (0:v/2—1:1) and Py = (0:v/2: 1).

We sum up the discussion gathering coordinates of the points and equations of the lines.

Point | Coordinates

P (1:0:0)

Py (0:1:0)

Py (0:0:1)

P, (1:1:1)

Ps (1:0:1)

Py (0:1:1)

P (0:v2—-1:1)

Py (1:v2—-1:1)

Py (2-v2:v2-1:1)
P (\/5 1:v/2-1 1)
Py (2-v2:0:1)

Py (2-v2:2-v2:1)
Ps | (2-v2:1:1)

Py |(2:0:1)

Table 4.1: Points in C; arrangement



Pg| (1-v2:1:1)
P | (0:v2:1)

P | (1:—1:1)

Py | (—vV2:1+v2:1)

Table 4.2: Points in C5 arrangement, continued

PP y=0

BP, r—2z=0

PPy y—z=20

P3Py : r—y=20

PP =0

P Fs - r+y—2=0

PP . z2—(1+/2y=0
PPy:  (1+v2)x—+22=0
PPy - x+(1+\/§)y—2z:0
PP (1+V2)z+y—+v22=0
PPy (1+vV2)z+2+vV2)y—21++v2)z2=0
PPg: V2r4+y—(vV2—1)z2=0

Table 4.3: Lines in the C arrangement

Point | Coordinates

P (1:0:0)

Py (0:1:0)

Py (0:0:1)

P, (1:1:1)

Py (1:0:1)

Ps | (0:1:1)

P (0:=1-+v2:1)

Table 4.4: Points in C), arrangement
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Py | (1:-1-+v2:1)

Py (2+f —V2—-1:1)
Po| (-1=v2:-1-v2:1)
Py | (24+v2:0:1)

P | (24+V2:24+V2:1)
Pyl (24+v2:1:1)

Pyl (2:0:1)

Pis 2+2\/§:—72 1)

P | (14+v2:1:1)

P | (0:=v2:1)

Pg | (1:-1:1)

Py | (V2:1-v2:1)

Table 4.5: Points in the (), arrangement, continued

PP: y=0

PP, : r—2z=0

PP y—z=20

P3Py : r—y=20

BPs z=0

PsF; - r+y—2z2=0

PP 24 (=14+V2)y=0
PPy : (—1+\/§)x—\/§z:0
PPy x+(1—\/§)y—2z:0
PoPi: (1—vV2)z+y++v22=0
PisPy: (1—vV2)r+2—-V2)y+2(-1++2)z =
PPg: V22x—y—(1+v2)2=0

Table 4.6: Lines in the C5 arrangement

Corollary 4.2.2. There is no geometric realization of Cy over the rational numbers possible.

Remark 4.2.3. We observe that the moduli space for C5 arrangements is similar to the
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situation for the MacLane arrangements. Namely, the moduli space consists of two points and

it is not irreducible, in particular.

Now we are in the position to prove our main statement for the ideal I of triple points in

the Cy arrangement.

Proposition 4.2.4. Let I be the ideal of triple points in Cy arrangement, then
1% c

Proof. Using Singular, we check that reg(l) = 6. Then reg(I?) < 12. On the other hand,
by Corollary 2.1.9 we have a(/®®) = 12. Combining this with result 4.1.4, Bocci-Harbourne’s

Criterion 2, we obtain the assertion. O

4.2.2 Arrangement C;

The real realization of the configuration C7 is in the picture below (points P, P, P53 are “at

infinity”):

Lg 13 Lo Loya Lag Li4 L3 L1114
P Ps
] (]
L1o,15
Py

L1,5 P5 e P6
Py
([

‘-g

Ly 12 Av Py VA Pi5
P12/ \P13 Py

Lg 12

Py

Figure 4.2: Arrangement C7.
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Here, using a projective automorphism, we may assume (with the notation as in the picture)
that P, =(1:0:0),P=(—1:1:0),P3=(1:1:0) and P,=(0:0:1). Then we have lines:
L2’4 DT+ Yy = O,

Lis: v—y=0.

We need now to introduce the parameter to proceed with the construction, so take a point on
the line Ly 4:
Ps=(a:a:1),

where a # 0. We get the lines
L1,53 y—az =0,
Los: x+y—2az=0
and the point
Ps=LyaNLis=(—a:a:1)

and then the line

Lsg: v —y+2az=0.
To continue we need to choose next point. We take a point on the line Ly 5.
Pr=({b:—-b+2a:1).

We get the line
Ly7: 2ax —br — by = 0.

The condition for the lines Ly 7, Los, L3 to meet at P is
ba = 0.
As a # 0, we have to take b = 0. Thus, from now on:
P,=(0:2a:1)

and

Ly7: 2ax = 0.

Again, we need a new parameter. Take a point on the line L; 4

Py=(c:c:1),
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where a # ¢,c # 0. Then
Lig: y—cz=0,
Py=L1gNLysg=(—2a+c:c:1),
Po=LisNLys=(2a—c:c:1),
Py=LigNLyy=(—c:c:1).

Now, choose the last parameter by taking a point, again on the line L 4:
Plgz(didil),
with d different from 0,a and c¢. Then
Liio: y—dz=0,
P13 = L1,12 ﬂL376 == (—2a—|—d o d 1),
P14:L1,12ﬁL275: <20,—did2 1),
Py=Li1oNLoy=(—d:d:1),
Lip1s: (c—d)z+ (¢ —d—2a)y+ 2adz =0,
Pz =LipisNLis= (2a* —ac —ad : ac — ad : c — d),
Lois: (c—d)x+ (2a — c+ d)y — 2adz = 0,
Pig = Lg1oNLis=(—2a*+ac+ad:ac—ad:c—d),
Lsi3: (c—d)r — (2a+ ¢ —d)y + 2acz = 0,
Liyis: (c—d)z+ (2a+c—d)y — 2acz = 0,
and finally

Pig=Lg13N L1314 =(0: 4ac® — 4acd : dac — dad + 2¢* — 4ed + 2d?).

Almost all points of the construction are triple without any additional conditions. Only P, and

P; require an additional condition to be triple, namely:
da(a+c—d) = 0.

As a # 0, we get a + ¢ —d = 0. Thus the parametrization space of this configuration is a
line and the configuration has a realization over Q. It is not difficult to check (with help of,
e.g., Singular) that the product of all twelve lines (which obviously is in I§3)) does not belong
to IZ. Thus, the triple points of this configuration give another rational example of the non-
containment of the third symbolic power into the second ordinary power of an ideal.

For the convenience of the reader, we enclose the Singular script below:
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LIB "elim.1lib";

ring R=(32003,a,d),(x,y,2),dp;

option(redSB);

proc rdideal (number p, number q, number r){

matrix m[2] [3]=p,q,r,x,y,2;

ideal I=minor(m,2);

I=std(I);

return(I);}

proc pline(list P1, list P2){

matrix A[3][3]=P1[1],P1[2],P1[3],P2[1],P2[2],P2[3],x,y,2;

return(det(4));}

ideal P1=rdideal(1,0,0);

ideal P2=rdideal(-1,1,0);

ideal P3=rdideal(1,1,0);

ideal P4=rdideal(0,0,1);

ideal P5=rdideal(a,a,1);

ideal P6=rdideal(-a,a,1);

ideal P7=rdideal(0,2*a,1);

ideal P8=rdideal((d-a),(d-a),1);

ideal P9=rdideal(-2*a+(d-a),(d-a),1);

ideal P10=rdideal(2*a-(d-a),(d-a),1);

ideal Pli=rdideal(-(d-a),(d-a),1);

ideal P12=rdideal(d,d,1);

ideal P13=rdideal(-2*a+d,d,1);

ideal Pl4=rdideal(2*a-d,d,1);

ideal P15=rdideal(-d,d,1);

ideal P16=rdideal(0,4*ax*d,4*a-2%(d-a)+2*d) ;

ideal P17=rdideal(2+*(a2)-a*(d-a)-a*d,a*(d-a)-ax*d, (d-a)-d);

ideal P18=rdideal(-2*(a2)+ax(d-a)+a*d, a*(d-a)-axd, (d-a)-d);

ideal P19=rdideal (0,4*a*x((d-a) "2)-4*a*x(d-a)*d,4*a*(d-a)-4*a*xd+2*((d-a) "2)-4*(d-a)*d+2x(d2)) ;
poly pp=(2%(d*z-y))*((d-a)*z-y) *x (a*xz-y) * (2¥a*xd*z-2*xa*xy+(d-a) *x+(d-a) xy-d*x-d*y) *
(2%a*x (d-a) *z-2*xaxy+(d-a) *x— (d-a) xy-d*x+d*y) * (2*a*z-x-y) * (-x-y) *x*a* (2xa*xz+x-y) *
(-2xax* (d-a) *z+2*axy+(d-a) *x+ (d-a) xy-d*x—d*y) * (-2xa*xd*z+2*a*xy+(d-a) *x- (d-a) xy-d*x+d*y) * (-y+x) ;
ideal I=intersect(P1,P2,P3,P4,P5,P6,P7,P8,P9,P10,P11,P12,P13,P14,P15,P16,P17,P18,P19);
I=std(I);

reduce (pp,std(I°2));






Chapter 5

Freeness of special line arrangements

5.1 Freeness of Boroczky’s line arrangements
We begin by showing that for some classes of line arrangements the weak combinatorics can
be read of the Poincaré polynomial, see Definition 2.2.5. This is not true in general.

Proposition 5.1.1. Let A, B be two line arrangements having only double and triple points of

intersection. Suppose that w(A,t) = w(B,t), then to(A) = to(B) and t5(A) = t5(B).

To begin with, let us emphasise here that we can obtain an analogous result replacing in
the statement of Proposition 5.1.1 triple points by arbitrary k-fold points with a fixed k > 3.
Proof. Suppose that m(A,t) = 7(B,t). This implies in particular that

(Al = [B]
and
ta(A) + 2t3(A) = to(B) + 2t3(B),
which gives
ta(A) — 12(B) = 2(t3(B) — t3(A)).
Observe that

ba(A) + 3t5(A) — ('2”) _ ('?') — 15(B) + 3t5(B),

and this gives

ta(A) = 12(B) = 3(t5(B) — t3(A)).

67
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Since
3(t3(B) — t3(A)) = ta(A) — ta(B) = 2(t3(B) — t3(A)),
then this implies t3(A) = t3(B) and we also have to(A) = t2(B), which completes the proof. [

Remark 5.1.2. In fact, we can obtain an analogous result replacing triple by arbitrary k-fold

points with £ > 4. The same argument works.

The main result of this section is the following classification result. Before we present our

proof, let us recall Terao’s factorization theorem [36] for free complex line arrangements.

Theorem 5.1.3 (Terao). Let L C P2 be a free line arrangement, then its Poincaré polynomial
splits as
m(L;t) = (14 t)(1 + dit)(1 + daot),

where d;’s are the exponents as in Definition 2.2.10.

Theorem 5.1.4. Let A C PZ be a line arrangement having only double and triple points as the

intersections. Suppose that A is free, then 2 < |A| < 9.

Proof. Suppose that A C P% is free and |A| > 3 as the case of two lines is obvious. Then
by Terao’s Theorem 5.1.3, the Poincaré polynomial (A, t) splits into linear factors over the

integers. Observe that
(A1) = (1+1)- (1 + (JA] = D)t + (to(A) +2t3(A) +1 — |A|)t2>,
and the quadratic factor also splits into linear factors. This condition implies that
(JA] —1)* — 4t5(A) — 8t3(A) + 4|A| —4 > 0.
Using the combinatorial equality
A(A] = 1) = 2t5(A) + 6t5(A)

one gets
3lA| — 3> 26o(A) + 2t5(A).
and
JAI(JA] = 1) = 2t2(A) + 6t5(A) < 3(2t2(A) + 2t5(A)) < 9[A| - 9.

This provides the condition |A| < 9, and finally we obtain 3 < |A| < 9, which completes the

proof. O]
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Corollary 5.1.5. Ezcept the cases n = 4,5,6, Boroczky arrangements of n lines are not free.

Proof. By the above result, it is enough to check the cases n € {4,5,6,7,8,9}. Since
(A, 1) = 1+ |A|t + (ta(A) + 2t5(A)E 4 (ta(A) + 2t5(A) + 1 — |A|)E3

we obtain the following table

n=A| | t2(A) | t3(A) (A1)
4 3 1 1+4t+ 5624263 = (L + 1)%(2t + 1)
5 4 2 1+ 5t + 82 + 43 = (t + 1)(2t + 1)?
6 3 4 | 1+6t4+112 468> =+ 1)(2t+1)(3t+ 1)
7 6 5 | 1+ 7t+16t2+10t3 = (¢t + 1)(10¢2 + 6t + 1)
8 6 5 [ 1+8t+2112+ 1483 = (t + 1)(1482 + Tt + 1)
9 6 10 | 1+ 9t 42612+ 183 = (¢t + 1)(182 + 8t + 1)

It is easy to see that for n € {7,8,9} we cannot factorize Poincaré polynomials into linear factors
over the integers, so in these cases Boroczky arrangements are not free. When n = 6, then this
arrangement is projectively equivalent to the well-known arrangement A;(6), which is known
to be free. Now we focus on the remaining cases n € {4,5} showing for them freeness explicitly.

We are going to use Definition 2.2.10, if £ is free, then we have the following resolution

0= @ic125(—di — (n—1)) = P(—n+1) = S.
If n = 4, then the defining equation of B4 has the form
Qulz,y,2) =xyly —z +2)(y + = — 2).

Denote by Jp, the Jacobian ideal generated by the partials of )4, and by S/Jg, the Milnor
algebra. Then the resolution of S/.Jp, has the following form:

0— S(—4) ® S(—5) = S3(=3) — S,
with the following relations:
30 0,Qs—y-0,Qs+ (4 —2) - 0,Q4 =0

(42* — Tz2) - 0,Q4 + (13yz — 122y) - 0,Q4 + (16y* — 32%) - 9.Q4 = 0.
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This allows us to conclude that B, is free.

Now consider the case n = 5. As the coordinates of P, ..., Py (vertices of a regular 10-
gon) in this case satisfy the condition {P, ..., Py} C {(£(3v5+1),£1v/10 £ 2v/5)}, it is more
convenient to change the coordinates and consider the following equivalent arrangement of lines
given by

Qs(z,y,2) = y(2y — x)(2y + 3x)(z + 2y — 42)(3x — 2y — 122).

The minimal resolution of S/.Jg, has the following form:
0— S(—6)® S(—6) — S*(—4) — S,
with the following syzygies:
(322 — 20wy — 20y° +2422) - 0,Q5 + (24yz — 122y) - 0,Q5 + (1822 + 20y 2 — 102y — 362%) - 9,Q5 = 0,

(176xy + 160y — 288z2) - 9,Qs + (120zy + 16y* — 288y=2) - 9,Qs
+(152% + 1002y — 20y* — 24022 — 224yz + 4322%) - 0.Q5 = 0,

which tells us that Bs is also free. O

At the end, it is worth pointing out that Dimca and Sernesi in [12] were able to obtain a
similar result about line arrangements with double and triple points using much deeper meth-
ods. However, our approach is completely different and much simpler using only combinatorial

methods related to basics on line arrangements.

5.2 Extensions to the supersolvability

In the last section, we focus on a natural problem that one can consider in the case of
Boroczky’s arrangements. As we observed previously, near-pencils in the complex projective
plane are free arrangements since these examples are supersolvable. Using this idea, let A be an
arrangement of lines (which is not a pencil or near-pencil, in order to avoid trivialities). Then
we add one vertex and we join it with all singular points Sing(A) by lines. In result we obtain
a new arrangement A% which is by the construction supersolvable. This is a trivial extension,

but we can do much better, i.e., start with a vertex V' chosen from Sing(A) we add some lines
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through V' in order to force our new arrangement to be supersolvable. This motivates the

introducing the following constant:
extSS(A) = min{d : d is the number of lines that we add to A so that A is supersolvable}.
Remark 5.2.1. Note that the number extSS(A) is well-defined and finite.

Proof. Let A be an arbitrary line arrangement and P a general point in the plane. Let B be
the arrangement consisting of all lines in A and lines joining P with all intersection points of

A. Then B is supersolvable. n
It follows immediately that for any arrangement A one has
extSS(A) < [Sing(A)|.

Note that this upper bound is very rough. For example, if A is already supersolvable, then
extSS(A) = 0. It is thus natural to state the following question.

Problem 5.2.2. Find extSS(-) numbers for relevant line arrangements.
By the way of warming up, we study star configurations of lines.

Example 5.2.3. Let A C P% be an arrangement of d generic lines. Then

extSS(A) = (d ; 2).

Indeed, let P be any double intersection point of A and let £, m be the lines from A intersecting

at P. We denote by A" = A\ {¢,m}. Then we need to join singular points of A" with P. There

d—2

) ) such points. Note that there are no additional collinearities because A is a

are exactly (

generic arrangement.

Before we proceed to the main results of this section, let us present also another motivation
that leads us to study the mentioned extensions to the supersolvability property. Very recently,
the theory of unexpected curves has appeared and gained a lot of attention by researchers.

Let P = {Py, ..., Ps} C PZ be a finite set of points and denote by m = {my, ..., m,} a sequence
of positive integers called the sequence of multiplicities. Denote by X = m P, + ... + m,P; a

fat point scheme and consider the associated ideal

1060 = 1(B)™.
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Here by I(X)s we mean the homogeneous component of degree d. Now we can define the
expected dimension by
d+2 L mi+ 1
dim I (X)y = — 0r.
expdim I(X )4 max{( 5 ) ZZI( 5 ), }
Geometrically speaking, the vector space I(X )y is the linear system of plane curves of degree
d passing through each point P;’s with multiplicity at least m;. The expected dimension in-

forms us whether we can expect the existence of such curves, and in general dim I(X)y >

expdim I (X)4.

Definition 5.2.4. Let d be a non-negative integer. We say that a finite set of points Z in the
complex projective plane admits an unexpected curve in degree d with a general point P of

multiplicity d — 1 if

dim(I(Z + (d—1)P))q > max{dim [(Z)y— (g) , 0}.

Definition 5.2.5. We say that an arrangement of lines £ C P% admits an unexpected curve if

the set of points Z is the dual configuration to lines in £.

In the context of supersolvable line arrangements, Di Marca, Malara, and Oneto [10] proved

the following result.

Theorem 5.2.6. A supersolvable line arrangement £ admits an unexpected curve if and only
if d > 2m where d is the number of lines and m 1s the maximum multiplicity of an intersection

point of the lines in L.

This theorem provides as a very nice criterion for the existence of unexpected curves and
once we are able to extend a well-known arrangement in such a way that the resulting object
is supersolvable and satisfies the condition that d > 2m, then we have a new example of an

unexpected curve. Let us start with a baby-case of Fermat arrangements of lines.

Example 5.2.7. Fermat arrangement of lines is defined in the complex projective plane by the

linear factors of the following polynomial

F(z,y,2z) = (" —y")(y" — 2")(z" — 2"),

where n > 3. It is well-known that the arrangement consists of 3n lines and ¢, = 3, t3 = n?.

It is easy to observe that this is not a supersolvable arrangement since the three fundamental
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points (which are the intersection points) cannot be joined by lines from the arrangement. One

of the smallest extension of Fermat arrangements looks as follows:

F(z,y,z) = zy(" —y")(y" — 2") (" — a"),
where as previously n > 3. The new arrangement consists of 3n + 2 lines and
ta=2n, ty=n’ o1 =2, tlopo=1

This arrangement is clearly supersolvable and the exponents are dy = n+1, do = 2n. Moreover,
we see that 3n +2 = d > 2m = 2n + 4, since n > 3, so our new family of line arrangements,

denoted in the literature by A2(n), leads to new examples of unexpected curves.

Let us come back to the numbers extSS(-). Using some particular symmetries of Boréczky
arrangements of n = 6k lines with k£ > 2 we can show the following result. Observe in the

meantime that for £ = 1 our arrangement Bg is obviously supersolvable.

Theorem 5.2.8. Let n = 6k for k > 2. Then
extSS(Begr) < 6k* — 6k.
In our construction, the arrangements BS® have 6k* lines and the following weak combinatorics:
tsrenz—er = 1, ty=6(k—1)% t3=15k—12, t,=36k>— T2k* + 42k — 3.
Finally, the exponents of free arrangement BS® are dy = 6k — 3, dy = 6k* — 6k + 2.

Proof. Here we present a detailed sketch of our construction. Take one of the three headlights
= points of multiplicity 3 of Bgr and denote this point by O. Take the three lines passing
through O. Observe that each of the three lines possesses exactly 3k singular points from the
arrangement. Since the only intersection point of the three lines is O, then on the three lines
we have altogether exactly 9k — 2 intersection points, among them exactly 3 double points.
Now we construct our extension BS® by joining O with each singular point except those 9k — 2
lying on the three lines. A simple calculation tells us that we add the following number of lines

6k(6k — 3)

6k — 3
* 6

+1— (9% —2) =6k — 3+ 6k* — 3k + 1 — 9k + 2 = 6k* — 6k.
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Now we can describe the combinatorics of BS”. By the construction, the vertex O has multi-
plicity 6k? — 6k + 3, and this is the only point of such multiplicity. Next, we obtain quadruple

points by joining the previous triple points with the vertex O, we have altogether
ty = 6k* =3k +1— (9% — 5) = 6k* — 12k + 6 = 6(k — 1)°.

We get also new triple points (out of old double points), there are exactly 6k — 6 such points.
Altogether we have
t3 =6k —64+9k—5—1= 15k — 12,

where the last —1 in the middle equality comes from the fact that O is no longer a triple point.
Finally, we can compute the number of double points. Using the combinatorial count we obtain

that

6k* — 6k + 3
2

K6k — 1)

to 5

—3-(15k—12)—6-(6(k—1)2)—< ) = 36k> — T2k + 42k — 3.

By the construction, BS® is supersolvable and by Jambu-Terao’s result [24], the arrangement
is free. We compute the exponents of the arrangement with use of the Poincaré polynomial.

Observe that
m(Bg%it) = (1+1) <1 + (6k% — 1)t + (36k° — 54K> 4 30k — 6)t2).

Since Ay = (6k* — 12k + 5)? and 6k* — 12k + 5 is non-negative for k > 2, we can compute

rational roots of the polynomial, namely

o TORH 146k —12k+5 —(2k —1) - —1
PTO12(2k—1)(3K2 =3k — 1) 2(2k—1)(3k2 —3k+1) 6k — 6k +2
. —6k? +1—6k* 4+ 12k — 5 —12k* + 12k — 4 -1

2: prm— =

122k — 1)(3k? =3k —1) 122k —1)(3k*2—3k+1) 3(2k—1)
This gives us finally that

T(BEE:t) = (1 4+ 1) (1 + (6k — 3)t)(1 + (6k* — 6k + 2)1),
and the exponents are d, = 6k — 3, dy = 6k* — 6k + 2. n

Now we turn to the Klein arrangement of lines K (see [26]). We determine explicitly an
upper bound on the value of extSS(X). Let us recall that the arrangement X consists of d = 21
lines and t3 = 28, t, = 21.
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Proposition 5.2.9. For the Klein arrangement of lines K we have extSS(XK) < 20.

Proof. Let us recall the most crucial fact about Klein’s arrangement of lines about the singular
points. It can be observed that each line from the arrangement contains exactly 4 triple
and 4 quadruple singular points. Choose one of the quadruple points (due to the mentioned
remarkable property) and the four lines passing through it. Denoting this quadruple point by
O, we observe that these four lines contain exactly 4 - 8 — 3 = 29 singular points, so we are left
with 12 triple points and 8 quadruple points. Next, we join each of the remaining 20 singular
points with O, so altogether our line arrangement K consists of 21 4+ 20 = 41 lines and it has

the following weak combinatorics:
togy=1, t5=8, ty =24, t3=16, ty=272.
By the construction, K is supersolvable, and we can compute the exponents. Observe that
(K% t) = (1 +1) (1 + 40t + 391t2> = (1+t)(1 + 17t)(1 + 23t),

so the exponents are d; = 17, dy = 23.

]

Finally, we consider the last arrangement of our interests, namely the Wiman arrangement

of lines [37], denoted by W. This remarkable arrangement consists of 45 lines and it has
t3 =120, ty, =45, t5=36.
Proposition 5.2.10. For the Wiman arrangement of lines W one has extSS(W) < 125.

Proof. Let us recall the most crucial fact about the singular points of Wiman’s arrangement
of lines. We observed that each line from the arrangement contains exactly 4 quintuple, 4
quadruple, and 8 triple singular points. Choose one of the quintuple points and the five lines
passing through this point. Denoting this point by O, we observe that these five lines contain
exactly 76 singular points, so we are left with 80 triple points, 25 quadruple points, and 20
quintuple points. Next, we join each of the mentioned singular points with O, so altogether
our line arrangement WS consists of 45 + 125 = 170 lines and it has the following weak

combinatorics:

tigo =1, te=20, t5=40, t,=100, t3=40, t,=4560.
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By the construction, W is supersolvable, and we can compute the exponents. Observe that
T(Wt) = (1 +1t) (1 + 169t + 516Ot2) = (1+t)(1 +40t)(1 + 129¢),

so the exponents are d; = 40, dy = 129. O
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